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These are the lecture notes for a course (PH260) that I am teaching at Zhiyuan College of Shanghai
Jiao Tong University, though the first draft was created for a previous course I taught in Germany,
so I will be updating and adapting the content to the level and interests of Zhiyuan students. It has
been designed for students who have only had basic training on quantum mechanics, and hence, the
course is suited for people at all levels (say, from the end of the bachelor all the way into the PhD).

Let me start with a few words about the topic of the lectures. Quantum optics treats the inter-
action between light and matter. We may think of light as the optical part of the electromagnetic
spectrum, and matter as atoms. However, modern quantum optics covers a wild variety of sys-
tems, so that a more timely definition could be “quantum electrodynamics at low energies”. Such
scenario includes, for example, superconducting circuits, confined electrons, excitons in semiconduc-
tors, defects in solid state, or the center-of-mass motion of micro-, meso-, and macroscopic systems.
Moreover, quantum optics is at the heart of the exponentially-growing field of quantum informa-
tion processing and communication, both at the conceptual level and at the level of technological
implementations. The ideas and experiments developed in quantum optics have also allowed us to
take a fresh look at many-body problems of relevance for condensed matter and even high-energy
physics. In addition, quantum optics holds the promise of testing foundational problems in quan-
tum mechanics as well as physics beyond the standard model in table-sized experiments. One of
the distinct features of quantum optics is that it deals with systems that are not isolated, that is,
they leak out energy and information to their surrounding environment. While this is actually the
most common situation in real physical systems, it is not the one students usually encounter in their
standard quantum mechanics courses. A big part of this course is devoted to fill this gap: it goes
through many of the tools and methods that have been developed to describe open quantum opti-
cal systems. Apart from their practical use, these methods also have deep physical interpretations
which will make students understand quantum mechanics much better. Quantum optics and open
systems are therefore topics that no future researcher in quantum physics should miss.

I cannot emphasize enough how important it is to read as much as possible about these topics in
order to mature into the best version of a quantum physicist that one can be. Therefore, I conclude
with a list of references that I have found especially useful at different points of my career [1–21].

I finish with a big note of warning: these notes are a work in progress, meaning that some proofs
and many figures are still missing. However, I’ve tried my best to write everything in such a way
that a reader can follow naturally all arguments and derivations even with these missing bits. Also
two chapters are left to add, one on mathematical methods to analyze the dynamics of open systems,
and another introducing the plethora of current experimental platforms where the tools and ideas
developed in these notes are being currently implemented.
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I. BRIEF SUMMARY OF QUANTUM MECHANICS

In this short introductory chapter we will quickly review the basic elements of quantum mechanics required to follow
the rest of the notes. This summary is just intended as a reminder for students who have already studied a course on
quantum mechanics, as well as courses in linear algebra and classical mechanics. Nevertheless, in order to make the
course self-contained and make sure that all students are familiar with all the concepts and notation used throughout
the course, in Appendix A these are reviewed in full detail. It is advised that all students go slowly through that
appendix, making sure they understand each and every concept that it introduces.

A. Quantum mechanics with pure states

Setting the stage: states and observables. Within the mathematical formalism of quantum mechanics,
physical degrees of freedom are associated with a complex Hilbert space, that is, a vector space endorsed with an
inner product (structure known as a Euclidean space), composed of normalizable vectors. We will denote Hilbert
spaces with a calligraphic symbol, say H, for example.

We will use the ‘bra-ket’ notation introduced by Dirac, where vectors are denoted by |ψ〉 ∈ H (ket), and the inner
product of two vectors |ψ〉 and |φ〉 is denoted by 〈ψ|φ〉 ∈ C (bra-ket). Note that ‘ψ’ and ‘φ’ act just as labels for the
vectors (their names, if you will).

The inner-product structure of the Hilbert space H allows us to define its dual, denoted by H+, whose elements are
denoted by 〈ψ| ∈ H+ (bra). Whenever a bra meets a ket, a complex number is produced: 〈ψ| |φ〉 → 〈ψ|φ〉. Hence,
ket-bra structures such as |ψ〉〈φ| are operators, that is, objects that map kets onto kets: |ψ〉〈φ| |ϕ〉 → 〈φ|ϕ〉 |ψ〉 ∈ H
(and similarly for bras).

In quantum mechanics, the state of an isolated system is completely specified by a normalized vector in its Hilbert
space, say |ψ〉 ∈ H with 〈ψ|ψ〉 = 1. Observables, on the other hand, are represented by self-adjoint operators, say

Â = Â† (we will always denote operators by a ‘hat’). The spectral theorem tells us that the eigenvalues of such an
operator are always real, while their eigenvectors form a basis of the Hilbert basis, that is,

Â =

d∑

j=1

aj |aj〉〈aj |, (1)

with aj ∈ R and

d∑

j=1

|aj〉〈aj | = Î , (resolution of the identity) (2a)

〈aj |al〉 = δjl, (orthonormality) (2b)

where Î is the identity operator and we have denoted by d the dimension of the Hilbert space (which can be infinite,
as we will discuss shortly). Applying (2a) to any vector |ψ〉, we obtain its expansion in the basis {|aj〉}j=1,...,d,

|ψ〉 =

d∑

j=1

ψj |aj〉, with ψj = 〈aj |ψ〉. (3)

The column vector with ψj as components, that is, ~ψ = (ψ1, ..., ψd)
T is known as the representation of the ket |ψ〉

in the basis {|aj〉}j=1,...,d (the upper index ‘T ’ denotes ‘transpose’). The representation of a bra 〈ψ| is then given by

the row vector ~ψ† = (ψ∗1 , ..., ψ
∗
d). On the other hand, the representation of an operator B̂ is a d × d matrix B with

elements Bjl = 〈aj |B̂|al〉. Abstract expressions such as 〈φ|B̂|ψ〉 can then be evaluated as ~φ†B~ψ.
The case of a Hilbert space with infinite dimension, d → ∞, deserves special attention. Since one can build

infinite sequences that do not converge, there exist elements of the vector space underlaying the Hilbert space that
are not normalizable. While these vectors are not elements of the Hilbert space itself, they can still be eigenvectors
of operators acting on the Hilbert space. Specifically, one can find self-adjoint operators with a continuous spectrum,
say,

X̂ =

∫

R
dx x|x〉〈x|, (4)



5

where the eigenvectors are not normalizable, and therefore are not elements of the Hilbert space, |x〉 /∈ H. Remarkably,
one can still use these eigenvectors to build a resolution of the identity, provided that they are chosen to satisfy the
so-called ‘Dirac-delta orthonormalization condition’

〈x|y〉 = δ(x− y) ⇒ Î =

∫

R
dx |x〉〈x|. (5)

Using this property, we can now expand any vector |ψ〉 (belonging to the Hilbert space or not), as

|ψ〉 =

∫

R
dxψ(x)|x〉, with ψ(x) = 〈x|ψ〉, (6)

where now ψ(x) is a continuous representation of the ket |ψ〉 in the generalized or continuous basis {|x〉}x∈R.
Note that while here we have discussed only operators with a purely continuous spectrum, in general, one can find

observables with mixed spectrum, that is, part discrete and part continuous. The former are always normalizable
while the latter are Dirac-delta normalizable, such that the collection of all eigenvectors forms a generalized basis that
can be used to to form a resolution of the identity. Indeed, this is the case for most Hamiltonian operators of real
systems. For example, atoms present a discrete set of low-energy states where the electrons are bound to the nucleus,
but also a continuum of high-energy states where the atom is ionized and the electron is set free.

An important question is how to build observables in quantum mechanics, that is, how to define the self-adjoint
operator associated to a physically measurable magnitude. In some cases, such as the spin of the electron, the
observable isn’t even present in classical physics, and it needs to be built based either on empirical observations or
reasonable symmetry principles (for example, the electron’s spin was postulated by Pauli to fit experiments, but it
was finally shown to emerge naturally in quantum field theory by demanding the framework to be consistent with
special relativity). However, for observables with a classical counterpart, quantum mechanics provides a well-defined
prescription. In classical physics one can always describe the system through a set of generalized positions q and
momenta p, which define phase space. A classical state of the system is then associated with a point in phase
space. On the other hand, observables are real functions on phase space, say, A(q,p). Quantum mechanics then
says that the corresponding observable is found by symmetrizing A with respect to the possible orderings of positions
and momenta1, what we denote by A(s), and then replacing them by operators q̂ and p̂, whose components satisfy
canonical commutation relations

[q̂m, q̂n] = 0 = [p̂m, p̂n], [q̂m, p̂n] = i~δmn. (7)

The symmetrization ensures that the resulting operator Â ≡ A(s)(q̂, p̂) is self-adjoint. Note that it is the first time
that we introduce Planck’s constant, which plays a fundamental role in quantum mechanics. In this case, it prevents
positions and momenta from commuting, if only by a little amount (~ is very small ‘by classical standards’), just
enough to bring about a change of paradigm in physics!

Observing quantum systems. One of the most striking features of quantum mechanics concerns measurements
of observables. When measuring an observable Â, quantum mechanics says that the outcome can be any of its
eigenvalues {aj}j=1,...,d, which will appear with probability

{pj = |〈aj |ψ〉|2}j=1,...,d (8)

, where |ψ〉 is the state of the system. Hence, it is in general impossible to predict the outcome of a single measurement,
but just the frequency with which the outcomes will appear when the experiment is repeated many times (e.g., either
the process of state-preparation and measurement are repeated many times on a single system, or many copies of the
same system in the same state are independently measured once).

Moreover, suppose that after the single measurement we obtain eigenvalue aj as the outcome. Then, quantum
mechanics says that right after the measurement, the state of the system collapses to |aj〉. This is arguably the most
radical difference with respect to classical physics: while observables can be measured without perturbing the state
of classical systems, in quantum mechanics the measurement process irreversibly changes the state of the system.
This collapse of the system’s state is arguably the quantum-mechanical concept that has ignited the most fierce fights
among physicists, and it keeps doing so [30].

1 For example, given A = pq2, we write it in symmetric form as A = 1
3

(q2p+ qpq+ pq2) ≡ A(s), such that the expression contains all the

possible orderings of pq2 with equal weights.
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On the practical side, there are two important statistical objects that roughly characterize what’s to be expected
from a state in a measurement process. First, the expectation value of the observable, defined as

〈Â〉 ≡ 〈ψ|Â|ψ〉 =

d∑

j=1

ajpj , (9)

which coincides with the statistical mean or average of the probability distribution, that is, the average of the outcomes
expected after many repetitions of the measurement process. On the other hand, we also need a figure of the spread
of the outcomes around the mean. Defining the variance

V (A) ≡ 〈ψ|Â2|ψ〉 − 〈ψ|Â|ψ〉2, (10)

such a spread can be quantified by the standard deviation or uncertainty ∆A =
√
V (A). It is common to define the

fluctuation operator δÂ = Â−〈Â〉, whose square gives us direct access to the variance as V (A) = 〈(δÂ)2〉. A shocking

result is that of the uncertainty relations: given two observables Â and B̂, it is possible to prove that

∆A∆B ≥ 1

2
|〈[Â, B̂]〉|. (11)

Hence, while in classical physics nothing prevents us from preparing states where we have perfect knowledge of all the
observables of the system, the situation is radically different in quantum mechanics: a state with negligible variance
in one observable, necessarily comes with a large variance in other observables that do not commute with the first
one.

Unsupervised evolution. In the previous lines we discussed how the system behaves when it is observed. But
what about the evolution of the system when it is not subject to any measurements? Quantum mechanics says that
the evolution of a quantum system that is left unsupervised is completely characterized by the evolution operator,
defined from the Hamiltonian Ĥ of the system as

Û(t) = eĤt/i~, (12)

where for simplicity we consider a time-independent Hamiltonian (in Section I C). Recall that the Hamiltonian is easy
to construct from the classical one when that’s available, but has to be formulated empirically or with reasonable the-
oretical arguments when the system involves degrees of freedom with no classical analog. In any case, the Hamiltonian
is a self-adjoint operator, and therefore the evolution operator is unitary, Û†(t) = Û−1(t).

We can formulate the evolution induced by this operator in two apparently different, but equivalent ways:

• Schrödinger picture. In this formulation states evolve, while operators remain fixed in time. In particular,
denoting by |ψ(t)〉 the state of the system at any time, quantum mechanics says

|ψ(t)〉 = Û(t)|ψ(0)〉 ⇔ i~∂t|ψ〉 = Ĥ|ψ〉, (13)

where the latter is known as the Schrödinger equation.

• Heisenberg picture. An alternative formulation consists on the following one, where states remain fixed, and
it is operators that evolve in time. Specifically, denoting by Â(t) the time-evolved of an operator that is Â(0)
originally, quantum mechanics says that

Â(t) = Û†(t)Â(0)Û(t) ⇔ i~∂tÂ = [Â, Ĥ], (14)

where the latter is known as Heisenberg equation.

The equivalence between this two pictures is obvious from the following argument. In real experiments, states and
operators are not directly observable. Instead, experimental observations are only sensible to expectation values of
operators—note that even probabilities such as (13) can be written as expectation values pj = 〈P̂j〉 of projectors

P̂j = |aj〉〈aj |—, which are written in both pictures as

〈ψ(t)|Â|ψ(t)〉 = 〈ψ(0)|Û†(t)Â(0)Û(t)|ψ(0)〉 = 〈ψ|Â(t)|ψ〉. (15)

Note that, for consistency, the original Heisenberg operator Â(0) coincides with the one that remains fixed in the

Schrödinger picture, simply denoted by Â in the latter picture. Similarly, the original Schrödinger state |ψ(0)〉
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coincides with the one that remains fixed in the Heisenberg picture, denoted in the latter picture by |ψ〉. Having these
two alternative descriptions of quantum mechanics is very handy, as we will see throughout the notes.

Composite systems. Consider a system formed by two degrees of freedom or subsystems2 (everything is trivially
generalized to more subsystems). Can we build the Hilbert space H of the total system, just from knowledge of the
individual Hilbert spaces A and B of its subsystems? Indeed we can, and quantum mechanics tells us that the total
Hilbert space will be the tensor product of those spaces, that is, H = A⊗ B.

The definition and properties of the tensor product map are reviewed in detail in Section A 2 d of Appendix A.
Suffice here to say that:

• It puts in (unique) correspondence pairs of vectors (|ψA〉 ∈ HA, |ψB〉 ∈ HB), with a vector |ψ〉 ∈ H in the
total Hilbert space. We will denote such vector by |ψ〉 = |ψA〉 ⊗ |ψB〉, or simply by the more economic way
|ψ〉 = |ψA, ψB〉 when there is no room for confusion.

• Of particular relevance is the correspondence between bases in the different Hilbert spaces. Given the bases

{|eAj 〉}j=1,...,dA and {|eBj 〉}j=1,...,dB of A and B, respectively, the set {|eAj , eBl 〉 = |eAj 〉 ⊗ |eBl 〉}j=1,...,dA
l=1,...,dB

forms a
basis of H, which has then dimension d = dA × dB.

• Given two kets |ψ〉 = |ψA〉 ⊗ |ψB〉 and |φ〉 = |φA〉 ⊗ |φB〉, their inner product is defined as 〈φ|ψ〉 =
〈φA|ψA〉〈φB|ψB〉.
• Given two operators L̂A and L̂B, we define the action of their tensor product L̂ = L̂A ⊗ L̂B onto a vector
|ψ〉 = |ψA〉 ⊗ |ψB〉 by L̂|ψ〉 = (L̂A|ψA〉) ⊗ (L̂B|ψB〉). We will omit the tensor product between the operators
when the notation makes it clear onto which Hilbert space they act. Hence, for example, we will simply write
L̂AL̂B|ψ〉 = (L̂A|ψA〉)⊗ (L̂B|ψB〉) or L̂A|ψ〉 = (L̂A|ψA〉)⊗ |ψB〉.

A remarkable concept appears in composite systems: entanglement. It refers to correlations between the subsystems
that exploit the concept of quantum superposition, and cannot therefore appear in classical physics. As a concrete

example, consider the state |ψ〉 = (|EA1 〉 ⊗ |EB1 〉 + |EA2 〉 ⊗ |EB2 〉)/
√

2, where
{
|ESj 〉

}S=A,B
j=1,2

are energy eigenstates of

the corresponding subsystem (we assume that the subsystems do not interact after preparation of the state). Upon
a measurement of the energy of subsystem A, we cannot predict the outcome with certainty, which can be either
EA1 or EA2 with 50% probability. However, we know that once one outcome appears, e.g., EA1 , then the full system
collapses to the state |EA1 〉 ⊗ |EB1 〉, and therefore, we are now able to predict with certainty the outcome of an energy
measurement on B, without ever having interrogated B itself. Hence, A and B are correlated, since a measurement
on one affects the state of the other. However, since the correlations are encoded in a quantum superposition, these
are a purely quantum mechanical type of correlations that we cannot generate classically. This type of quantum
correlations that make use of the superposition principle are known as entanglement, and are the heart of the field of
quantum information that has emerged in recent decades, and holds great promise for technological applications in
computation, communication, and sensing. Remarkably, this type of states have allowed us to show experimentally
that nature is incompatible with determinism, unless we are willing to give up causality, and hence the probabilistic
character of quantum mechanics is inherent to nature, not a product of our ignorance. You can learn a bit more about
entanglement in Appendix A 3 h, and hopefully through some examples that we will study in the course.

B. Quantum mechanics with mixed states

Need for mixed states: noisy systems. Consider a system for which our state-preparation device is not perfect
(as it often occurs in real experiments), and we cannot be sure that we prepared a given state |ψ〉, but only know
that we prepared some state among a set {|ψm〉}m=1,...,M with associated probability distribution {wm}m=1,...,M ,

where wm ≥ 0 and
∑M
m=1 wm = 1. We will call ensemble to the set {wm, |ψm〉}m=1,...,M . Note that the states of the

ensemble do not need to be orthogonal, and actually M needs not be the dimension of the Hilbert space.
What will be the mean or expectation value of an operator Â in this setup? The expectation value in a given state

of the ensemble is 〈ψm|Â|ψm〉, so we simply need to average these over their probability distribution, that is

〈Â〉 =

M∑

m=1

wm〈ψm|Â|ψm〉. (16)

2 Here we speak about distinguishable subsystems, which is all we will care about in this course. The indistinguishable case is a bit
more subtle. In particular, quantum mechanics says that, in such case, the Hilbert space of the total system is not all A⊗ B, but only
the subspace composed by vectors which are either symmetric or antisymmetric under the exchange of the labels of the subsystems.
In the first case we say we are dealing with bosons, and in the second with fermions. For example, the state |ej〉 ⊗ |el 6=j〉, which is
a basis state for distinguishable systems as we mention below, is not a basis state for indistinguishable subsystems. Instead, states
(|ej〉 ⊗ |el〉 ± |el〉 ⊗ |ej〉)/

√
2 are correct basis states for bosons and fermions, respectively.
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By defining an operator

ρ̂ =

M∑

m=1

wm|ψm〉〈ψm|, (17)

we can rewrite (16) in the compact form

〈Â〉 = tr{ρ̂Â}, (18)

where ‘tr’ is the trace operation, defined in terms of a basis {|ej〉}j=1...d as tr{D̂} =
∑d
j=1〈ej |D̂|ej〉 for any operator

D̂. It is very interesting to have been able to write expectation values in terms of a trace, since this is independent
of the basis chosen to compute it, as is easily proved by using its cyclic property3 tr{D̂1D̂2...D̂N} = tr{D̂2...D̂N D̂1},
and remembering that two bases are necessarily connected by a unitary transformation (see Appendix A 3 h for more
details). Hence, this shows that the operator ρ̂ is an important object on its own right, that contains all the information
about the state of the noisy system. We then call it the mixed state of the system. Whenever ρ̂ can be written as a
rank4-1 projector ρ̂ = |ψ〉〈ψ|, we say that the system is in pure state |ψ〉, and we can apply the formalism introduced
in the previous section.

As a specific, instructive case of this type, consider the following situation. We are given a system in some known

state |ψ〉, and we perform a measurement of some observable Â =
∑d
j=1 aj |aj〉〈aj | as the initial step of some protocol

that might involve some more operations later. Suppose, however, that the display of our measurement apparatus is
broken, and doesn’t show the outcome, what is known as a non-selective measurement. In other words, we know that
a measurement took place, but we don’t know the resulting outcome. Can we still describe the quantum statistics
of the protocol? The answer is yes: even though we don’t know the outcome, we know that after the measurement
the state would have collapsed into state |aj〉 with probability pj = |〈aj |ψ〉|2. This corresponds to the ensemble

{pj , |aj〉}j=1,...,d or the mixed state ρ̂ =
∑d
j=1 pj |aj〉〈aj |. The only difference with the general case exposed above is

that in this case the states of the ensemble form an orthonormal set, and hence the mixed state is diagonal in this
basis.

Need for mixed states: state of a subsystem. Consider now a composite system such as the one introduced
at the end of the previous section, and let it be in an arbitrary mixed state ρ̂ acting on the full space H = A ⊗ B.
Suppose that we hand in subsystem A to Alice, who is then allowed to perform experiments onto it, perhaps not even
knowing that it is correlated with subsystem B. The question now is: can Alice describe her experiments by using
operators and states defined solely on A? Below we prove that, indeed, all Alice needs to know in order to reproduce
the statistics of her experiments is that her subsystem starts in the reduced state

ρ̂A =

dB∑

l=1

〈eBl |ρ̂|eBl 〉 ≡ trB{ρ̂}, (19)

without having to make any reference to subsystem B. The notation trB means that we perform the trace only within
the basis of subspace B, operation known as partial trace, which leaves us with an operator acting on subspace B. In
more detail, if we expand the state of the full system as

ρ̂ =

dA∑

mm′=1

dB∑

nn′=1

ρmm′;nn′ |eAm〉〈eAm′ | ⊗ |eBn〉〈eBn′ |, (20)

then, the reduced state (19) can be written as

ρ̂A =

dB∑

lnn′=1

(
dA∑

mm′=1

ρmm′;nn′ |eAm〉〈eAm′ |
)
〈eBl |eBn〉︸ ︷︷ ︸
δln

〈eBn′ |eBl 〉︸ ︷︷ ︸
δln′

=

dA∑

mm′=1

(
dB∑

l=1

ρmm′;ll

)
|eAm〉〈eAm′ |, (21)

which is indeed an operator acting on A alone.

3 In finite dimension, the cyclic property of the trace always holds. However, in infinite dimension, the cyclic property (as presented in

the main text) only holds when the operator D̂1D̂2...D̂N has finite trace (indeed, one can end up mad trying to compute the trace of

[q̂, p̂] = i~Î; is it infinity or zero?). In practical terms, a finite trace is ensured when at least one of the operators is a mixed state ρ̂.
4 The rank of an operator is defined as its number of eigenvalues different than zero.
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In order to prove that (19) is the correct ‘local’ state for Alice, let us compute the expectation value of an arbitrary

operator Â⊗ Î, acting as the identity on subspace B. According to (18), we can write the expectation value as

〈Â⊗ Î〉 = tr{ρ̂(Â⊗ Î)} =

dA∑

j=1

dB∑

l=1

(
〈eAj | ⊗ 〈eBl |

)
ρ̂(Â⊗ Î)

(
|eAj 〉 ⊗ |eBl 〉

)
, (22)

=

dA∑

j=1

dB∑

l=1

(
〈eAj | ⊗ 〈eBl |

)
ρ̂
(
Â|eAj 〉 ⊗ |eBl 〉

)
=

dA∑

j=1

〈eAj |
(
dB∑

l=1

〈eBl |ρ̂|eBl 〉
)

︸ ︷︷ ︸
ρ̂A

Â|eAj 〉 = tr{ρ̂AÂ}.

Hence, Alice is able to refer any of her observations, which depend only on observables Â acting on A, to expectation
values 〈Â〉 = tr{ρ̂AÂ} in which ρ̂A is the state of her subsystem.

Consider now the special case in which the full system is in some pure state |ψ〉, that is, ρ̂ = |ψ〉〈ψ|. Referred to
some basis {|eBj 〉}j=1,...,dB of subsystem B, the state of the full system can always be written in the form

|ψ〉 =

dB∑

m=1

√
wm|ψm〉 ⊗ |eBm〉, (23)

where {wm}m=1,...,dB is a probability distribution, and {|ψm〉}m=1,...,dB are some states in A (as above, they do not
need to be orthogonal). The reduced state (19) then reads

ρ̂A =

dB∑

lmm=1

√
wmwm′ |ψm〉〈ψm′ | 〈eBl |eBm〉︸ ︷︷ ︸

δlm

〈eBm′ |eBl 〉︸ ︷︷ ︸
δlm′

=

dB∑

m=1

wm|ψm〉〈ψm|, (24)

which is of the same form as the mixed state we defined in (17) for noisy systems. Hence, even though the state |ψ〉
of the whole system is pure, in general we need to describe the reduced state of the subsystems by a mixed state.

This situation allows us to discuss an important property of mixed states: their ensemble decomposition is
not unique. In particular, note that we could have chosen any other basis of subspace B, for example, a ba-
sis {|dBk 〉}k=1,...,dB , related to the previous basis by a unitary matrix U with elements Ujl, that is, {|eBm〉 =∑dB
k=1 Umk|dBk 〉}j=1,...,dB . In terms of this new basis, state (23) is written as

|ψ〉 =

dB∑

m=1

√
wm|ψm〉 ⊗

(
dB∑

k=1

Umk|dBk 〉
)

=

dB∑

k=1

√
vk|φk〉 ⊗ |dBk 〉, (25)

where we have defined

√
vk|φk〉 =

dB∑

m=1

Umk
√
wm|ψm〉, (26)

where |φk〉 ∈ A are states, and the new probability distribution {vk}k=1,...,dB is found by taking the norm square of
the last expression:

vk 〈φk|φk〉︸ ︷︷ ︸
1

=

dB∑

mm′=1

U∗mkUm′k
√
wmwm′〈ψm|ψm′〉︸ ︷︷ ︸
define it as Smm′

= (USU†)kk, (27)

and is easily shown to be normalized (note that we use the cyclic property of the trace in the second step)

dB∑

k=1

vk = tr{USU†} = tr{S} =

dB∑

k=1

wk 〈ψk|ψk〉︸ ︷︷ ︸
1

= 1. (28)

Hence, taking the partial trace with respect to the new basis, the reduced state reads now

ρ̂A =

dB∑

k=1

vk|φk〉〈φk|, (29)
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which is formed from an ensemble {vk, |φk〉}k=1,...,dB different than that of (24).
Informational interpretation and quantification of mixedness. There is a common thread to both the case

of a noisy system and a subsystem of a composite system: in both cases, the mixture appears because we are not
monitoring some degree of freedom that our system shares correlations with (the noise in the first case, subsystem B
in the second case). In other words, the mixture simply reflects our ignorance about some information of the system
that has ‘leaked’ into another system that we cannot interrogate. This suggests an interpretation of mixedness as lack
of information, making the concept more intuitive.

Given this informational interpretation of mixed states, it is fairly natural to ask which is the state that is maximally
mixed, that is, that has leaked out the maximum amount of information. Let us consider here a Hilbert space H with
finite dimension d (we will consider the infinite dimensional case in the next chapter, when discussing states of the
harmonic oscillator). It is easy to argue that the maximally-mixed state in this case corresponds to

ρ̂MM =
Î

d
. (30)

Indeed, when the state of the system is ρ̂MM and an arbitrary observable Â is measured, all its eigenvalues are equally
likely to appear as an outcome of the measurement, that is,

pj = 〈aj |ρ̂MM|aj〉 =
1

d
∀j. (flat distribution) (31)

Hence, this state maximizes the overall uncertainty of the system’s observables, as expected for a maximally-mixed
state. In other words: with the system in such state, the outcome of any measurement is completely random!

The mixedness of a state ρ̂ can be quantified by the von Neumann entropy, which is defined as

S[ρ̂] = −tr{ρ̂ log ρ̂}. (32)

Given the diagonal representation of the state

ρ̂ =

d∑

j=1

λj |rj〉〈rj |, (33)

where its eigenvectors {|rj〉}j=1,2,...,d form an orthonormal basis of the Hilbert space H, the von Neumann entropy
reads then (proven from the spectral theorem)

S[ρ̂] = −
d∑

j=1

λj log λj . (34)

This is just the Shannon entropy of the distribution {λj}j=1,2,...,d, which is one of the most fundamental quantities
in classical information theory. You can easily check that the entropy is 0 for a pure state, while it has a maximum
log d for the maximally-mixed state.

It is interesting to note (and easy to prove mathematically [45]) that the entropy does not change by unitary
evolution, cannot decrease by non-selective measurements, and cannot increase by selective measurements (indeed,
when no degeneracies are present, it collapses to zero, as the state becomes pure). These properties are indeed
expected from a purely informational point of view: while evolving unsupervised, the system does not exchange any
information with any other system; when we perform a selective measurement indeed we gain information about
the system and its post-measurement state; and when the measurement is non-selective, not only we don’t gain any
information, but it can scramble the information that was contained in the state.

Reformulation of quantum mechanics for mixed states. The previous discussions have served to illustrate
how incredibly useful mixed states are when dealing with quantum systems. For this reason, it is important to take
a step back, and reformulate the basic laws of quantum mechanics that we saw in the previous section, but with a
formalism adapted to mixed states.

Let us start by enunciating that: the state of a general quantum system is completely specified by a density operator
ρ̂ acting on its Hilbert space, that is, a self-adjoint operator (ρ̂ = ρ̂†), with non-negative eigenvalues (ρ̂ ≥ 0), and
unit trace (tr{ρ̂} = 1). Because projectors are positive, self-adjoint operators, density operators always allow for an
ensemble decomposition of the type (17), which is not unique as explained above. The condition for two ensemble
decompositions {wm, |ψm〉}m=1,...,M and {vk, |φk〉}k=1,...,K to represent the same density operator, is that they are
connected by a unitary matrix U (with elements Ukm) through

√
vk|φk〉 =

M∑

m=1

Ukm
√
wm|ψm〉, (35)
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where if N 6= M we can add |N −M | arbitrary states with zero probability to the ensemble with smaller number of
elements, so that U is a square matrix.

The combination of the three properties that define density operators ensure that the diagonal entries of the
representation of ρ̂ form a probability distribution in any basis. In fact, when measuring an observable with eigen-

expansion Â =
∑d
j=1 aj |aj〉〈aj |, the probability of obtaining outcome aj is given by

pj = 〈aj |ρ̂|aj〉 = tr{ρ̂|aj〉〈aj |}, (36)

that is, by the corresponding diagonal element of the state’s representation in the observable’s eigenbasis. The
expectation value of any operator Â is then given by

〈Â〉 =

d∑

j=1

ajpj = tr{ρ̂Â}. (37)

Note that we have written all observable quantities in terms of traces of operators multiplied by the density operator.
This is very useful because traces do not depend on the basis, as mentioned above. The property tr{ρ̂|ψ〉〈φ|} = 〈φ|ρ̂|ψ〉
is sometimes useful in this context.

Finally, in the Schrödinger picture, states of unsupervised systems evolve according to

ρ̂(t) = Û(t)ρ̂(0)Û†(t) ⇔ i~∂tρ̂ = [Ĥ, ρ̂], (38)

where Û(t) is the time-evolution operator defined in (12), and the latter is known as the von Neumann equation. Note
that (38) is trivial to prove by writing the initial state in some initial ensemble, and letting each state of the ensemble
evolve according the Schrödinger-picture expression (13).

These are the laws of quantum mechanics as we will used them throughout the lectures, where we will see that
mixed states appear very naturally in many interesting situations.

C. Change of picture and time-dependent Hamiltonians

As we have seen, unsupervised evolution in quantum mechanics admits two alternative, but equivalent descriptions:
one in which states evolve (Schrödinger picture) and another where operators evolve (Heisenberg picture). Having
these two alternatives is actually quite useful, both from the conceptual and practical points of view. Here, however,
we will discuss how these are just two limits of an infinite number of equivalent or intermediate pictures, in which
both states and operators evolve.

In order to see this, consider a completely general unitary operator Ûc(t), which might even be time dependent.
The ‘c’ subindex stands for ‘change’ (of picture). As we have stressed several times already, in quantum mechanics,
all connections to observable phenomena are made through expectation values. On the other hand, starting from the
Schrödinger picture, we can rewrite the expectation value of a generic operator Â at any time as

〈Â〉(t) = tr{ρ̂(t)Â} = tr
{
Û†c (t)ρ̂(t)Ûc(t)Û†c (t)ÂÛc(t)

}
, (39)

where we have used Ûc(t)Û
†
c (t) = Î and the cyclic property of the trace. This is a very suggestive expression that

allows us to define new pictures for quantum dynamics as follows. Let’s define the state and operator in the new
picture as

ρ̂I(t) = Û†c (t)ρ̂(t)Ûc(t), (40a)

ÂI(t) = Û†c (t)ÂÛc(t), (40b)

where the ‘I’ subindex stands for ‘intermediate’ (picture). The interpretation of these operators is very interesting.

Recall that ρ̂(t) = Û(t)ρ̂(0)Û†(t), where Û(t) is the time-evolution operator of the system. We see that the state

(40a) in the new picture can be written as ρ̂I(t) = ÛI(t)ρ̂(0)Û†I (t), in terms of a unitary ÛI(t) = Û†c (t)Û(t), which can
be interpreted as the time-evolution operator of the state in the new picture (with the subtlety that we might have

Ûc(0) 6= Î). Moreover, the form of ÛI(t) allows us to interpret the new picture in a very intuitive way: we are simply

removing some part Ûc(t) from the total evolution Û(t) of the system. And since we are removing it from the state,
we add it to the operators, as shown in (40b), in order for expectation values to remain unaffected, that is,

〈Â〉(t) = tr{ρ̂I(t)ÂI(t)}. (41)
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As you may imagine, it is very interesting to have a tool like this, that allows us to remove parts of the evolution of the
system that we are not interested in, for example because they induce trivial fast dynamics that simply overshadow
more subtle slowly-varying phenomena. Note also that taking Ûc = Î we remain in the Schrödinger picture, while
taking Ûc(t) = Û(t) we move all the way to the Heisenberg picture.

It’s interesting to write down the evolution equation of the state in the new intermediate picture. Taking the time
derivative of (40a), and denoting the Hamiltonian of the system by Ĥ(t), where we even allow for some explicit time

dependence, so that i~∂tρ̂ = [Ĥ(t), ρ̂], we easily obtain

i~∂tρ̂I = [ĤI(t), ρ̂I], with ĤI(t) = Û†c (t)Ĥ(t)Ûc(t)− i~Û†c (t)∂tÛc(t), (42)

where we have used ∂t(Û
†
c Ûc) = 0, so that (∂tÛ

†
c )Ûc = −Û†c ∂tÛc. Hence, states still evolve according to the von

Neumann equation, but with a modified Hamiltonian ĤI(t). Note that this Hamiltonian is in general time dependent,

even if the original one Ĥ is not. The case in which we choose Ûc(t) = exp(Ĥct/i~), with Ĥc an arbitrary Hermitian
time-independent operator with energy units, is especially interesting, since in that case the Hamiltonian in the new
picture takes the form

ĤI(t) = Û†c (t)Ĥ(t)Ûc(t)− Ĥc. (43)

Moreover, in such case, operators evolve according to a Heisenberg equation, i~∂tÂ = [Â, Ĥc].
As mentioned, it is clear that Hamiltonians in intermediate pictures are time dependent, even if the original

Hamiltonian is not. It is then interesting to consider which form the time-evolution operator takes in such a case. In
order to find a compact expression, we will combine the so-called Dyson expansion with the time-ordering symbol. The
Dyson expansion is just a formal solution of the von Neumann equation (42), or its equivalent Schrödinger equation

i~∂t|ψ〉I = ĤI(t)|ψ〉I. In particular, we are looking for the unitary operator that connects the states at times 0 and

t, that is, |ψ(t)〉I = ÛI(t)|ψ(0)〉I. Inserting this expression in the Schrödinger equation, and noting that it should
be satisfied for all initial states |ψ(0)〉I, we then see that the time-evolution operator itself satisfies the Schrödinger
equation

i~∂tÛI(t) = ĤI(t)ÛI(t), with ÛI(0) = Î . (44)

The formal integration of this equation reads

ÛI(t) = Î +
1

i~

∫ t

0

dt1ĤI(t1)ÛI(t1). (45)

Iterating this solution, by plugging it in ÛI(t1) on the right-hand-side, we obtain

ÛI(t) = Î +
1

i~

∫ t

0

dt1ĤI(t1) +
1

(i~)2

∫ t

0

dt1

∫ t1

0

dt2ĤI(t1)ĤI(t2)ÛI(t2). (46)

Iterating this process an infinite number of times, we find the formal expression of the time-evolution operator in the
form of the following Dyson series expansion

ÛI(t) = Î +

∞∑

n=1

1

(i~)n

∫ t

0

dt1

∫ t1

0

dt2...

∫ tn−1

0

dtnĤI(t1)ĤI(t2)...ĤI(tn). (47)

This is not a very practical expression, except for perturbation theory, where the series can be truncated to a desired
order. However, it can be written in a very compact and useful form by making use of the time-ordering symbol T ,
which is defined as the operation that reorders products of time-dependent operators in chronological order (from
right to left). For example, for a product of two operators, we have

T
{
Â(t)B̂(t′)

}
=

{
Â(t)B̂(t′) for t > t′

B̂(t′)Â(t) for t < t′
. (48)

The Dyson series can then be written in the simpler form

ÛI(t) = T
{
e
∫ t
0
dt′ĤI(t

′)/i~
}
, (49)

which is specially useful if we know the explicit time dependence of the Hamiltonian, so the integral can be carried
out, after which the time-ordering symbol is not required anymore. We have an example of this far along the course,
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see Eq. (370). Note also that the time-ordering symbol can also be removed if the Hamiltonian commutes with itself

at all times, [ĤI(t), ĤI(t
′)] = 0 ∀(t, t′).

Let us finally remark that, in the literature, what we have called ‘intermediate’ pictures are sometimes called
‘interaction’ pictures. However, we will reserve such name for the specific situation of starting from a Hamiltonian Ĥ =
Ĥ0(t) + Ĥint(t), in which Ĥ0(t) contains the free evolution of two subsystems interacting through Ĥint(t), and moving

to an intermediate picture defined by Ûc(t) = T
{
e
∫ t
0
dt′Ĥ0(t′)/i~

}
, that is, a picture where free evolution is ‘discounted’

in the sense described above, and the Hamiltonian in the new picture simply reads as ĤI(t) = Û†c (t)Ĥint(t)Ûc(t).
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II. QUANTIZATION OF THE ELECTROMAGNETIC FIELD AS A COLLECTION OF HARMONIC
OSCILLATORS.

The main goal of this chapter is the quantization of the electromagnetic field. We will follow a heuristic, but
physically intuitive approach in which, starting from Maxwell equations, the electromagnetic field is put in corre-
spondence with a mechanical model consisting of collection of harmonic oscillators. Given the connection between
the electromagnetic field and the harmonic oscillator, we also study in detail here the latter. We first explain how
the one-dimensional harmonic oscillator is described in a classical context by a trajectory in phase space. The first
step in the quantum description will be finding the Hilbert space by which it is described. We will then introduce a
convenient way of representing the quantum state of the oscillator in phase space, the so-called Wigner function, and
then put forward a few important states: coherent, squeezed, and thermal states.

A. Light as an electromagnetic wave

Nowadays it feels quite natural to say that light is an electromagnetic wave. Arriving to this conclusion, however,
was not trivial at all. The history of such a discovery starts in the first half of the XIX century with Faraday, who
showed that the polarization of light can change when subject to a magnetic field; this was the first hint suggesting
that there could be a connection between light and electromagnetism, and he was the first to propose that light
could be an electromagnetic disturbance of some kind, able to propagate without the need of a reference medium.
However, this qualitative idea did not find a rigorous mathematical formulation until the second half of the century,
when Maxwell developed a consistent theory of electromagnetism, and showed how the theory was able to predict the
existence of electromagnetic waves propagating at a speed which was in agreement with the speed measured for light
at the time [56]. A couple of decades after his proposal, the existence of electromagnetic waves was experimentally
demonstrated by Hertz [57], and the theory of light as an electromagnetic wave found its way towards being accepted.

Our starting point are Maxwell’s equations formulated as partial differential equations for the electric and magnetic5

vector fields E (r, t) and B (r, t), respectively, where r (t) is the position (time) where (when) the fields are observed.
This formulation is due to Heaviside [58], as Maxwell originally proposed his theory in terms of quaternions. The
theory consists of four equations. The first two are called the homogeneous Maxwell equations and read

∇ ·B = 0 and ∇×E = −∂tB, (50)

where ∇ = (∂x, ∂y, ∂z). The other two are called the inhomogeneous Maxwell equations and are written as

∇ ·E = ρ/ε0 and ∇×B = µ0ε0∂tE + µ0j, (51)

where any electric or magnetic source is introduced in the theory by a charge density function ρ (r, t) and a current
distribution vector j (r, t), respectively; the parameters ε0 = 8.8 × 10−12 F/m and µ0 = 1.3 × 10−6 H/m are the
so-called electric permittivity and the magnetic permeability of vacuum, respectively.

We will show the process of quantization of the electromagnetic field in the absence of sources (ρ = 0 and j = 0).
Under these circumstances, the inhomogeneous equations are simplified to

∇ ·E = 0 and c2∇×B = ∂tE, (52)

where c = 1/
√
ε0µ0 ' 3× 108m/s.

The homogeneous equations (50) allow us to derive the fields from a scalar potential φ (r, t) and a vector potential
A (r, t) as

B = ∇×A and E = −∇φ− ∂tA, (53)

hence reducing to four the degrees of freedom of the electromagnetic field. These potentials, however, are not unique:
we can always use an arbitrary function Λ (r, t) to change them as

A→ A + ∇Λ and φ→ φ− ∂tΛ, (54)

what is known as the gauge invariance of Maxwell’s equations.

5 As we won’t deal with materials sensitive to the magnetic field, we will use the term “magnetic field” for the B-field, which is usually
denoted by “magnetic induction field” when it needs to be distinguished from the H-field (which we won’t be using in this notes).
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Introducing (53) into the inhomogeneous equations we get the equations satisfied by the potentials

(
c2∇2 − ∂2

t

)
A = ∂t∇φ+ c2∇ (∇ ·A) , (55a)

∇2φ+ ∂t∇ ·A = 0. (55b)

The problem is highly simplified if we exploit the gauge invariance and choose ∇ · A = 0, as the second equation
becomes the Laplace equation, which can be shown to further imply that φ = 0 for physical fields vanishing at infinity.
Hence the only equations left are

(
c2∇2 − ∂2

t

)
A = 0 (56)

which are wave equations with speed c for the components of the vector potential. Note that the condition ∇ ·A = 0
(known as the Coulomb condition) relates the three components of A, and hence, only two degrees of freedom of the
initial six (the electric and magnetic vector fields) remain.

It is finally important to note that the wave equation (56) has a unique solution inside a given spatio-temporal
region only if both the vector potential and its derivative along the direction normal to the boundary of the region
are specified at any point of the boundary [59]; these are known as Dirichlet and Neumann conditions, respectively.
In general, however, physical problems do not impose so many constraints, and hence there coexist several solutions
of the wave equation, which we will call spatiotemporal modes.

B. Quasi-1D approximation and quantization inside a cavity

In order to simplify the derivations and get to the core of the physical problem without many spurious technicalities,
we will consider a simplified one-dimensional model for the light field6. In particular, we assume that the field
propagates along the z direction, with neither its polarization nor its transverse profile along the x and y directions
changing upon propagation. Moreover, we take the transverse profile as homogeneous, that is, independent of x and
y, and a linear polarization along the x axis. Under such conditions, the vector potential can be expanded in terms of
linearly polarized plane waves exe

ikz with k ∈ R and ex the unit vector along the x direction. Hence, we can generally
write

A(z, t) = Nex
∑

k

qk(t)eikz, (57)

where from now on we omit the dependence on x and y in the argument of the fields, N is an appropriate normalization
factor that we will choose later, qk are the expansion coefficients, and the sum runs over all the allowed wave vectors,
which are all the real numbers in free space, but get restricted whenever the boundary conditions are not open.
Specifically, let us consider a simple cavity consisting on two perfectly conducting plane mirrors facing each other,
see Fig. 1. The components of the electric field parallel to the conducting mirrors must vanish [59, 61]. Taking z = 0
at the mirror on the left, and z = L at the mirror on the right, and focusing on a pair of ±k components, the z = 0
boundary conditions imply

E(0, t) = −∂tA(0, t) = 0⇒ q̇k(t) = −q̇−k(t)⇒ qk(t) = b− q−k(t),

where furthermore qk(t) ∈ R and b = 0, because otherwise A(z, t) is not real in all spacetime. On the other hand, the
boundary conditions at z = L imply

E(L, t) = −∂tA(L, t) = 0⇒ q̇k(t) sin(kL) = 0⇒ kL = nπ,with n ∈ N.

Putting everything together, we obtain the relation qk(t) = −q−k(t) ∈ R between the expansion coefficients, and
k = πn/L ≡ kn with n ∈ N as the only allowed wave vectors. The vector potential, and the electric and magnetic

6 Quantization in three dimensions and in a realistic cavity with spherical dielectric mirrors can be found in [60].
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zL0

intensity profile of the 5th cavity mode 

conducting m
irrors 

Figure 1. Simplified cavity used in the notes. It is formed by two perfectly conducting plane mirrors facing each other. We
neglect variations in polarization or transverse (x,y) profile, while the vanishing of the electric field at the mirror’s surface
provides the cavity mode structure. We show the intensity pattern corresponding to the 5th mode, proportional to sin2 5πz/L.

fields are then written as

A(z, t) = Nex

∞∑

n=1

qn(t) sin (knz) , (58a)

E(z, t) = −∂tA(z, t) = −Nex

∞∑

n=1

q̇n(t) sin (knz) , (58b)

B(z, t) = ∇×A(z, t) = Ney

∞∑

n=1

knqn(t) cos (knz) , (58c)

so that the electric field vanishes at z = 0 and z = L as required. Note that we have changed the notation slightly
from qk to qn, since the wave vectors are specified by the integer n. Also, note that we have introduced an irrelevant
factor 2i into N , since it is an arbitrary normalization factor that we will conveniently choose later.

It is interesting to note that the choices qk(t) = −q−k(t) and k = πn/L can be understood from a different point of
view, more general than the boundary conditions imposed by the conducting mirrors. The choice for the amplitudes
q±k simply reflects the fact that inside a cavity there is no reason why we should distinguish left moving and right
moving waves, as they cannot be excited separately (if we excite one, the other will appear by reflection in the mirror,
picking up a π phase). On the other hand, the quantization of the wave number appears from the natural requirement
that a cavity mode has to reproduce itself after a cavity roundtrip, so that the phase accumulated after a roundtrip,
2kL, must be an integer multiple of 2π.

At this point it is important to highlight the following orthogonality relations between the cavity mode functions
∫ L

0

dz sin(knz) sin(kmz) =

∫ L

0

dz cos(knz) cos(kmz) =
L

2
δnm. (59)

Introducing (58a) in the wave equation and acting with
∫ L

0
dz sin(knz) from the left, we get

∫ L

0

dz sin(knz)
(
c2∂2

z − ∂2
t

)
A = −Nex

∞∑

m=1

∫ L

0

dz sin(knz) sin (kmz)
(
k2
mc

2qm(t) + q̈m(t)
)

= 0, (60)

which using the previous orthogonality relations leads us the following evolution equations for the amplitudes qn(t):

q̈n + ω2
nqn = 0, (61)

with ωn = ckn. This is precisely the evolution equation for a harmonic oscillator of frequency ωn. Hence, this suggests
that the modes of the electromagnetic field behave as harmonic oscillators, so that field quantization can be carried
out simply by quantizing each of these oscillators.
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In order to prove that this is indeed the case, we need to prove that the Hamiltonian of the electromagnetic field
can be written as the corresponding sum of harmonic oscillator Hamiltonians. In order to show that this is indeed
the case, let us next evaluate the electromagnetic energy contained in the cavity at time t, which reads [59, 61]

Eem(t) =
1

2

∫

cavity

d3r

[
ε0E

2(z, t) +
1

µ0
B2(z, t)

]
. (62)

Introducing the expansions (58) in this expression, and using the orthogonality relations (59), we obtain

Eem(t) =
N 2

2

∫

cavity

dxdy

∞∑

n,m=1

[
ε0q̇n(t)q̇m(t)

∫ L

0

dz sin (knz) sin (kmz) +
knkm
µ0

qn(t)qm(t)

∫ L

0

dz cos (knz) cos (kmz)

]

=
N 2ε0L

4

∫

cavity

dxdy

∞∑

n=1

[
q̇2
n(t) + c2k2

nq
2
n(t)

]
. (63)

Let us now assume that the transverse integral contributes with a finite area
∫

cavity
dxdy = S (as would happen in

a physical scenario where the electromagnetic field is confined also laterally). Choosing a normalization constant

N =
√

2/ε0LS, and defining pn = q̇n, we get

Eem(t) =

∞∑

n=1

[
1

2
p2
n(t) +

ω2
n

2
q2
n(t)

]
, (64)

which is precisely the Hamiltonian of a collection of unit-mass harmonic oscillators with positions qn, momenta pn,
and frequencies ωn.

Since we have managed to make a correspondence between a classical model described by a set of generalized
positions and momenta, and the electromagnetic field, we can quantize the latter by following the quantization
prescription that we learned in Section I A. In particular, we just need to replace positions and momenta with self-
adjoint operators q̂n and p̂n satisfying canonical commutation relations [q̂n, p̂m] = i~δnm and [q̂n, q̂m] = 0 = [p̂n, p̂m].

Let us finally remark that, while we have presented the highly idealized and simplified situation of a perfect optical
cavity within the quasi 1-D approximation, quantization in more realistic settings proceeds in a similar way. In par-
ticular, it’s always a matter of finding the normal modes of Maxwell’s equations and mapping them to a collection
of harmonic oscillators, which can be technically challenging, but is conceptually the same we have done. Moreover,
even in the context of general quantum field theory one proceeds exactly in the same fashion, just with a few impor-
tant subtleties. For example, when dealing with fields with half-integer spin (fermions), canonical anticommutation
relations must be used in order to obtain a bounded Hamiltonian (spin-statistics theorem). Also, at high energies,
one needs to use a formalism that explicitly shows Lorentz invariance, in order to make sure that the theory is free of
incompatibilities with special relativity. While Maxwell equations are indeed Lorentz invariant, the Coulomb-gauge
condition ∇ ·A = 0 is not, which is fine for our low-energy (optical) purposes, but would not hold in higher-energy
contexts. If you are interested on the quantization of the electromagnetic field in a relativistic setting and/or in the
presence of matter, [2] is a good place to start.

C. Classical analysis of the harmonic oscillator

We thus see that there exists a direct relation between the electromagnetic field and the one-dimensional harmonic
oscillator. Let us then discuss along the next sections the physics of the latter. We start here by its classical description
(remember that Section A 1 offers a review of the required classical mechanics).

Consider the basic mechanical model of a one-dimensional harmonic oscillator : A particle of mass m is at rest at
some equilibrium position which we take as x = 0; when displaced from this position by some amount a, a restoring
force F = −kx starts acting on the particle, trying to bring it back to x = 0. Newton’s equation of motion for
the particle is therefore mẍ = −kx, which together with the initial conditions x(0) = a and ẋ(0) = v gives the

solution x(t) = a cosωt + (v/ω) sinωt, being ω =
√
k/m the so-called angular frequency. Therefore the particle will

be bouncing back and forth between positions −
√
a2 + v2/ω2 and

√
a2 + v2/ω2 with time period 2π/ω (hence the

name ‘harmonic oscillator’).
Let us study now the problem from a Hamiltonian point of view. For this one-dimensional problem with no

constraints, we can take the position of the particle and its momentum as the generalized coordinate and momentum,
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Figure 2. Phase space trajectory of the classical harmonic oscillator. It starts at a point (a, v/ω) and describes a circular
trajectory of radius R coming back to this initial point at times tn. Defining the amplitude and phase of the oscillator, the
motion is described by a fixed amplitude and a phase ϕ which decreases linearly with time, as explained in the main text.

that is, q = x and p = mẋ. The restoring force derives from a potential V (x) = kx2/2, and hence the Hamiltonian
takes the form

Ho =
p2

2m
+
mω2

2
q2. (65)

The canonical equations read

q̇ =
p

m
and ṗ = −mω2q, (66)

which together with some initial conditions q(0) = a and p(0) = mv give the trajectory
(
q,

p

mω

)
=
(
a cosωt+

v

ω
sinωt,

v

ω
cosωt− a sinωt

)
, (67)

where we normalize the momentum to mω for convenience. Starting at the phase space point (a, v/ω) the system

evolves periodically drawing a circle of radius R =
√
a2 + v2/ω2 as shown in Fig. 2, returning to its initial point at

times tn = 2πn/ω, with n ∈ N. This circular trajectory could have been derived without even solving the equations of
motion, as the conservation of the Hamiltonian Ho(t) = Ho(0) leads directly to q2 + p2/m2ω2 = R2, which is exactly
the circumference of Fig. 2. This is a simple manifestation of the power of the Hamiltonian formalism. The trajectory
is most easily represented by defining the so-called normal variable ν(t) = q(t) + ip(t)/mω = R exp[iϕ(t)], which in
this case has a constant amplitude |ν| and a phase that decreases linearly with time, ϕ(t) = ϕ(0)− ωt.

D. The quantum harmonic oscillator: number states, energy quantization, and quadrature eigenstates

The harmonic oscillator is the prototype of a system described quantum mechanically by an infinite-dimensional
Hilbert space. In order to see this, we just find the eigenstates of its Hamiltonian, which is given by the operator

Ĥo =
p̂2

2m
+
mω2

2
q̂2, (68)

by virtue of the discussion after Principle III in Section A, with the position q̂ and momentum p̂ satisfying the
commutation relation

[q̂, p̂] = i~. (69)

We will always work with dimensionless versions of them, the so-called X and P quadratures (although we may keep
using the names ‘position’ and ‘momentum’ most of the time)

X̂ = q̂/qzpf and P̂ = p̂/pzpf, (70)
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with qzpf =
√
~/2ωm and pzpf =

√
~ωm/2, which satisfy the commutation relation

[X̂, P̂ ] = 2i, (71)

and therefore the uncertainty relation

∆X∆P ≥ 1. (72)

We will see later that qzpf and pzpf provide the uncertainty of position and momentum when the oscillator is in its
ground state, the so-called zero-point fluctuations. In terms of these quadratures, the Hamiltonian reads

Ĥo =
~ω
4

(
X̂2 + P̂ 2

)
. (73)

In order to find the eigensystem of this operator, we decompose the quadratures as

X̂ = â† + â and P̂ = i(â† − â), (74)

where the operators â and â†, known as the annihilation and creation operators, satisfy the commutation relation

[â, â†] = 1. (75)

In terms of these operators, the Hamiltonian is rewritten as

Ĥo = ~ω(â†â+ 1/2), (76)

and hence the problem has been reduced to finding the eigensystem of the so-called number operator N̂ = â†â.
Let us denote by n a generic real number contained in the spectrum of N̂ , whose corresponding eigenvector we

denote by |n〉, so that, N̂ |n〉 = n|n〉. The eigensystem of N̂ is readily found from the following four properties:

• N̂ is a positive semidefinite operator, as for any vector |ψ〉 it is satisfied 〈ψ|N̂ |ψ〉 = |â|ψ〉|2 ≥ 0. When applied
to its eigenvectors, |ψ〉 = |n〉, this property forbids the existence of negative eigenvalues, that is,

n ≥ 0. (77)

• Applying the commutation relation7 [N̂ , â] = −â to |n〉, it is straightforward to show that the vector â|n〉 is also

an eigenvector of N̂ with eigenvalue n − 1. Similarly, from the commutation relation [N̂ , â†] = â† it is found

that the vector â†|n〉 is an eigenvector of N̂ with eigenvalue n+ 1.
Hence, we have â|n〉 = k1|n − 1〉 and â†|n〉 = k2|n + 1〉, with some constants k1 and k2 that can be found as
follows. We just calculate the absolute value squared of these expressions, obtaining

|k1|2〈n− 1|n− 1〉 = 〈n|â†â|n〉 = n〈n|n〉, (78a)

|k2|2〈n+ 1|n+ 1〉 = 〈n| ââ†︸︷︷︸ |n〉
â†â+1

= (n+ 1)〈n|n〉. (78b)

Assuming that the eigenvectors can be normalized (which is another of the properties that we introduce next),
and taking the constants positive for definiteness, we then obtain k1 =

√
n and k2 =

√
n+ 1, and finally

â|n〉 =
√
n|n− 1〉 and â†|n〉 =

√
n+ 1|n+ 1〉. (79)

• The identities 〈n|N̂ |m〉 = n〈n|m〉 = m〈n|m〉, allow us to write (n−m)〈n|m〉 = 0, hence showing that eigenvectors
corresponding to different eigenvalues are arthogonal, that is,

〈n|m〉 = 0 when n 6= m. (80)

• We will show later that the eigenstate with n = 0 is normalizable, and hence, so are all the other eigenvectors
with n ∈ N by virtue of (79).

7 This is straightforward to find by using the property [ÂB̂, Ĉ] = Â[B̂, Ĉ] + [Â, Ĉ]B̂, valid for any three operators Â, B̂, and Ĉ.
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These four properties are compatible only with a spectrum formed by non-negative integers n = 0, 1, 2, 3, ...; otherwise
(79) would allow us to find negative eigenvalues, which are not allowed by the first property. Note that (79) ensures
that â|0〉 = 0. Thus, the set of eigenvectors {|n〉}n=0,1,... is an infinite, countable set of orthonormal eigenvectors,

that is, 〈n|m〉 = δnm. Finally, according to the principles of quantum mechanics only the vectors normalized to one

are physically accessible states, and hence we conclude that the vector space spanned by the eigenvectors of N̂ is an
infinite-dimensional Hilbert space (it is isomorphic to l2(∞), the prototype of infinite-dimensional Hilbert space, see
Section A 2 c). The orthonormal basis {|n〉}n=0,1,... is known as Fock basis.

Let us now explain some physical consequences. The vectors {|n〉}n=0,1,... are eigenvectors of the energy (the

Hamiltonian) with eigenvalues {En = ~ω(n + 1/2)}n=0,1,..., and hence quantum theory predicts that the energy of
the oscillator is quantized: Only a discrete set of energies separated by ~ω can be measured in an experiment. The
number of quanta or excitations is given by n, and that’s why n̂ is called the ‘number’ operator, as it ‘counts’ the
number of excitations. Similarly, the creation and annihilation operators receive their names because they add and
subtract excitations. As these vectors have a well defined number of excitations, ∆N = 0, we will call them number
states. Consequently, |0〉 will be called the vacuum state of the oscillator, as it has no quanta.

On the other hand, while in classical mechanics the harmonic oscillator can have zero energy (what happens when
it is resting in its equilibrium position), quantum mechanics predicts that the minimum energy that the oscillator
can have is E0 = ~ω/2 > 0. One way to understand where this zero–point energy comes from is by minimizing the
expectation value of the Hamiltonian, which can be written as

〈Ĥo〉 =
~ω
4

(
∆X2 + ∆P 2 + 〈X̂〉2 + 〈P̂ 〉2

)
, (81)

subject to the constraint ∆X∆P ≥ 1 imposed by the uncertainty principle. It is easy to argue that the minimum value
of 〈Ĥo〉 is obtained for the state satisfying ∆X = ∆P = 1 and 〈X̂〉 = 〈P̂ 〉 = 0, which corresponds, not surprisingly,
to the vacuum state |0〉. Hence, the energy present in the ground state of the oscillator comes from the fact that the
uncertainty principle does not allow its position and momentum to be exactly zero, they have some fluctuations even
in the vacuum state, and this vacuum or zero-point fluctuations contribute to the energy of the oscillator. Indeed,
since the quadrature fluctuations are equal to 1 with our normalization of position and momentum, see (70), this

means that qzpf =
√
~/2ωm and pzpf =

√
~ωm/2 are the real position and momentum zero-point fluctuations for the

particular oscillator we work with.
In contrast to the number operator, which has a discrete spectrum, the quadrature operators possess a pure

continuous spectrum. Let us focus on the X̂ operator, whose eigenvectors we denote by {|x〉}x∈R with corresponding
eigenvalues {x}x∈R, that is,

X̂|x〉 = x|x〉. (82)

In order to prove that X̂ has a pure continuous spectrum, just note that, from the relation

e
i
2yP̂ X̂e−

i
2yP̂ = X̂ + y, (83)

which is easily found via the Baker-Campbell-Haussdorf lemma8, it follows that if |x〉 is an eigenvector of X̂ with

x eigenvalue, then the vector exp(−iyP̂ /2)|x〉 is also an eigenvector of X̂ with eigenvalue x + y. Now, as this holds

for any real y, we conclude that the spectrum of X̂ is the whole real line. Moreover, as a self-adjoint operator, one
can use its eigenvectors as a continuous basis of the Hilbert space of the oscillator by using the Dirac normalization
〈x|y〉 = δ(x − y). The same results can be obtained for the P̂ operator, whose eigenvectors we denote9 by {|p〉}p∈R
with corresponding eigenvalues {p}p∈R, that is,

P̂ |p〉 = p|p〉. (85)

Note that this results rely only on the canonical commutation relations, and hence are completely general, valid for
any system, not only for the harmonic oscillator. Note also that not being vectors contained in the Hilbert space of
the oscillator (they cannot be properly normalized), the position and momentum eigenvectors cannot correspond to

8 This lemma reads

eB̂Âe−B̂ =
∞∑
n=0

1

n!
[B̂, [B̂, ...[B̂,︸ ︷︷ ︸

n

Â]...]]︸︷︷︸
n

, (84)

and is valid for two general operators Â and B̂.
9 Truth is that it doesn’t look very smart to differentiate eigenstates of different operators (N̂, X̂, P̂ ,...) just by the label (n, x, p,...), but

it will always be clear which state we are referring to from the context.
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physical states. Nevertheless, we will see that they can be understood as an unphysical limit of some physical states
(the squeezed states).

Let us now prove that the vacuum state can be normalized. We will proceed by constructing explicitly its repre-
sentation in the position eigenbasis (wave function). Let us first prove that there exists a Fourier transform relation
between the position and momentum bases, that is,

|p〉 =

∫ +∞

−∞

dx√
4π

exp

(
i

2
px

)
|x〉 ⇐⇒ |x〉 =

∫ +∞

−∞

dp√
4π

exp

(
− i

2
px

)
|p〉. (86)

To this aim we now prove that

〈x|p〉 =
1√
4π

exp(ixp/2). (87)

First note that the commutator [X̂, P̂ ] = 2i implies that

〈x|P̂ |x′〉 =
2iδ (x− x′)
x− x′ , (88)

and hence

〈x|P̂ |ψ〉 =

∫

R
dx′〈x|P̂ |x′〉〈x′|ψ〉 =

∫

R
dx′

2iδ(x− x′)
x− x′ 〈x

′|ψ〉 (89)

=

∫

R
dx′

2iδ (x− x′)
x− x′

[
〈x|ψ〉+ (x′ − x)

d〈x|ψ〉
dx

+

∞∑

n=2

(x′ − x)n

n!

dn〈x|ψ〉
dxn

]
.

The order zero of the Taylor expansion is zero because the kernel is antisymmetric around x, while the terms of order
two or above give zero as well after integrating them. This means that

〈x|P̂ |ψ〉 = −2i
d〈x|ψ〉
dx

, (90)

which applied to |ψ〉 = |p〉 yields the differential equation

p〈x|p〉 = −2i
d〈x|p〉
dx

, (91)

with solution 〈x|p〉 = C exp(ixp/2). We find the normalization constant C by demanding the states to satisfy the
Dirac-delta normalization10:

〈x|x′〉 =

∫

R
dp〈x|p〉〈p|x′〉 = |C|2

∫

R
dpei(x−x′)p/2 = 4π|C|2δ(x− x′)⇒ C = 1/

√
4π,

which leads to (87).
As an example of the use of these continuous representations, we now find the position representation of the number

states, which we write as

|n〉 =

∫

R
dxψn(x)|x〉. (93)

As a first step we find the projection of vacuum onto a position eigenstate, the so-called ground state wave function
ψ0(x) = 〈x|0〉. We do it from

0 = 〈x|â|0〉 =
1

2
〈x|(X̂ + iP̂ )|0〉 =

1

2

(
x+ 2

d

dx

)
ψ0(x), (94)

10 When working with quadratures, the following form of the Dirac delta is useful:

δ(x) =

∫
R

dz

2π
eizx =

∫
R

dp

4π
eipx/2. (92)
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where we have used (90), which is a simple differential equation for ψ0(x) having

ψ0(x) =
1

(2π)1/4
e−x

2/4, (95)

as its solution. The factor (2π)−1/4 is found by imposing the normalization

〈0|0〉 = 〈0|
∫

R
dx|x〉〈x|

︸ ︷︷ ︸
Î

|0〉 =

∫

R
dx|ψ0(x)|2 = 1, (96)

which proves that the vacuum state is normalizable.
Let us also write explicit wave functions for an arbitrary number state |n〉 (the nth excited wave function). This is

found from the ground state wave function as

ψn(x) = 〈x|n〉 =
1√
n!
〈x|â†n|0〉 =

1√
n!2n

〈x|
(
X̂ − iP̂

)n
|0〉 =

1√
n!2n

(
x− 2

d

dx

)n
ψ0(x), (97)

which, reminding the Rodrigues formula for the Hermite polynomials

Hn

(
x√
2

)
= 2−n/2ex

2/4

(
x− 2

d

dx

)n
e−x

2/4, (98)

leads to the simple expression

ψn(x) =
1√

2n+1/2π1/2n!
Hn

(
x√
2

)
e−x

2/4. (99)

E. Visualizing quantum states in phase space: The Wigner function

As the position and momentum do not have common eigenstates, and moreover, their eigenvectors cannot correspond
to physical states of the oscillator, one concludes that these observables cannot take definite values in quantum
mechanics. Given the state ρ̂, the best one can offer are probability density functions that will dictate the statistics of
a measurement of these observables, that is, 〈x|ρ̂|x〉 and 〈p|ρ̂|p〉. In other words, quantum mechanically, well defined
trajectories in phase space do not exist: the position and momentum of the oscillator are always affected by some
(quantum) noise.

The following question arises naturally: is it then possible to describe quantum mechanics as a probability distri-
bution in phase space which simply blurs classical trajectories? As we are about to see, the answer is only partially
positive, as quantum noise is much more subtle than common classical noise.

Let us denote such probability distribution by Wρ(r), where we combine all phase-space variables into the vector
r = (x, p)T and the subindex indicates the quantum state ρ̂ it corresponds to. A logical way of building this distribution
is as that having the position and momentum probability density functions as its marginals, that is,

〈x|ρ̂|x〉 =

∫

R
dpWρ(r) and 〈p|ρ̂|p〉 =

∫

R
dxWρ(r). (100)

It’s possible to show that these conditions uniquely define Wρ(r), which receives the name of Wigner function.

Before presenting it, let us combine the quadrature operators in the vector R̂ = (X̂, P̂ )T , so that the canonical
commutation relations can be combined into the single expression

[R̂m, R̂n] = 2iΩmn, where Ω =

(
0 1
−1 0

)
,

is the so-called symplectic form, which satisfies ΩT = −Ω = Ω−1. It is also convenient to define the so-called
displacement operator

D̂(r) = exp

[
i

2
R̂TΩr

]
= exp

[
i

2
(pX̂ − xP̂ )

]
, (101)
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of which we will learn a lot more later, and its expectation value

χρ(s) = tr{ρ̂D̂(s)} = 〈D̂(s)〉. (102)

which is known as quantum characteristic function. Consider then the distribution defined as the Fourier transform
of the characteristic function

Wρ(r) =

∫

R2

d2s

(4π)2
e−

i
2 r
TΩsχρ(s), (103)

which is dubbed the Wigner function of state ρ̂. In the next section we prove that this distribution satisfies the
following properties:

1. It has the right marginals, as defined by (100).

2. It is real at all points in phase space, that is, Wρ(r) ∈ R for all r and ρ̂.

3. It is normalized, that is,
∫

R2

d2rWρ(r) = 1. (104)

4. Averages in phase space correspond to quantum expectation values of symmetrically-ordered operators, that is,

〈(X̂mP̂n)(s)〉 =

∫

R2

d2rWρ(r)xmpn, (105)

where we remind that (X̂mP̂n)(s) refers to the symmetrized version of the corresponding product with respect

to position and momentum, e.g., (X̂2P̂ )(s) = (X̂2P̂ + P̂ X̂2 + X̂P̂ X̂)/3. Taking into account that a reasonable
prescription for finding the quantum operator associated to a classical observable A(x, p) consists precisely of
symmetrizing it with respect to x and p, and then change the position and momentum by the corresponding
self-adjoint operators (what guarantees the self-adjointness of the remaining operator, as explained in Secs. I A
and A 3 e), this result seems to reinforce the interpretation of Wρ(r) as a probability density function dictating
how quantum fluctuations are distributed in phase space.

5. The Wigner function admits the following alternative expression in terms of the transition amplitude 〈x2|ρ̂|x1〉
between positions x1 and x2:

Wρ(r) =

∫

R

dy

4π
e−

i
2py
〈
x+

y

2

∣∣∣ ρ̂
∣∣∣x− y

2

〉
. (106)

This is indeed the original form first introduced by Wigner [9], and it is sometimes useful for calculations.

6. The trace product of two states can be written as the overlap between their corresponding Wigner functions,
that is,

tr{ρ̂1ρ̂2} = 4π

∫

R2

d2rWρ1(r)Wρ2(r). (107)

7. When particularizing this expression to two orthogonal pure states, that is, ρ̂j = |ψj〉〈ψj | with 〈ψ1|ψ2〉 = 0, we
obtain11

∫

R2

d2rW|ψ1〉(r)W|ψ2〉(r) =
1

4π
|〈ψ1|ψ2〉|2 = 0. (108)

This identity is only possible if the Wigner function is negative at some points of phase space, as otherwise the
product of two Wigner functions would always add positively to the integral. Hence, in general, the Wigner
function is not a true probability density function in the classical-statistical sense!

11 At this point, it is interesting to remind that for any vector |ψ〉 and operator Â, the following identity holds tr{|ψ〉〈ψ|Â} = 〈ψ|Â|ψ〉.
This is easy to prove just by writing the trace in a basis of the Hilbert space, and using that the sum of the corresponding projectors is
a resolution of the identity.
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Figure 3. Density plot of the Wigner functions corresponding to the first 4 Fock states. Red and blue regions correspond
to positive and negative values of the function, respectively. In both cases regions with higher contrast correspond to larger
absolute value.

8. When particularizing the trace-product expression to ρ̂1 = ρ̂2 ≡ ρ̂, we get
∫

R2

d2rW 2
ρ (r) =

1

4π
tr{ρ̂2} ≤ 1

4π
, (109)

where the last inequality follows from tr{ρ̂2} ≤ 1, a condition satisfied by all density operators, since they have
positive eigenvalues smaller than or equal to one. This expression shows that the Wigner function cannot have
divergences, and hence, it can always be plotted in phase space to visualize quantum states.

9. It uniquely determines the quantum state ρ̂ of the system as

ρ̂ =

∫

R2

d2s

4π
D̂†(s)χρ(s), (110)

and hence the Wigner function contains the same information as the quantum state, providing an alternative
representation of the latter.

These properties show that the Wigner function has almost all the right properties expected from a probability density
function in phase space. In fact, it only differs from it in the fact that it can be negative. This is indeed crucial,
as it means that quantum mechanics cannot be simulated with classical means, and therefore, it really goes beyond
anything we could predict with classical physics. Despite not being a true probability density function in general, the
Wigner function is still a very useful and rigorous way of visualizing quantum fluctuations in phase space. Moreover,
as we will see, most of the easily experimentally accessible states of the harmonic oscillator have a positive Wigner
function, and therefore, for these states we can apply all the intuition behind standard probability theory to how
quantum fluctuations are distributed in phase space. In addition, whenever negativities appear in an experiment,
these offer a smoking gun that something genuinely quantum is happening, something that cannot be simulated by
adding classical noise in the system.

To conclude this section, let us evaluate the Wigner function of a number state ρ̂ = |n〉〈n| as an example. It is not
difficult to do so by using expression (106) for the Wigner function, together with the wave function (99) that we
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found for that state, obtaining

W|n〉(r) =

∫

R

dy

4π
e−

i
2py〈x+ y/2|n〉〈n|x− y/2〉 =

∫

R

dy

4π
e−

i
2pyψn(x+ y/2)ψ∗n(x− y/2) (111)

=
1

2n+1/2π1/2n!

∫

R

dy

4π
e−

i
2py−

(x+y/2)2+(x−y/2)2

4 Hn

(
x+ y/2√

2

)
Hn

(
x− y/2√

2

)

=
1

2n+1/2π1/2n!
e−

x2

2

∫

R

dy

4π
e−

i
2py−

y2

8 Hn

(
x+ y/2√

2

)
Hn

(
x− y/2√

2

)

=
1

2n+1/2π1/2n!
e−

x2+p2

2

∫

R

dy

4π
e−

1
8 (y+2ip)2

Hn

(
x+ y/2√

2

)
Hn

(
x− y/2√

2

)
,

where in the last step we have just completed the square in the exponential. Let us now make the variable change
y = 2(z − ip), which is a shift of the integration variable along the imaginary line, so that the integral now is still
performed parallel to the real line in the complex-y plane. The previous expression is then turned into

W|n〉(r) =
1

2n+1/2π1/2n!
e−

x2+p2

2

∫ ip+∞

ip−∞

dz

2π
e−z

2/2Hn

(
x+ z − ip√

2

)
Hn

(
x− z + ip√

2

)
(112)

=
(−1)n

2n+1/2π1/2n!
e−

x2+p2

2

∫ ip+∞

ip−∞

dz

2π
e−z

2/2Hn

(
z + x− ip√

2

)
Hn

(
z − x− ip√

2

)
,

where in the second equality we have used Hn(−x) = (−1)nHn(x). Finally, using the following relation between the
Hermite and Laguerre polynomials

∫ ip+∞

ip−∞
dze−z

2/2Hn

(
z + ξ1√

2

)
Hn

(
z − ξ2√

2

)
= 2n

√
2πn!Ln(ξ1ξ2), (113)

where the Laguerre polynomial of order n is defined by the Rodrigues formula

Ln(z) =
exp(z)

n!

dn

dzn
[zn exp(−z)] , (114)

we arrive to the simple expression

W|n〉(r) =
(−1)n

2π
Ln(x2 + p2)e−

x2+p2

2 . (115)

For any n > 0, this function has negative regions. For example, for odd n it is always negative at the origin of phase
space, since Ln(0) = 1 ∀n. The Wigner functions of the first 4 Fock states are plotted in Fig. 3.

F. Proof of the Wigner function properties

In this section we prove the properties of the Wigner function introduced above. Let us start with property 1. In
particular, we next prove that integrating the Wigner function over momenta leads to the probability density function
associated to position measurements. We start from

∫

R
dpWρ(r) =

∫

R2

d2r

(4π)2

[∫

R
dpe

i
2x
′p

]

︸ ︷︷ ︸
4πδ(x′)

e−
i
2p
′xχ(r′) =

∫

R

dp′

4π
e−

i
2p
′x χ(0, p′)︸ ︷︷ ︸

tr{ρ̂D̂(0,p′)}

, (116)

and then write the trace in the position eigenbasis obtaining

∫

R
dpWρ(r) =

∫

R
dy

∫

R

dp′

4π
e−

i
2p
′x〈y|ρ̂e i

2p
′X̂ |y〉 =

∫

R
dy

[∫

R

dp′

4π
e−

i
2p
′(x−y)

]

︸ ︷︷ ︸
4πδ(x−y)

〈y|ρ̂|y〉 = 〈x|ρ̂|x〉, (117)

just as we wanted to prove. Similarly, you can prove that the integration of the Wigner function over position leads
to the probability density function for momentum measurements.
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Property 3, that the Wigner function is normalized, is proven immediately from the previous expression, since
∫

R2

d2rWρ(r) =

∫

R
dx

∫

R
dpWρ(r)

︸ ︷︷ ︸
〈x|ρ̂|x〉

= tr

{
ρ̂

∫

R
dx|x〉〈x|

}
= tr{ρ̂} = 1. (118)

On the other hand, the Wigner function is real (property 2) by construction, since using D̂†(r) = D̂(−r), we get

W ∗ρ (r) =

∫

R2

d2r′

(4π)2
e

i
2 r
TΩr′〈D̂(r′)〉∗ =

∫

R2

d2r′

(4π)2
e

i
2 r
TΩr′〈D̂(−r′)〉 =

∫

R2

d2r′′

(4π)2
e−

i
2 r
TΩr′′〈D̂(r′′)〉 = Wρ(r) (119)

where in the second to last step we made the integration variable change r′ = −r′′.
In order to prove property 4 regarding expectation values of operators in symmetric order, we need some preliminary

results. First, note that the exponentiation of a linear combination of position and momentum follows Newton’s
binomial expansion, but with products of operators in symmetric order, that is,

(aX̂ + bP̂ )n =

n∑

k=0

(
n
k

)
an−kbk

(
X̂n−kP̂ k

)(s)

. (120)

You can easily convince yourself by trying out some values of n. This leads to the following expansion of the
displacement operator

D̂(r) =

∞∑

n=0

1

n!

(
i

2

)n (
pX̂ − xP̂

)n
=

∞∑

n=0

(
i

2

)n n∑

k=0

pn−k(−x)k

k!(n− k)!

(
X̂n−kP̂ k

)(s)

. (121)

Then, we will also need to keep in mind the action of derivatives of the Dirac delta function,
∫ +∞

−∞
dx

[
dnδ(x)

dxn

]
f(x) = (−1)n

∫ +∞

−∞
dxδ(x)

dnf(x)

dxn
, (122)

which is easily proven integrating by parts and using the fact that the delta function and its derivatives to all orders
vanish at infinity, that is, [dnδ(x)/dxn]|x=±∞ = 0 ∀n. Using these properties, we can then prove the property we
seek as

∫

R2

d2rWρ(r)xmpr =

∫

R2

d2r

∫

R2

d2r′

(4π)2

[(
−2

i

)m(
2

i

)r
∂mp′ ∂

r
x′e

i
2 (x′p−p′x)

]
〈D̂(r′)〉 (123)

=

(
−2

i

)m(
2

i

)r ∫

R2

d2r′
〈
D̂(r′)

〉
∂mp′ ∂

r
x′

∫

R2

d2r

(4π)2
e

i
2 (x′p−p′x)

︸ ︷︷ ︸
δ(x′)δ(p′)

=

(
−2

i

)m(
2

i

)r
(−1)r+m

∫

R2

d2r′δ(x′)δ(p′)∂mp′ ∂
r
x′〈D̂(r′)〉,

where in the last step we have integrated by parts in order to bring the derivatives to the characteristic function.
The derivatives acting on the expansion (121) for the displacement operator, together with the action of the delta
functions, force n = m+ r and k = r in that expression, leading to the desired expression

∫

R2

d2rpWρ(r)xmpr =
(
X̂mP̂ r

)(s)

. (124)

Next we prove that the definition of the Wigner function in terms of a quantum characteristic function (103) coincides
with Wigner’s original formulation (106). For this, we will rely on some additional properties of the displacement and
translation operators. In the case of the displacement operator, we use the weaker (sometimes called disentangling)
form of the Baker-Campbell-Haussdorf lemma12 (125) to write it as

D̂(r) = e
i
4xpe−

i
2xP̂ e

i
2pX̂ , (126)

12 This form says that given two operators Â and B̂ that commute with their commutator, we can “disentangle” the exponential of their
sum as

eÂ+B̂ = e−[Â,B̂]/2eÂeB̂ . (125)
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proven by setting Â = −ixP̂/2 and B̂ = ipX̂/2 in (125). In the case of the translation operator, we need its action
on the position eigenstates

e−
i
2yP̂ |x〉 = |x+ y〉, (127)

which is easily proven by inserting a representation of the identity in the momentum basis and using (87),

e−
i
2yP̂ |x〉 =

∫

R
dp〈p|x〉e− i

2yP̂ |p〉 =

∫

R
dp

1√
4π
e−

i
2 (x+y)p

︸ ︷︷ ︸
〈p|x+y〉

|p〉 = |x+ y〉. (128)

With this properties at hand, we can now turn our definition of the Wigner function (103) into Wigner’s original
definition (106). For this, we simply write the trace in the position eigenbasis, obtaining

Wρ(r) =

∫

R2

d2r′

(4π)2
e

i
2 (x′p−p′x)

∫

R
dy〈y|ρ̂e i

4x
′p′e−

i
2x
′P̂ e

i
2p
′X̂ |y〉 =

∫

R

dx′

4π
e

i
2x
′p

∫

R
dy

∫

R

dp′

4π
e

i
2p
′(y−x+x′/2)

︸ ︷︷ ︸
δ(y−x+x′/2)

〈y|ρ̂|y + x′〉

=

∫

R

dx′

4π
e

i
2x
′p〈x− x′/2|ρ̂|x+ x′/2〉, (129)

which making the integration variable change x′ = −y leads to the desired expression (106).
The next property, specifically the trace product rule of expression (107), is easily proven by using Wigner’s original

formulation (106). In particular, we write
∫

R2

d2rWρ1(r)Wρ2(r) =

∫

R
dx

∫

R

dy1

4π

∫

R

dy2

4π

∫

R
dpe−

i
2 (y1+y2)p

︸ ︷︷ ︸
4πδ(y1+y2)

〈x+ y1/2|ρ̂1|x− y1/2〉〈x+ y2/2|ρ̂2|x− y2/2〉

=
1

4π

∫

R
dx

∫

R
dy〈x+ y/2|ρ̂1|x− y/2〉〈x− y/2|ρ̂2|x+ y/2〉, (130)

so that making the variable changes {x+ = x+ y/2, x− = x− y/2}, we prove the desired result
∫

R2

d2rWρ1(r)Wρ2(r) =
1

4π

∫

R2

dx+dx−〈x+|ρ̂1|x−〉〈x−|ρ̂2|x+〉 =
1

4π

∫

R
dx+〈x+|ρ̂1ρ̂2|x+〉 =

1

4π
tr{ρ̂1ρ̂2}. (131)

In order to prove the last property, which allows us to recover the quantum state ρ̂ from the characteristic function
through expression (110), we simply need two more useful properties of the displacement operator. The first one is

tr{D̂(r)} = 4πδ(2)(r), (132)

easily proven by using the form (126) of the displacement operator, performing the trace in the position eigenbasis,
using the translation property (127), and the fact that position eigenstates are Dirac-delta orthonormal:

tr{D̂(r)} = e
i
4xptr

{
e−

i
2xP̂ e

i
2pX̂

}
= e

i
4xp

∫

R
dy〈y|e− i

2xP̂ e
i
2pX̂ |y〉 = e

i
4xp

∫

R
dye

i
2py

︸ ︷︷ ︸
4πδ(p)

〈y| e− i
2xP̂ |y〉︸ ︷︷ ︸
|y+x〉︸ ︷︷ ︸
δ(x)

= 4πδ(2)(r). (133)

The second one refers to the composition of two displacements

D̂(r)D̂(s) = e−
i
4 r
TΩsD̂(r + s), (134)

which is easily proven by applying the disentangling Baker-Campbell-Haussdorf lemma (125) with Â = i
2R̂TΩr and

B̂ = i
2R̂TΩr, noting that

[Â, B̂] =

2∑

mnjl=1

(
i

2

)2

[R̂m, R̂j ]︸ ︷︷ ︸
2iΩmj

ΩmnrnΩjlsl = − i

2

2∑

nl=1

rn




2∑

mj=1

ΩmnΩmjΩjl




︸ ︷︷ ︸
(ΩTΩΩ)ml=Ωml

sl = − i

2
rTΩs. (135)
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Using these properties, we then see that expression (110) is correct by applying the displacement operator onto it,
and taking the trace

tr{D̂(s)ρ̂} =

∫

R
d2z tr{D̂(s) D̂†(z)︸ ︷︷ ︸

D̂(−z)

}

︸ ︷︷ ︸
e

i
4
sTΩztr{D̂(s−z)}

χρ(z) =

∫

R
d2ze

i
4 s
TΩzδ(2)(s− z)χρ(z) = χρ(s),

where we have used sTΩs = 0.

G. Gaussian states

Let us now introduce an important class of states, the so-called Gaussian states. As we will argue, these are the
type of states that appear most naturally in experiments, and indeed experimentalists need to work very hard to go
away of the Gaussian-state manifold.

1. Definition and interpretation

Gaussian states are defined as those states for which all statistics are completely defined by first and second order
moments such as 〈R̂j〉 and 〈R̂jR̂l〉, respectively. This means that their Wigner function is a Gaussian distribution,
which can always be written as13

Wρ(r) =
1

2π
√

detV
exp

[
−1

2
(r− d)TV −1(r− d)

]
, (137)

in terms of the so-called mean vector d, and the covariance matrix V . It is not difficult to prove (and we do it below,
in Section II G 3) that

〈R̂j〉 =

∫

R2

d2rWρ(r)rj = dj , (138a)

1

2
〈δR̂jδR̂l + δR̂lδR̂j〉 =

∫

R2

d2rWρ(r)δrjδrl = Vjl. (138b)

where we have defined the fluctuation vector δr = r − d, which measures how far away the phase-space coordinate
is from the mean of the distribution, and we remind that we already defined in Section I A the fluctuation of any
operator Â as δÂ = Â− 〈Â〉, which allows us to find its variance as V (A) = 〈δÂ2〉.

Any higher-order moment can be generated from these ones by using the Gaussian-moment theorem [5]

∫

R2

d2rWρ(r)δrj1δrj2 ...δrjN =

{
0 if N is odd∑{i1,i2,...,iN}∈

all (N−1)!! pairings Vi1i2Vi3i4 ...ViN−1iN if N is even
, (139)

where the sum is restricted to the (N−1)!! different ways in which we can pair the {j1, j2, ..., jN} indices. For example,
for N = 4 this expression explicitly reads as

∫

R2

d2rWρ(r) δxδpδxδp︸ ︷︷ ︸
j1j2j3j4=1,2,1,2

= V12V12 + V11V22 + V12V21 = V11V22 + 2V 2
12, (140)

where in the last step we used the symmetry of the covariance matrix. Using (139) we can then evaluate any higher-
order moment of a Gaussian state in a simple fashion. For example,

〈X̂3〉 = 〈(δX̂ + 〈X̂〉)3〉 = 〈δX̂3〉︸ ︷︷ ︸
0

+3〈X̂〉〈δX̂2〉+ 3〈X̂〉2 〈δX̂〉︸ ︷︷ ︸
0

+〈X̂〉3 =
[
〈X̂〉2 + 3V (X)

]
〈X̂〉 =

[
d2

1 + 3V11

]
d1. (141)

13 When dealing with Gaussian states, the following integral is quite useful:∫
RN

dNr exp

(
−

1

2
rTAr + xT r

)
=

√
(2π)N

detA
exp

(
1

2
xTA−1x

)
(136)

where x ∈ RN and A is a non-singular N ×N matrix. For example, check with it that the Gaussian Wigner function in (137) is indeed
normalized.
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Figure 4. Wigner function of a generic Gaussian state (137). It consists of a single lob with the shape of an ellipse, centered
at the position given by the mean vector d. The covariance matrix V can be diagonalized through a rotation of angle θ. Its
eigenvalues provide the uncertainty of the quadratures along the principal axes of the ellipse.

Let us now discuss about the interpretation of Gaussian states. As we mentioned above, the mean vector and
covariance matrix are related to quantum expectation values by

d = 〈R̂〉 =

(
〈X̂〉
〈P̂ 〉

)
, (142a)

V =
1

2

[
〈δR̂δR̂T 〉+

(
〈δR̂δR̂T 〉

)T]
=

(
〈δX̂2〉 〈(δX̂δP̂ )(s)〉

〈(δX̂δP̂ )(s)〉 〈δP̂ 2〉

)
. (142b)

Now, since Gaussian Wigner functions are positive everywhere, they can be interpreted as probability density functions
for quadrature measurements. The mean vector encodes the expectation values describing the measurements, while
the covariance matrix encodes the distribution of the measurements around the mean. It is then interesting to plot a
typical Gaussian Wigner function, which is what can be seen in Fig. 4. It has the shape of an ellipse centered at the
mean vector. The widths along the principal axes of the ellipse inform us about the quadrature variances along those
directions. Being symmetric and real, the covariance matrix can always be diagonalized via a proper phase-space
rotation, say

V = RT (θ)V θR(θ), with R(θ) =

(
cos θ sin θ
− sin θ cos θ

)
, and V θ =

(
V1 0
0 V2

)
. (143)

The eigenvalues then inform us about the variance of the quadratures along the two principal axes of the ellipse, the
angle of the rotation providing the orientation of the ellipse. In particular, defining the rotated coordinate system
rθ = R(θ)r ≡ (xθ, pθ), the Gaussian Wigner function (137) takes the separable form

Wρ(r
θ) = e−(xθ−dθ1)2/2V1e−(pθ−dθ2)2/2V2 , (144)

where we have defined the rotated mean vector dθ = R(θ)d. This expression indeed shows that
√
Vj corresponds

to the standard deviation of the distribution along the corresponding direction rθj . On the other hand, defining

the rotated quadratures R̂θ = R(θ)R̂ ≡ (X̂θ, P̂ θ), such that dθ = 〈R̂θ〉, the eigenvalues of the covariance matrix

correspond to the variances of the quadratures: V (Xθ) = 〈(δX̂θ)2〉 = V1 and V (P θ) = 〈(δP̂ θ)2〉 = V2.
It is also interesting to note that, in a classical world, Gaussian states are physical for any choice of the mean vector

and covariance matrix as long as they are real, and the covariance matrix is symmetric and positive semidefinite (the
variances along the principal axes cannot be negative). However, quantum mechanics imposes the extra constrain
det{V } ≥ 1, what comes from the uncertainty principle between quadratures (note that the determinant is invariant
under rotations, so this proof is completely general):

det{V } = V (Xθ)V (P θ) ≥ 1

4
| 〈[δX̂θ, δP̂ θ]〉︸ ︷︷ ︸ |

2 = 1

2i

. (145)
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A Gaussian state corresponding to any real, symmetric, positive definite covariance matrix satisfying this condition
is physically achievable, as we will see during the course.

Let us finally remark that, according to (115), number states are not Gaussian, except for the vacuum state |0〉,
whose mean vector and covariance matrix are given by

d =

(
0
0

)
, V =

(
1 0
0 1

)
.

2. Generation and characterization

So far we have introduced Gaussian states, but we still haven’t provided a criterion to characterize whether a given
state ρ̂ is indeed Gaussian. Of course, we can always compute its Wigner function and check if it has the Gaussian
form of (137). But this is not a very practical method, and it would be nice to have simpler criteria. In the next
section, after we have introduced the so-called coherent states, we will provide a simple criterion based on them. Here,
however, we will discuss a weaker criterion, which is not of general practical applicability, but it’s very useful in many
cases. Moreover, it is a criterion with interesting experimental implications.

The criterion says that the state ρ̂ is Gaussian, if and only if it can be generated from another Gaussian state ρ̂0

by evolving it with a Hamiltonian that is, at most, quadratic in quadrature operators. More precisely,

ρ̂ is Gaussian ⇔ ρ̂ = Û ρ̂0Û
†, with Û = ei(

∑
j bjR̂j+

∑
jl hjlR̂jR̂l) and ρ̂0 Gaussian. (146)

Note that the unitary Û can be seen as the time-evolution operator associated to a quadratic Hamiltonian Ĥ =
−~(

∑
j bjR̂j +

∑
jl hjlR̂jR̂l)/T acting during a time T . Note that self-adjointness of the Hamiltonian implies that

bj ∈ R and hjl = h∗lj . We sometimes refer to Û and Ĥ as Gaussian unitaries and Gaussian Hamiltonians, respectively.

We will prove (146) shortly, but first, let us discuss something concerning its meaning for experiments. As we
will see during the course, the most natural states of the electromagnetic field are Gaussian. For example, at zero
temperature, a free harmonic oscillator freezes into its ground state, which we have shown to be Gaussian, and even
at any other temperature, we will show at the end of this chapter that the corresponding thermal state is Gaussian as
well. On the other hand, in optics it is not easy to induce Hamiltonians with terms beyond quadratic in quadrature
operators, which requires materials that have a strong nonlinear reaction to the applied fields. Hence, (146) tells us
that we have to work very hard in the lab in order to generate non-Gaussian states of light, coming up with clever
strategies beyond what’s naturally available in optical labs.

Let us now proceed with the proof of (146). Let’s start by denoting the mean vector and covariance matrix of the
Gaussian state ρ̂0 by d0 and V0, respectively, such that the corresponding Wigner function reads

Wρ0
(r) =

1

2π
√

detV0

e−
1
2 (r−d0)TV −1

0 (r−d0). (147)

On the other hand, if the state ρ̂ = Û ρ̂0Û
† is Gaussian, then its Wigner function can also be expressed in the Gaussian

form (137). Hence, both Wρ0
(r) and WUρ0U†(r) are represented by the (normalized) exponential of some quadratic

form. But we know that two different quadratic forms can always be related by a linear transformation. Hence, it is
clear that

√
detV0Wρ0

(r) =
√

detVWUρ0U†(Sr + a), (148a)

⇓

e−
1
2 (r−d0)TV −1

0 (r−d0) = e−
1
2 (Sr+a−d)TV −1(Sr+a−d) = e−

1
2 [r+S−1(a−d)]

T
STV −1S[r+S−1(a−d)], (148b)

for some a ∈ R2 and some 2× 2 matrix S, whose properties will naturally unveil shortly. Comparing the leftmost and
rightmost sides of the last equation, we then conclude that

d = Sd0 + a, V = SV0S
T , (149)

and hence, the effect of the unitary transformation is simplified in phase space to this simple transformation of the
mean vector and covariance matrix. Using (149), we show below that, seen in the Heisenberg picture, the unitary
induces a linear transformation on the quadrature operators, given by

Û†R̂Û = SR̂ + a. (150)
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On the other hand, given that the commutator of the quadratures is proportional to the identity, according to the
Baker-Campbell-Haussdorf lemma (84), the only way that the unitary Û = exp(iB̂) can induce a linear transformation

(150) is if the operator B̂ is at most quadratic in quadrature operators. Moreover, while the vector a is arbitrary, the
matrix S is easily shown to be constrained by the relation

SΩST = Ω, (151)

easily proven as

Û† [R̂m, R̂n]︸ ︷︷ ︸
2iΩmn

Û =




2∑

j=1

SmjR̂j + am,

2∑

l=1

SnlR̂l + an


 =

2∑

jl=1

SmjSnl [R̂j , R̂l]︸ ︷︷ ︸
2iΩjl

, (152)

which is equal to (151) when written in matrix form. The set of all matrices satisfying condition (151) forms a group
structure with many interesting properties that are heavily exploited both in classical and quantum mechanics. We
call it the symplectic group, and then say that S is a symplectic matrix. Note that the symplectic condition implies
that det2 S = 1, and therefore, detV = detV0 from (149).

It is also very useful and interesting to note that Gaussian unitaries induce a very simple transformation of the
Wigner function even for non-Gaussian states. In particular, the following expression is true for any state ρ̂ as long
as Û is a Gaussian unitary:

WUρU†(r) = Wρ

(
S−1(r− a)

)
. (153)

This is easily proven as follows

WUρU†(r) =

∫

R2

d2s

(4π)2
e−

i
2 r
TΩstr{Û ρ̂Û†D̂(s)} =

∫

R2

d2s

(4π)2
e−

i
2 r
TΩstr{ρ̂Û†D̂(s)Û} (154)

=

∫

R2

d2s

(4π)2
e−

i
2 r
TΩstr{ρ̂e i

2 (Û†R̂Û)TΩs} (150)
= =

∫

R2

d2s

(4π)2
e−

i
2 r
TΩstr{ρ̂e i

2 (SR̂+a)TΩs}

=

∫

R2

d2s

(4π)2
e−

i
2 (r−a)TΩstr{ρ̂e i

2 R̂
TSTΩs} (151)

=

∫

R2

d2s

(4π)2
e−

i
2 (r−a)TΩstr{ρ̂e i

2 R̂
TΩS−1s}

=

∫

R2

d2s

(4π)2
e−

i
2 (r−a)TΩsχρ(S

−1s)
s=Sz

=

∫

R2

d2z

(4π)2
e−

i
2 (r−a)TΩSzχρ(z)

(151)
=

∫

R2

d2z

(4π)2
e−

i
2 (r−a)TS−1TΩzχρ(z),

which from (103) we identify as the expression (153) we wanted to prove.
To conclude, we still need to prove (150) from (149). In order to do this, consider first the expression

tr{ρ̂0Û
†R̂Û} (cyclic)

= tr{Û ρ̂0Û
†

︸ ︷︷ ︸
ρ̂

R̂} = d
(149)
= Sd0 + a = Str{ρ̂0R̂}+ a = tr{ρ̂0(SR̂ + a)}. (155)

Comparing the left-most and right-most expressions, this relation seems to suggest that (150) is right. However,
such a strong conclusion cannot be reached from just this relation, since many different Gaussian states have the
same mean. But since Gaussian states are completely characterized by first and second order moments, we simply
need to prove a similar expression for the covariance matrix, which we do next. In particular, let us first note that,
using the commutation relations of the quadrature operators, we can rewrite the elements of the covariance matrix
as Vmn = 〈δR̂mδR̂n〉 − iΩmn, and therefore

tr{ρ̂0(Û†R̂Û − d)(Û†R̂Û − d)T } − iΩ
(cyclic)

= tr{
ρ̂︷ ︸︸ ︷

Û ρ̂0Û
†(R̂− d)(R̂− d)T } − iΩ = V (156)

(149)
= SV0S

T = tr{ρ̂0S(R̂− d0)(R̂− d0)TST } − iSΩST
(151)
= tr{ρ̂0(SR̂− Sd0︸︷︷︸

d−a

)(SR̂− Sd0︸︷︷︸
d−a

)T } − iΩ.

Comparing again the left-most and out-most expressions, together with the previous calculation with the mean vector,
we are now in conditions to conclude that (150) is correct.
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3. Proof of (138)

In this final section, let us prove that Eqs. (138), which connect first and second order moments of the quadrature
operators to the mean vector and covariance matrix appearing in the Gaussian Wigner function. The first equality
in these equations, connecting quantum expectation values with phase-space integrals, is just a consequence of the
general relation (105) that we proved for arbitrary Wigner functions, not only Gaussian ones. Then, all that is left
to prove is the second equality, specifically

∫

R2

d2rWρ(r)rj = dj , (157a)

∫

R2

d2rWρ(r)δrjδrl = Vjl. (157b)

In order to do this, it is useful to determine first the characteristic function χρ(s) associated to the Gaussian Wigner
function (137). Note that the we can easily invert the Fourier transform in (103) to write the characteristic function
in terms of the Wigner function as14

χρ(s) =

∫

R2

d2re
i
2 r
TΩsWρ(r). (158)

Then, the characteristic function of a general Gaussian Wigner function is found as

χρ(s) =
1

2π
√

detV

∫

R2

d2re−
1
2 (r−d)TV −1(r−d)+ i

2 r
TΩs =

e
i
2d

TΩs

2π
√

detV

∫

R2

d2ze−
1
2z
TV −1z+ i

2z
TΩs = e−

1
8 s
TΩTV Ωs+ i

2d
TΩs,

(159)
where we made the variable change r = z + d, and used the Gaussian integral formula (136) in the last step. Hence,
we see that the characteristic function is also a Gaussian function. It is convenient for the upcoming derivations to
write it in terms of a new variable t = Ωs, so that

χρ(t) =

∫

R2

d2re
i
2 r
T tWρ(r) = e−

1
8 t
TV t+ i

2d
T t. (160)

We can prove what we seek for by taking derivatives of this expression with respect to t, and then particularizing to
t = 0. In particular, from the first equality we see

∂tjχρ(t)
∣∣
t=0

=
i

2

∫

R2

d2r rje
i
2 r
T tW (r)

∣∣∣∣
t=0

=
i

2

∫

R2

d2r rjW (r), (161a)

∂tl∂tjχρ(t)
∣∣
t=0

=

(
i

2

)2 ∫

R2

d2r rlrje
i
2 r
T tW (r)

∣∣∣∣∣
t=0

=

(
i

2

)2 ∫

R2

d2r rlrjW (r). (161b)

On the other hand, taking derivatives of the right-hand-side of (160) instead, we get

∂tjχρ(t)
∣∣
t=0

=

(
−1

4

2∑

n=1

tnVjn +
i

2
dj

)
e−

1
8 t
TV t+ i

2d
T t

∣∣∣∣∣
t=0

=
i

2
dj , (162a)

∂tl∂tjχρ(t)
∣∣
t=0

=

[
−1

4
Vjl +

(
−1

4

2∑

n=1

tnVjn +
i

2
dj

)(
−1

4

2∑

n=1

tmVlm +
i

2
dl

)]
e−

1
8 t
TV t+ i

2d
T t

∣∣∣∣∣
t=0

= −1

4
(Vjl + djdl).

(162b)

Comparing these equations and the previous ones, we then prove expression (138).

14 Note that the following representation of the two-dimensional Dirac delta is easily proven

δ(2)(z) =

∫
R2

d2r

(4π)2
e

i
2
rTΩz,

with r, z ∈ R2.
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H. Coherent states

Let us now discuss a very important class of states of the harmonic oscillator, the so-called coherent states. These
are the most simple type of Gaussian states, and yet, they were introduced by Roy J. Glauber [63–65] in order to
explain quantum-mechanically the outstanding coherence properties of the laser, in a series of works which marked
the birth of modern theoretical quantum optics for many people (including the Nobel committee, who awarded him
with the Nobel prize in 2005 [66]). Moreover, as we discuss below, these states will allow us to reconcile the quantum
and classical descriptions of the harmonic oscillator.

1. Definition and phase-space description

In the previous section we saw that Gaussian states are mapped into other Gaussian states through the evolution
induced by Hamiltonians which are at most quadratic in the quadrature operators. As a first example of a relevant
Gaussian state, we then study here the transformation of the simplest Gaussian state, vacuum, by the simplest type
of Hamiltonian, one that is linear in the quadratures. In fact, the time-evolution induced by such Hamiltonian is
described by a unitary operator which we have already introduced: the displacement operator of Eq. (101). Let us
here write it in the alternative (so-called complex ) form

D̂ (α) = exp
(
αâ† − α∗â

)
, (163)

which is exactly the same as (101), but written in terms of creation and annihilation operators, and a complex
parameter α = (x+ ip)/2. We define then coherent states as ‘displaced’ vacuum states

|α〉 = D̂ (α) |0〉. (164)

Note that when a displacement is applied to the annihilation and creation operators, we get15

D̂† (α) âD̂ (α) = â+ α and D̂† (α) â†D̂ (α) = â† + α∗, (165)

which shows where the name ‘displacement’ comes from. Applying the first of these equations to the vacuum state,
and noting that the displacement operator is unitary, we obtain âD̂ (α) |0〉 = αD̂ (α) |0〉, and hence coherent states
are (right) eigenvectors of the annihilation operator, which has therefore complex eigenvalues, that is, â|α〉 = α|α〉
with α ∈ C (remember that â is not Hermitian). Note that this immediately implies that coherent states are left
eigenstates of the creation operator, that is, 〈α|â† = α∗〈α|.

In terms of the quadratures, the displacement transformation reads

D̂† (α) X̂D̂ (α) = X̂ + 2Re{α} and D̂† (α) P̂ D̂ (α) = P̂ + 2Im{α}. (166)

This transformation changes the expectation value of the quadratures but not their variance. More specifically, in
the notation of the previous section, see Eq. (150), the linear transformation has a(α) = 2(Re{α}, Im{α})T and
S =

(
1 0
0 1

)
, so that for a Gaussian state, it shifts (‘displaces’) its mean vector, but has no effect on the covariance

matrix. Hence, the Wigner function of a coherent state has the same form as that of vacuum, but centered in a
different point of phase space,

W|α〉(r) = W|0〉[r− a(α)], with a(α) = 2

(
Re[α]
Im[α]

)
.

We sketch this in Fig. 5a. In other words, W|α〉(r) is a Gaussian function of the type (137) with mean vector

d|α〉 = 2(Re{α}, Im{α})T and the covariance matrix of vacuum V|α〉 =
(

1 0
0 1

)
.

Let us now move to the interpretation of this specific type of Gaussian Wigner function. As we already did in the
previous section, let us first define a general quadrature defined along an arbitrary direction φ of phase space as

X̂φ = X̂ cosφ+ P̂ sinφ = e−iφâ+ eiφâ†. (167)

We will denote the quadrature defined along its orthogonal direction by P̂φ = X̂φ+π/2. These orthogonal quadratures
define a new phase-space coordinate system (xφ, pφ) rotated by an angle φ respect to the original (x, p) system (see

15 This is trivially proved by using again the Baker–Campbell–Haussdorf lemma (84).
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<latexit sha1_base64="g2RWOO2NaDvJKPyCRrHkD/DwhnA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BETwmYB6QLGF20puMmZ1dZmbFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekSleSzvzThBP6IDyUPOqLFS/alXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Wa+UqrdZHHk4gVM4Bw+uoAp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8Aem4jQc=</latexit>

vacuum state

<latexit sha1_base64="vubnhy+pF9TcdToahkEZ1qoQ3C0=">AAAB83icdVDJSgNBEO1xjXGLevTSGARPw0y2ibeAF48RzAJJCD2dTtKkp2forg6EIb/hxYMiXv0Zb/6NnUVQ0QcFj/eqqKoXJoJr8LwPZ2Nza3tnN7OX3T84PDrOnZw2dWwUZQ0ai1i1Q6KZ4JI1gINg7UQxEoWCtcLJzcJvTZnSPJb3MEtYLyIjyYecErBSd0qoMRHWQID1c3nPrVwXg3IJe65XrBSq/oKUgsAvYt/1lsijNer93Ht3EFMTMQlUEK07vpdALyUKOBVsnu0azRJCJ2TEOpZKEjHdS5c3z/GlVQZ4GCtbEvBS/T6RkkjrWRTazojAWP/2FuJfXsfAsNpLuUwMMElXi4ZGYIjxIgA84IpREDNLCFXc3orpmChCwcaUtSF8fYr/J82C65fc8l0hXyus48igc3SBrpCPAlRDt6iOGoiiBD2gJ/TsGOfReXFeV60bznrmDP2A8/YJm7CSBg==</latexit>

coherent state

<latexit sha1_base64="KveIaJVh0j5m5aRICaRTE0K5Py0=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4Gmb6mroruHFZwT6gHUsmvdOGZh4kGaUM/Q83LhRx67+482/MtBVU9EDgcM69ycnxYs6ksqwPI7e2vrG5ld8u7Ozu7R8UD486MkoEhTaNeCR6HpHAWQhtxRSHXiyABB6Hrje9zPzuHQjJovBGzWJwAzIOmc8oUVq6pdEEBIQKS0UUDIsly6xfVJxaFVumVamXG3ZGqo5jV7BtWguU0AqtYfF9MIpoEugbKCdS9m0rVm5KhGKUw7wwSCTEhE7JGPqahiQA6aaL1HN8ppUR9iOhj06wUL9vpCSQchZ4ejIgaiJ/e5n4l9dPlN9wUxbGiYKQLh/yE45VhLMK8IgJoIrPNCFUMJ0V0wkRhCpdVEGX8PVT/D/plE27atauy6VmeVVHHp2gU3SObOSgJrpCLdRGFAn0gJ7Qs3FvPBovxutyNGesdo7RDxhvnx0pkuE=</latexit>

2Im{↵}

<latexit sha1_base64="O3SnMFZiLkWmYolBU0QeYf/iTPc=">AAAB/XicdVDJSgNBEO2JW4xbXG5eGoPgaZgZEhNvAS96i2AWyAyhp9NJmvQsdNeIcQj+ihcPinj1P7z5N/YkEVT0QcHjvSqq6vmx4Aos68PILS2vrK7l1wsbm1vbO8XdvZaKEklZk0Yikh2fKCZ4yJrAQbBOLBkJfMHa/vg889s3TCoehdcwiZkXkGHIB5wS0FKveOC4wG4hvQymbuoSEY+IO+0VS5Z5atXssxq2TKfqVMuVjJQrtlXBtmnNUEILNHrFd7cf0SRgIVBBlOraVgxeSiRwKti04CaKxYSOyZB1NQ1JwJSXzq6f4mOt9PEgkrpCwDP1+0RKAqUmga87AwIj9dvLxL+8bgKDmpfyME6AhXS+aJAIDBHOosB9LhkFMdGEUMn1rZiOiCQUdGAFHcLXp/h/0nJMu2xWrsqlurOII48O0RE6QTaqojq6QA3URBTdoQf0hJ6Ne+PReDFe5605YzGzj37AePsEW76Vyg==</latexit>

2Re{↵}

<latexit sha1_base64="LcaDJDuHnZM938Ga4MVlxzFKIB0=">AAAB/XicdVDJSgNBEO2Je9zicvPSGARPw0xMnOQmePEYxaiQCaGnUzFNeha6a8Q4BH/FiwdFvPof3vwbO4ugog8KHu9VUVUvSKTQ6DgfVm5mdm5+YXEpv7yyurZe2Ni80HGqODR4LGN1FTANUkTQQIESrhIFLAwkXAb945F/eQNKizg6x0ECrZBdR6IrOEMjtQvbJR/hFrMzGPqZz2TSY/6wXSg6duWg7DlV6thureqVvBGperVDl7q2M0aRTFFvF979TszTECLkkmnddJ0EWxlTKLiEYd5PNSSM99k1NA2NWAi6lY2vH9I9o3RoN1amIqRj9ftExkKtB2FgOkOGPf3bG4l/ec0Uu9VWJqIkRYj4ZFE3lRRjOoqCdoQCjnJgCONKmFsp7zHFOJrA8iaEr0/p/+SiZLtlu3JaLh6VpnEskh2yS/aJSzxyRE5InTQIJ3fkgTyRZ+veerRerNdJa86azmyRH7DePgF1SpXc</latexit>

a

<latexit sha1_base64="OgOdUWsltZgbMKCN1VI8WslYxOU=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgqsy0M7buCm5cVrAPbIeSSTNtaCYzJBmhDP0LNy4UcevfuPNvTB+Cih4IHM65l5x7goQzpW37w8qtrW9sbuW3Czu7e/sHxcOjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCydXc79xTqVgsbvU0oX6ER4KFjGBtpLt+hPU4CDM8GxRLdtlxPadWRXa54lVqnmtItV6xL13klO0FSrBCc1B87w9jkkZUaMKxUj3HTrSfYakZ4XRW6KeKJphM8Ij2DBU4osrPFoln6MwoQxTG0jyh0UL9vpHhSKlpFJjJeUL125uLf3m9VId1P2MiSTUVZPlRmHKkYzQ/Hw2ZpETzqSGYSGayIjLGEhNtSiqYEr4uRf+TdsUUVfZu3FLjYlVHHk7gFM7BgRo04Bqa0AICAh7gCZ4tZT1aL9brcjRnrXaO4Qest09BRpFJ</latexit>

p

<latexit sha1_base64="FcpH2/9XV/2yZWAlUPaC3zhOK7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzaRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f3ZiM/w==</latexit>

x

<latexit sha1_base64="g2RWOO2NaDvJKPyCRrHkD/DwhnA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BETwmYB6QLGF20puMmZ1dZmbFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekSleSzvzThBP6IDyUPOqLFS/alXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Wa+UqrdZHHk4gVM4Bw+uoAp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8Aem4jQc=</latexit>

x

<latexit sha1_base64="PK3UEiq1r9ylWKiTocohhB1aCZU=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0i0pfVWEMFjC/YD2lA22027drMJuxuxhP4CLx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKe04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjTy4zv3NHpWKRuNHTmHohHgkWMIK1kZr3g2LJsasVp3ZRQxlxHfccLZTyOXJtZ44SLNEYFN/7w4gkIRWacKxUz3Vi7aVYakY4nRX6iaIxJhM8oj1DBQ6p8tL5oTN0YpQhCiJpSmg0V79PpDhUahr6pjPEeqx+e5n4l9dLdFDzUibiRFNBFouChCMdoexrNGSSEs2nhmAimbkVkTGWmGiTTcGE8PUp+p+0z2y3bFea5VL9ahlHHo7gGE7BhSrU4Roa0AICFB7gCZ6tW+vRerFeF605azlzCD9gvX0CX2eNWA==</latexit>

p

<latexit sha1_base64="G+cPC2iDESX0yrqSAIZR5V6TrmI=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0hsS+utIILHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/46atoKIPBh7vzTAzz485U9pxPqzc2vrG5lZ+u7Czu7d/UDw86qgokRTaNOKR7PlEAWcC2pppDr1YAgl9Dl1/epX53XuQikXiVs9i8EIyFixglGgjteJhseTYtapTv6zjjLiOW8ZLpVLGru0sUEIrNIfF98EookkIQlNOlOq7Tqy9lEjNKId5YZAoiAmdkjH0DRUkBOWli0Pn+MwoIxxE0pTQeKF+n0hJqNQs9E1nSPRE/fYy8S+vn+ig7qVMxIkGQZeLgoRjHeHsazxiEqjmM0MIlczciumESEK1yaZgQvj6FP9POhe2W7GrrUqpcb2KI49O0Ck6Ry6qoQa6QU3URhQBekBP6Nm6sx6tF+t12ZqzVjPH6Aest09TR41Q</latexit>

2Im{↵}

<latexit sha1_base64="apumEDMNj22u3Rd83AaLPy71+RA=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxA8DTPZvQW86C2CWSAzhJ5OJ2nSs9BdI8Yh+CtePCji1f/w5t/Yk0RQ0QcFj/eqqKrnRYIrsKwPY2l5ZXVtPbOR3dza3tnN7e23VBhLypo0FKHseEQxwQPWBA6CdSLJiO8J1vbG56nfvmFS8TC4hknEXJ8MAz7glICWernDggPsFpJLf+okDhHRiDjTXi5vmZWzYrVcwpZpFSuFmp2SUrVqF7FtWjPk0QKNXu7d6Yc09lkAVBClurYVgZsQCZwKNs06sWIRoWMyZF1NA+Iz5Saz66f4RCt9PAilrgDwTP0+kRBfqYnv6U6fwEj99lLxL68bw6DmJjyIYmABnS8axAJDiNMocJ9LRkFMNCFUcn0rpiMiCQUdWFaH8PUp/p+0CqZdMstXpXy9togjg47QMTpFNqqiOrpADdREFN2hB/SEno1749F4MV7nrUvGYuYA/YDx9gldg5XQ</latexit>

2Re{↵}

<latexit sha1_base64="VlJcT2GRS38evy5vtRYgkSS4+gs=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxA8DTPZvQW8eIxiVMiE0NOpJE16FrprxDgEf8WLB0W8+h/e/Bs7MYKKPih4vFdFVT0/lkKj47xbc/MLi0vLmZXs6tr6xmZua/tCR4ni0OSRjNSVzzRIEUITBUq4ihWwwJdw6Q+PJ/7lNSgtovAcRzG0A9YPRU9whkbq5HYLHsINpmcw9lKPyXjAvHEnl3fsylGxWi5Rx3aKlULNnZBSteoWqWs7U+TJDI1O7s3rRjwJIEQumdYt14mxnTKFgksYZ71EQ8z4kPWhZWjIAtDtdHr9mB4YpUt7kTIVIp2q3ydSFmg9CnzTGTAc6N/eRPzLayXYq7VTEcYJQsg/F/USSTGikyhoVyjgKEeGMK6EuZXyAVOMowksa0L4+pT+Ty4Ktluyy6elfL02iyND9sg+OSQuqZI6OSEN0iSc3JJ78kierDvrwXq2Xj5b56zZzA75Aev1A18bldE=</latexit>

�

<latexit sha1_base64="R5SaRY9DJpohupzqTN+363oH9zM=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0hsSyt4KHjxWMF+QBvKZrtplm42YXcjlNC/4MWDIl79Q978N27aCir6YODx3gwz8/yEM6Ud58MqrK1vbG4Vt0s7u3v7B+XDo66KU0loh8Q8ln0fK8qZoB3NNKf9RFIc+Zz2/Ol17vfuqVQsFnd6llAvwhPBAkawzqVhErJRueLYjbrTvGyinLiOW0VLpVZFru0sUIEV2qPy+3AckzSiQhOOlRq4TqK9DEvNCKfz0jBVNMFkiid0YKjAEVVetrh1js6MMkZBLE0JjRbq94kMR0rNIt90RliH6reXi395g1QHTS9jIkk1FWS5KEg50jHKH0djJinRfGYIJpKZWxEJscREm3hKJoSvT9H/pHthuzW7flurtK5WcRThBE7hHFxoQAtuoA0dIBDCAzzBsxVZj9aL9bpsLVirmWP4AevtE4nyjpI=</latexit>

�

<latexit sha1_base64="R5SaRY9DJpohupzqTN+363oH9zM=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0hsSyt4KHjxWMF+QBvKZrtplm42YXcjlNC/4MWDIl79Q978N27aCir6YODx3gwz8/yEM6Ud58MqrK1vbG4Vt0s7u3v7B+XDo66KU0loh8Q8ln0fK8qZoB3NNKf9RFIc+Zz2/Ol17vfuqVQsFnd6llAvwhPBAkawzqVhErJRueLYjbrTvGyinLiOW0VLpVZFru0sUIEV2qPy+3AckzSiQhOOlRq4TqK9DEvNCKfz0jBVNMFkiid0YKjAEVVetrh1js6MMkZBLE0JjRbq94kMR0rNIt90RliH6reXi395g1QHTS9jIkk1FWS5KEg50jHKH0djJinRfGYIJpKZWxEJscREm3hKJoSvT9H/pHthuzW7flurtK5WcRThBE7hHFxoQAtuoA0dIBDCAzzBsxVZj9aL9bpsLVirmWP4AevtE4nyjpI=</latexit>

�

<latexit sha1_base64="R5SaRY9DJpohupzqTN+363oH9zM=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0hsSyt4KHjxWMF+QBvKZrtplm42YXcjlNC/4MWDIl79Q978N27aCir6YODx3gwz8/yEM6Ud58MqrK1vbG4Vt0s7u3v7B+XDo66KU0loh8Q8ln0fK8qZoB3NNKf9RFIc+Zz2/Ol17vfuqVQsFnd6llAvwhPBAkawzqVhErJRueLYjbrTvGyinLiOW0VLpVZFru0sUIEV2qPy+3AckzSiQhOOlRq4TqK9DEvNCKfz0jBVNMFkiid0YKjAEVVetrh1js6MMkZBLE0JjRbq94kMR0rNIt90RliH6reXi395g1QHTS9jIkk1FWS5KEg50jHKH0djJinRfGYIJpKZWxEJscREm3hKJoSvT9H/pHthuzW7flurtK5WcRThBE7hHFxoQAtuoA0dIBDCAzzBsxVZj9aL9bpsLVirmWP4AevtE4nyjpI=</latexit>

�X
� = 1

<latexit sha1_base64="6oi8ArlDwBXefLHnMWClXATP1yI=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5CkCa0LoaALlxWsLTSxTKaTduhkEmYmQi39EjcuFHHrp7jzb5w+BBU9cOFwzr3ce0+UMSqVbX8YhZXVtfWN4mZpa3tnt2zu7d/INBeYtHDKUtGJkCSMctJSVDHSyQRBScRIOxqdz/z2HRGSpvxajTMSJmjAaUwxUlrqmeXggjCFYOc2yIb0zOmZFdtyPN+pVaFtub5b8z1NqnXXPvWgY9lzVMASzZ75HvRTnCeEK8yQlF3HzlQ4QUJRzMi0FOSSZAiP0IB0NeUoITKczA+fwmOt9GGcCl1cwbn6fWKCEinHSaQ7E6SG8rc3E//yurmK6+GE8ixXhOPFojhnUKVwlgLsU0GwYmNNEBZU3wrxEAmElc6qpEP4+hT+T25cHZTlX3mVRn0ZRxEcgiNwAhxQAw1wCZqgBTDIwQN4As/GvfFovBivi9aCsZw5AD9gvH0CCcSSrg==</latexit>

(a)

<latexit sha1_base64="DyjhUe/PAtB4Ss0EvRmOhOi5ky8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSFD0WvHisaGuhDWWy3bRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TRVmLxiJWnQA1E1yyluFGsE6iGEaBYI/B+GbmPz4xpXksH8wkYX6EQ8lDTtFY6b6K5/1yxa25c5BV4uWkAjma/fJXbxDTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP5qVNyZpUBCWNlSxoyV39PZBhpPYkC2xmhGellbyb+53VTE177GZdJapiki0VhKoiJyexvMuCKUSMmliBV3N5K6AgVUmPTKdkQvOWXV0m7XvMuapd39UqjkcdRhBM4hSp4cAUNuIUmtIDCEJ7hFd4c4bw4787HorXg5DPH8AfO5w+KCY1O</latexit>

(b)

<latexit sha1_base64="x1iaTKetOkxM1Zn/Xt7qLltuLjk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSFD0WvHisaGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdF8Nzvvliltz5yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2veZd1C7v6pVGI4+jCCdwClXw4AoacAtNaAGDITzDK7w50nlx3p2PRWvByWeO4Q+czx+Ljo1P</latexit>

Figure 5. (a) A coherent state of arbitrary amplitude can be generated by applying a displacement to the vacuum state.
(b) Wigner function of a coherent state. The function is rotationally symmetric around its center, reflecting the fact that
quadratures are affected by vacuum fluctuations in all directions.

Fig. 5b). They also satisfy the commutation relation [X̂φ, P̂φ] = 2i, and hence must satisfy the uncertainty relation

∆Xφ∆Pφ ≥ 1. The statistics of a measurement of one of such general quadratures X̂φ will be described by a Gaussian
distribution with mean 〈X̂φ〉 = 2|α| cos(φ − ϕ), where ϕ is the phase of α, and uncertainty ∆Xφ = 1, irrespective
of φ (note that V is invariant under rotations for a coherent state). Hence, the statistics of a measurement of the
quadratures will be spread around their mean equally in any direction of phase space, as can be appreciated from the
fact that the Wigner function is invariant under rotations around its mean (it has a circular shape).

The phase-space representation of coherent states allows us to understand its amplitude and phase properties (Fig.
6). This is not trivial for general states, since these are two observables which still lack a satisfactory description
in terms of self-adjoint operators [5, 11]; but for coherent states of sufficiently large amplitude, we now show that

it is possible to find a proper description. For general states, the expectation values of the quadratures 〈R̂〉 define

a phase ϕ = arctan〈P̂ 〉/〈X̂〉 and an amplitude µ =

√
〈P̂ 〉2 + 〈X̂〉2, which in the case of a coherent state |α〉, are

directly related to the coherent-state amplitude by α = µeiϕ/
√

2. In the classical limit, neglecting quantum noise,
these are exactly the phase and amplitude that would be measured for the oscillator. When quantum uncertainties
in the quadratures cannot be neglected, it is reasonable to think that ϕ and µ will still be the mean values measured
for the phase and amplitude of the oscillator, but now they will also be affected by some uncertainties, say ∆ϕ and
∆µ. It seems obvious from Fig. 6 that these amplitude and phase uncertainties are related to the uncertainties of the
quadratures X̂ϕ and P̂ϕ in the direction of the state’s phase ϕ. In particular, we have ∆µ = ∆Xϕ and ∆ϕ = ∆Pϕ/µ.
Consequently, we call amplitude and phase quadratures, to the quadratures in this direction of phase space. Hence,
even if at the quantum level we still don’t know how assign assign self-adjoint operators to the (absolute) phase and
amplitude observables [5, 11], we can somehow relate their properties to those of the amplitude and phase quadratures,
at least for Gaussian states with a well defined amplitude, that is, whenever µ > ∆Xϕ.

2. Properties and general Gaussianity criterion

In the previous subsection we have introduced coherent states as displaced vacuum states, discussing their Wigner
function, as well as showing that they are eigenstates of the annihilation operators. Here we provide several interesting
properties of these states, and introduce a general criterion to determine whether a given state ρ̂ is gaussian.

It is simple to find an explicit representation of the coherent states in terms of the basis of number states. For that,
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x

<latexit sha1_base64="PK3UEiq1r9ylWKiTocohhB1aCZU=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0i0pfVWEMFjC/YD2lA22027drMJuxuxhP4CLx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKe04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjTy4zv3NHpWKRuNHTmHohHgkWMIK1kZr3g2LJsasVp3ZRQxlxHfccLZTyOXJtZ44SLNEYFN/7w4gkIRWacKxUz3Vi7aVYakY4nRX6iaIxJhM8oj1DBQ6p8tL5oTN0YpQhCiJpSmg0V79PpDhUahr6pjPEeqx+e5n4l9dLdFDzUibiRFNBFouChCMdoexrNGSSEs2nhmAimbkVkTGWmGiTTcGE8PUp+p+0z2y3bFea5VL9ahlHHo7gGE7BhSrU4Roa0AICFB7gCZ6tW+vRerFeF605azlzCD9gvX0CX2eNWA==</latexit>

p

<latexit sha1_base64="G+cPC2iDESX0yrqSAIZR5V6TrmI=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0hsS+utIILHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/46atoKIPBh7vzTAzz485U9pxPqzc2vrG5lZ+u7Czu7d/UDw86qgokRTaNOKR7PlEAWcC2pppDr1YAgl9Dl1/epX53XuQikXiVs9i8EIyFixglGgjteJhseTYtapTv6zjjLiOW8ZLpVLGru0sUEIrNIfF98EookkIQlNOlOq7Tqy9lEjNKId5YZAoiAmdkjH0DRUkBOWli0Pn+MwoIxxE0pTQeKF+n0hJqNQs9E1nSPRE/fYy8S+vn+ig7qVMxIkGQZeLgoRjHeHsazxiEqjmM0MIlczciumESEK1yaZgQvj6FP9POhe2W7GrrUqpcb2KI49O0Ck6Ry6qoQa6QU3URhQBekBP6Nm6sx6tF+t12ZqzVjPH6Aest09TR41Q</latexit>

p

<latexit sha1_base64="FcpH2/9XV/2yZWAlUPaC3zhOK7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzaRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f3ZiM/w==</latexit>

x

<latexit sha1_base64="g2RWOO2NaDvJKPyCRrHkD/DwhnA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BETwmYB6QLGF20puMmZ1dZmbFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekSleSzvzThBP6IDyUPOqLFS/alXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Wa+UqrdZHHk4gVM4Bw+uoAp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8Aem4jQc=</latexit>

'

<latexit sha1_base64="nBS9ahKE/8nn0myAuBtGikpMSCE=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hsS+Ot4MVjBfsBbSib7aZdutmE3U2hhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZFyScKe04H1ZhY3Nre6e4W9rbPzg8Kh+fdFScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG9yvzujUrFY3Ot5Qv0IjwULGcHaSN3BDMtkwoblimM36o537aGcuI5bRSulVkWu7SxRgTVaw/L7YBSTNKJCE46V6rtOov0MS80Ip4vSIFU0wWSKx7RvqMARVX62PHeBLowyQmEsTQmNlur3iQxHSs2jwHRGWE/Uby8X//L6qQ49P2MiSTUVZLUoTDnSMcp/RyMmKdF8bggmkplbEZlgiYk2CZVMCF+fov9J58p2a3b9rlZpeus4inAG53AJLjSgCbfQgjYQmMIDPMGzlViP1ov1umotWOuZU/gB6+0T8ICP9Q==</latexit>

'

<latexit sha1_base64="xKS8aJIocsBCweWq/pQjNOOVRvA=">AAAB7nicdVBNSwMxEJ2tX7V+VT16CRbB07JrW1rBQ8GLxwrWFtqlZNNsG5rNhiRbKKU/wosHRbz6e7z5b8y2FVT0wcDjvRlm5oWSM20878PJra1vbG7ltws7u3v7B8XDo3udpIrQFkl4ojoh1pQzQVuGGU47UlEch5y2w/F15rcnVGmWiDszlTSI8VCwiBFsrNTuTbCSI9Yvljy3VvXql3WUEd/zy2ipVMrId70FSrBCs1987w0SksZUGMKx1l3fkyaYYWUY4XRe6KWaSkzGeEi7lgocUx3MFufO0ZlVBihKlC1h0EL9PjHDsdbTOLSdMTYj/dvLxL+8bmqiejBjQqaGCrJcFKUcmQRlv6MBU5QYPrUEE8XsrYiMsMLE2IQKNoSvT9H/5P7C9Stu9bZSalyt4sjDCZzCOfhQgwbcQBNaQGAMD/AEz450Hp0X53XZmnNWM8fwA87bJ/G0j/k=</latexit>

'

<latexit sha1_base64="xKS8aJIocsBCweWq/pQjNOOVRvA=">AAAB7nicdVBNSwMxEJ2tX7V+VT16CRbB07JrW1rBQ8GLxwrWFtqlZNNsG5rNhiRbKKU/wosHRbz6e7z5b8y2FVT0wcDjvRlm5oWSM20878PJra1vbG7ltws7u3v7B8XDo3udpIrQFkl4ojoh1pQzQVuGGU47UlEch5y2w/F15rcnVGmWiDszlTSI8VCwiBFsrNTuTbCSI9Yvljy3VvXql3WUEd/zy2ipVMrId70FSrBCs1987w0SksZUGMKx1l3fkyaYYWUY4XRe6KWaSkzGeEi7lgocUx3MFufO0ZlVBihKlC1h0EL9PjHDsdbTOLSdMTYj/dvLxL+8bmqiejBjQqaGCrJcFKUcmQRlv6MBU5QYPrUEE8XsrYiMsMLE2IQKNoSvT9H/5P7C9Stu9bZSalyt4sjDCZzCOfhQgwbcQBNaQGAMD/AEz450Hp0X53XZmnNWM8fwA87bJ/G0j/k=</latexit>

�'

<latexit sha1_base64="lK6X7nVUHjN07p0nFRGooQa5xyU=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZI2bequoAuXFewDmlgm00k7dDIJM5NKKf0PNy4Uceu/uPNvnLQVVPTAhcM593LvPUHCqFSW9WHk1tY3Nrfy24Wd3b39g+LhUVvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfgy8zsTIiSN+a2aJsSP0JDTkGKktHTnXRGmEPQmSCQj2i+WLLN2UXGrDrRMq1Ir1+2MOK5rV6BtWguUwArNfvHdG8Q4jQhXmCEpe7aVKH+GhKKYkXnBSyVJEB6jIelpylFEpD9bXD2HZ1oZwDAWuriCC/X7xAxFUk6jQHdGSI3kby8T//J6qQrr/ozyJFWE4+WiMGVQxTCLAA6oIFixqSYIC6pvhXiEBMJKB1XQIXx9Cv8n7bJpO2b1xik16qs48uAEnIJzYAMXNMA1aIIWwECAB/AEno1749F4MV6XrTljNXMMfsB4+wSnTJKc</latexit>

µ

<latexit sha1_base64="OLWpxBvTXyRfeuSbT4tyxdM7ghQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GmbqtNNupODGZUX7gHYomTTThiaZIckIZegnuHGhiFu/yJ1/Y/oQVPTAhcM593LvPWHCqNKO82Hl1tY3Nrfy24Wd3b39g+LhUVvFqcSkhWMWy26IFGFUkJammpFuIgniISOdcHI19zv3RCoaizs9TUjA0UjQiGKkjXTb5+mgWHJsr16tlmvQEO/C8X1D3HLFd+rQtZ0FSmCF5qD43h/GOOVEaMyQUj3XSXSQIakpZmRW6KeKJAhP0Ij0DBWIExVki1Nn8MwoQxjF0pTQcKF+n8gQV2rKQ9PJkR6r395c/MvrpTqqBRkVSaqJwMtFUcqgjuH8bzikkmDNpoYgLKm5FeIxkghrk07BhPD1KfyftMu269mVG6/UuFzFkQcn4BScAxf4oAGuQRO0AAYj8ACewLPFrEfrxXpdtuas1cwx+AHr7RPYm44u</latexit>

�
X
'

<latexit sha1_base64="rAuPQQKkPNE/XaqBBd4PWrYVUvA=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQpImtO4KunBZwT6giWUynbRDJ5MwMymU0D9x40IRt/6JO//G6UNQ0QMXDufcy733RBmjUtn2h7G2vrG5tV3aKe/u7R8cmkfHbZnmApMWTlkquhGShFFOWooqRrqZICiJGOlE46u535kQIWnK79Q0I2GChpzGFCOlpb5pBteEKQS798EEiWxE+2bFthzPd2pVaFuu79Z8T5Nq3bUvPehY9gIVsEKzb74HgxTnCeEKMyRlz7EzFRZIKIoZmZWDXJIM4TEakp6mHCVEhsXi8hk818oAxqnQxRVcqN8nCpRIOU0i3ZkgNZK/vbn4l9fLVVwPC8qzXBGOl4vinEGVwnkMcEAFwYpNNUFYUH0rxCMkEFY6rLIO4etT+D9puzooy7/1Ko36Ko4SOAVn4AI4oAYa4AY0QQtgMAEP4Ak8G4XxaLwYr8vWNWM1cwJ+wHj7BIC/k5M=</latexit>

�
µ

<latexit sha1_base64="/C3DP4qN2uLCscle4HwAGwuAUco=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFZI0oXVX0IXLCvaBTSiT6aQdOjMJMxOhlP6FGxeKuPVv3Pk3Th+Cih64cDjnXu69J84YVdpxPqzC2vrG5lZxu7Szu7d/UD48aqs0l5i0cMpS2Y2RIowK0tJUM9LNJEE8ZqQTjy/nfueeSEVTcasnGYk4GgqaUIy0ke7CK8I0giHP++WKY7t+4Naq0LG9wKsFviHVuudc+NC1nQUqYIVmv/weDlKccyI0ZkipnutkOpoiqSlmZFYKc0UyhMdoSHqGCsSJiqaLi2fwzCgDmKTSlNBwoX6fmCKu1ITHppMjPVK/vbn4l9fLdVKPplRkuSYCLxclOYM6hfP34YBKgjWbGIKwpOZWiEdIIqxNSCUTwten8H/S9kxQdnDjVxr1VRxFcAJOwTlwQQ00wDVoghbAQIAH8ASeLWU9Wi/W67K1YK1mjsEPWG+feR2QyA==</latexit>

�
P '

<latexit sha1_base64="WKVifKg20RkFYaMy1kuKcbFJ0W0=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQpImtO4KunBZwT6giWUynbRDJ5MwMymU0D9x40IRt/6JO//G6UNQ0QMXDufcy733RBmjUtn2h7G2vrG5tV3aKe/u7R8cmkfHbZnmApMWTlkquhGShFFOWooqRrqZICiJGOlE46u535kQIWnK79Q0I2GChpzGFCOlpb5pBteEKQSb98EEiWxE+2bFthzPd2pVaFuu79Z8T5Nq3bUvPehY9gIVsEKzb74HgxTnCeEKMyRlz7EzFRZIKIoZmZWDXJIM4TEakp6mHCVEhsXi8hk818oAxqnQxRVcqN8nCpRIOU0i3ZkgNZK/vbn4l9fLVVwPC8qzXBGOl4vinEGVwnkMcEAFwYpNNUFYUH0rxCMkEFY6rLIO4etT+D9puzooy7/1Ko36Ko4SOAVn4AI4oAYa4AY0QQtgMAEP4Ak8G4XxaLwYr8vWNWM1cwJ+wHj7BHRfk4s=</latexit>

Figure 6. Quantum amplitude–phase properties of a coherent state. ∆µ and ∆ϕ represent the uncertainties in the amplitude
and phase, µ and ϕ, of the oscillator, which are clearly related to the uncertainties of the amplitude and phase quadratures,
X̂ϕ and P̂ϕ, respectively.

we simply write the displacement operator as16

D̂ (α) = exp
(
−|α|2/2

)
exp

(
αâ†

)
exp (−α∗â) , (168)

and Taylor-expand the exponentials to obtain

|α〉 = e−|α|
2/2

∞∑

n=0

αn

n!
â†n|0〉 =

∞∑

n=0

e−|α|
2/2 α

n

√
n!
|n〉, (169)

where we have used â†n|0〉 =
√
n!|n〉 by virtue of (79). Note that for α = 0, coherent states are nothing but the

vacuum state. For any other value of α coherent states do not have a well defined number of excitations; instead, the
number of quanta is distributed according to a Poisson probability distribution

Pn (α) = |〈n|α〉|2 = e−|α|
2 |α|2n
n!

, (170)

with mean photon number 〈N̂〉 = |α|2 and uncertainty ∆N = |α|. The shape of this distribution is heavily dependent
on the value of |α|2, as shown in Fig. ToDo. When |α|2 � 1, the distribution looks quite symmetric and normal, just
peaked at the mean |α|2 with a relatively thin width |α|. In this limit, one can even make a Gaussian approximation
for the distribution in many situations, without loosing to much accuracy. However, when |α|2 is not so large, the
distribution is highly asymmetric, and it’s even peaked at 0 when |α|2 ≤ 1.

It is easy to show that coherent states form a resolution of the identity. For this, we consider the corresponding
sum of projectors and use (169), obtaining

∫

C
d2α|α〉〈α| =︸︷︷︸

α=reiφ

∞∑

m,n=0

∫ ∞

0

drre−r
2 rm+n

√
m!n!

∫ 2π

0

dφeiφ(m−n)

︸ ︷︷ ︸
2πδmn

|m〉〈n| = π

∞∑

n=0

1

n!

∫ ∞

0

dr2r2n+1e−r
2 |n〉〈n|. (171)

16 This is easy to prove by using the disentangling Baker-Campbell-Haussdorf lemma (125) with Â = αâ† and B̂ = −α∗â.
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The integral is easily carried out17 as
∫∞

0
dr2r2n+1e−r

2

= n!, obtaining then the desired completeness relation

∫

C

d2α

π
|α〉〈α| =

∞∑

n=0

|n〉〈n| = Î . (173)

However, coherent states are not orthogonal, and hence, they do not form a standard basis of the Hilbert space.
Instead, they form an overcomplete basis, which can still be useful for many calculations, as we shall see later. Let us
here prove that coherent states are not orthogonal. To this aim, note that (134) allows us to write the concatenation
of two displacements as

D̂(α1)D̂(α2) = eiIm{α1α
∗
2}D̂(α1 + α2), (174)

and also that D̂†(α) = D̂(−α). Hence, the overlap between two coherent states can be written as18

〈α|β〉 = 〈0|D̂(−α)D̂(β)|0〉 = e−iIm{αβ∗}〈0|β − α〉 = e−iIm{αβ∗}e−|α−β|
2/2, (176)

where we have used the Fock-state representation (169) of coherent states.
Finally, coherent states allow us to find a criterion for a given state ρ̂ to be Gaussian. To this aim, just note that,

using the completeness of the coherent states and the displacement decomposition19

D̂(α) = exp
(
|α|2/2

)
exp (−α∗â) exp

(
αâ†

)
, (177)

the quantum characteristic function can be written as

tr{ρ̂D̂(x, p)} =︸︷︷︸
β=(x+ip)/2

e|β|
2/2tr

{
eβâ

†
ρ̂e−β

∗â
}

= e|β|
2/2tr

{∫

C

d2ν

π
|ν〉〈ν|eβâ† ρ̂e−β∗â

}
(178)

=

∫

C

d2ν

π
e|β|

2/2〈ν|eβâ† ρ̂e−β∗â|ν〉 =

∫

C

d2ν

π
eβν

∗−β∗ν+|β|2/2〈ν|ρ̂|ν〉.

The Wigner function, being a Fourier transform of the characteristic function, will be Gaussian whenever the latter
can be written as an exponential of a quadratic form of the phase-space variables. On other hand, it is clear from (178)
that this will happen whenever 〈ν|ρ̂|ν〉 also admits such a form in terms of ν. This gives us an easy way of checking
whether the state is Gaussian or not: we just need to evaluate its overlap with a coherent state. More precisely:

ρ̂ is Gaussian⇔ 〈ν|ρ̂|ν〉 = ef(ν), with f(ν) at most quadratic in ν ∈ C, and |ν〉 a coherent state.

Once we are sure that the state is Gaussian, it is typically useful to evaluate the expectation values 〈â〉, 〈δâ2〉 =
〈â2〉 − 〈â〉2, and 〈δâ†δâ〉 = 〈â†â〉 − |〈â〉|2, from which we can write down the mean vector and covariance matrix as

d = 2(Re{〈â〉}, Im{〈â〉})T , (179a)

V = (1 + 2〈δâ†δâ〉)
(

1 0
0 1

)
+ 2

(
Re{〈δâ2〉} Im{〈δâ2〉}
Im{〈δâ2〉} Re{〈δâ2〉}

)
. (179b)

Of course, coherent states themselves satisfy the criterion established above. In particular, for ρ̂ = |α〉〈α| we can
write 〈ν|ρ̂|ν〉 = |〈ν|α〉|2 = exp(|ν − α|2), which has an exponent quadratic in ν. Moreover, since coherent states are
eigenstates of the annihilation operator, in this case the required expectation values are incredibly simple to evaluate,
obtaining 〈α|â|α〉 = α and 〈α|δâ2|α〉 = 〈α|δâ†δâ|α〉 = 0, and leading to the mean vector and covariance matrix
discussed in the previous section.

17 For example, using the variable change z = x2, we can write∫ ∞
0

dr2r2n+1e−r
2

=

∫ ∞
0

dzzne−z = lim
κ→1

∫ ∞
0

dz(−1)n∂nκ e
−κz = (−1)n lim

κ→1
∂nκ

∫ ∞
0

dzeκz (172)

= (−1)n lim
κ→1

∂nκ
1

−κ
(e−κ∞︸ ︷︷ ︸

0

− 1) = (−1)n lim
κ→1

∂nκ
1

κ
= (−1)nn! lim

κ→1
(−1)n

1

κn+1
= n!

18 An alternative proof of this expression can be obtained by using the Fock-state representation (169) as follows:

〈α|β〉 =
∑

n,m=0

e−(|α|2−|β|2)/2 α
∗nβm
√
n!m!

〈n|m〉︸ ︷︷ ︸
δnm

= e−(|α|2−|β|2)/2
∑
n=0

(α∗β)n

n!︸ ︷︷ ︸
eα
∗β

= e−iIm{αβ∗}e−|α−β|
2/2. (175)

19 Again easy to prove by using the (125) with Â = −α∗â and B̂ = αâ†.
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(a)

<latexit sha1_base64="DyjhUe/PAtB4Ss0EvRmOhOi5ky8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSFD0WvHisaGuhDWWy3bRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TRVmLxiJWnQA1E1yyluFGsE6iGEaBYI/B+GbmPz4xpXksH8wkYX6EQ8lDTtFY6b6K5/1yxa25c5BV4uWkAjma/fJXbxDTNGLSUIFadz03MX6GynAq2LTUSzVLkI5xyLqWSoyY9rP5qVNyZpUBCWNlSxoyV39PZBhpPYkC2xmhGellbyb+53VTE177GZdJapiki0VhKoiJyexvMuCKUSMmliBV3N5K6AgVUmPTKdkQvOWXV0m7XvMuapd39UqjkcdRhBM4hSp4cAUNuIUmtIDCEJ7hFd4c4bw4787HorXg5DPH8AfO5w+KCY1O</latexit>

(b)

<latexit sha1_base64="x1iaTKetOkxM1Zn/Xt7qLltuLjk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSFD0WvHisaGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdF8Nzvvliltz5yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2veZd1C7v6pVGI4+jCCdwClXw4AoacAtNaAGDITzDK7w50nlx3p2PRWvByWeO4Q+czx+Ljo1P</latexit>

�
P '

>
1

<latexit sha1_base64="njP8eNwkrUbnf2PhuzOoXY4sU28=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiRpQutGCrpwWcE+oIllMp20QycPZibFEvorblwo4tYfceffOH0IKnrgwuGce7n3niBlVEjT/NAKa+sbm1vF7dLO7t7+gX5Ybosk45i0cMIS3g2QIIzGpCWpZKSbcoKigJFOML6c+50J4YIm8a2cpsSP0DCmIcVIKqmvl70rwiSCzTtvgng6ohdWX6+YhuW4Vq0KTcN27ZrrKFKt2+a5Ay3DXKACVmj29XdvkOAsIrHEDAnRs8xU+jnikmJGZiUvEyRFeIyGpKdojCIi/Hxx+wyeKmUAw4SriiVcqN8nchQJMY0C1RkhORK/vbn4l9fLZFj3cxqnmSQxXi4KMwZlAudBwAHlBEs2VQRhTtWtEI8QR1iquEoqhK9P4f+kbaugDPfGqTTqqziK4BicgDNggRpogGvQBC2AwT14AE/gWZtpj9qL9rpsLWirmSPwA9rbJ3MglA4=</latexit>

x
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Figure 7. Wigner functions of two squeezed states. In (a) the uncertainty of the amplitude quadrature is reduced below the
vacuum level at the expense of increasing the uncertainty of the phase quadrature. In (b), on the other hand, it is the phase
quadrature the one which is squeezed, while the amplitude quadrature becomes more noisy.

3. Bridge between quantum and classical physics

We have seen that the classical and quantum formalisms seem dramatically different: While classically the oscillator
can have any positive value of the energy and has a definite trajectory in phase space, quantum mechanics allows only
for discrete values of the energy and introduces position and momentum uncertainties which prevent the existence
of well defined trajectories. In this section we show that coherent states are the easiest way of reconciling these two
seemingly contradictory descriptions.

Quantum mechanics is all about predicting the statistics of experiments. Hence, the way of connecting it to classical
mechanics is by finding the quantum state that predicts that the statistics obtained in the experiment will coincide
with what is classically expected. In the following we show that coherent states with |α| � 1 satisfy the desired
conditions.

Let us start by showing how the classical well-defined trajectories can be recovered. For this, we start from a
coherent state |ψ(0)〉 = |α〉 at time zero, and let it evolve by the Hamiltonian of the harmonic oscillator (76), that is,
by the corresponding time-evolution operator. We obtain

|ψ(t)〉 = e−iωtN̂ |α〉 =

∞∑

n=0

e−|α|
2/2 α

n

√
n!
e−inωt|n〉 =

∣∣e−iωtα
〉
, (180)

that is, another coherent state, with a time-dependent amplitude α(t) = e−iωtα, which is equal to the expectation
value of the annihilation operator, 〈â(t)〉 = α(t). Reminding that this is precisely the solution for the harmonic
oscillator in the complex representation, this means that, on average, the oscillator indeed describes the classical
trajectory. Moreover, since the state is coherent at all times, we know that the uncertainty of any quadrature X̂φ

is independent of is amplitude, specifically ∆Xφ(t) = 1. Hence, the uncertainty becomes less and less relevant the

bigger is the radius of the trajectory, that is, the signal-to-noise ratio satisfies |α|/∆Xφ |α|→∞−→ ∞. In other words,
for all practical purposes, in this limit the oscillator seems to describe the classical trajectory when measured in the
laboratory, where other sources of classical noise and imprecision will dominate over the tiny quantum noise.

Let us now move on to the energy-quantization issue. The ratio between the energies of two consecutive number
states is En+1/En = (n+ 3/2) /(n+ 1/2). Hence, as the number of excitations increases, the discrete character of the
energy becomes barely perceptive, that is, En+1/En ∼ 1 if n � 1. Thus, for all practical purposes, we can recover
a seemingly continuous energy spectrum if the state of the oscillator projects only on high-order (approximately
contiguous) number states. As we saw in (170), this is precisely the case of coherent states with |α| � 1, which lead

to a narrowly-peaked Poisson number distribution centered at 〈N̂〉 = |α|2 with width ∆N = |α|.
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I. Squeezed states

1. Definition and relevance

Two important applications of harmonic oscillators are sensing and information encoding/trasmission: The oscil-
lator is put in contact with the system or signal that we want to study or transmit, and it gets codified as phase or
amplitude modulations in the oscillator (think, for example, about gravitational waves encoded as amplitude or phase
modulations in the light circulating at the LIGO interferometer). We have seen in the previous section that when
the oscillator is in a coherent state both its amplitude and phase suffer from uncertainties, and hence the encoded
signal cannot be perfectly retrieved from measurements on the oscillator. When any other source of technical noise
is removed, that is, when the measurement equipment behaves basically as ideal, this so-called quantum shot noise
becomes the main limitation. Moreover, when the signal generated by the system that we want to study is tiny (as
gravitational waves are), it can even be hidden below the quantum noise, so that it might not be perceived at all.

Squeezed states are the solution to this problem. Suppose that the signal is encoded in the amplitude of the oscillator.
In a coherent state the amplitude and phase quadratures are affected by equal uncertainties ∆Xϕ = ∆Pϕ = 1.
However, we can conceive a state of the oscillator in which the uncertainty of the amplitude quadrature is reduced,
while that of the phase quadrature is increased, say ∆Xϕ � 1 and ∆Pϕ � 1, so that the product of uncertainties
keeps lower bounded by one, ∆Xϕ∆Pϕ ≥ 1. The Wigner function of one of such states is depicted in Fig. 7a. In
this case the amplitude quadrature is well defined, and one can in principle monitor its modulations with arbitrary
accuracy. Of course, this is accomplished at the expense of not being able to retrieve any information from the phase
quadrature, but that is not a problem if we only care about the signal encoded in the amplitude quadrature.

We will then define squeezed states as those in which some quadrature, say X̂φ, has an uncertainty below the
vacuum or coherent level, that is, ∆Xφ < 1. We then say that quadrature X̂φ is squeezed , while its conjugate P̂φ is
antisqueezed (∆Pφ > 1). Together with the amplitude squeezed state already introduced (for which φ = ϕ), we show
a phase squeezed state (for which φ = ϕ+ π/2) in Fig. 7b. Let us now study one specially relevant type of squeezed
states.

2. Minimum uncertainty squeezed states

Minimum uncertainty states are states which satisfy the lower bound of the quadrature uncertainty relation, that
is, ∆Xφ∆Pφ = 1 ∀φ. The simplest of these states is the vacuum state |0〉; any other number state |n 6= 0〉 is not
contained in this class, as it is easily checked that it satisfies ∆Xφ = 2n+ 1 for any φ. Coherent states, on the other
hand, are minimum uncertainty states, as they are obtained from vacuum by the displacement transformation, which
does not change the quadrature variances.

It is possible to generate squeezed states of this kind by using the squeezing operator

Ŝ (z) = exp

(
z∗

2
â2 − z

2
â†2
)

, (181)

where z ∈ C is called the squeezing parameter. Note that this can be seen as generalization of the displacement
operator (163), but with â2 instead of â in the exponent. Note that since the exponent is still quadratic in the
quadratures, the squeezing operator is a Gaussian unitary.

Let us analyze how this transformation acts on the annihilation operators. We will use again the Baker-Campbell-
Haussdorf lemma (84), which defining B̂ = z

2 â
†2 − z∗

2 â
2, requires the commutators

[B̂, â] = −zâ†, (182)

[B̂, [B̂, â]] = |z|2â,
[B̂, [B̂, [B̂, â]]] = −z|z|2â†,

[B̂, [B̂, [B̂, [B̂, â]]]] = |z|4â,
...

so that writing z in the polar form z = r exp (iθ), with r ∈ [0,∞] and θ ∈ [0, 2π[, and splitting the sum of the lemma
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<latexit sha1_base64="x1iaTKetOkxM1Zn/Xt7qLltuLjk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSFD0WvHisaGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdF8Nzvvliltz5yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2veZd1C7v6pVGI4+jCCdwClXw4AoacAtNaAGDITzDK7w50nlx3p2PRWvByWeO4Q+czx+Ljo1P</latexit>

x

<latexit sha1_base64="g2RWOO2NaDvJKPyCRrHkD/DwhnA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BETwmYB6QLGF20puMmZ1dZmbFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekSleSzvzThBP6IDyUPOqLFS/alXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Wa+UqrdZHHk4gVM4Bw+uoAp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8Aem4jQc=</latexit>

p

<latexit sha1_base64="FcpH2/9XV/2yZWAlUPaC3zhOK7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzaRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f3ZiM/w==</latexit>

p

<latexit sha1_base64="G+cPC2iDESX0yrqSAIZR5V6TrmI=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0hsS+utIILHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/46atoKIPBh7vzTAzz485U9pxPqzc2vrG5lZ+u7Czu7d/UDw86qgokRTaNOKR7PlEAWcC2pppDr1YAgl9Dl1/epX53XuQikXiVs9i8EIyFixglGgjteJhseTYtapTv6zjjLiOW8ZLpVLGru0sUEIrNIfF98EookkIQlNOlOq7Tqy9lEjNKId5YZAoiAmdkjH0DRUkBOWli0Pn+MwoIxxE0pTQeKF+n0hJqNQs9E1nSPRE/fYy8S+vn+ig7qVMxIkGQZeLgoRjHeHsazxiEqjmM0MIlczciumESEK1yaZgQvj6FP9POhe2W7GrrUqpcb2KI49O0Ck6Ry6qoQa6QU3URhQBekBP6Nm6sx6tF+t12ZqzVjPH6Aest09TR41Q</latexit>

✓/2

<latexit sha1_base64="+HCQp7koILXUDp+pmN1d3oRG+UM=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuYtIHreCi4MZlBfuANpTJdNIOnUzizI1QQn/CjQtF3Po77vwbJ20FFT1w4XDOvdx7jx8LrsFxPqyV1bX1jc3cVn57Z3dvv3Bw2NZRoihr0UhEqusTzQSXrAUcBOvGipHQF6zjT64yv3PPlOaRvIVpzLyQjCQPOCVgpG4fxgzIeWlQKDp2rerUL+o4I67jlvFCqZSxaztzFNESzUHhvT+MaBIyCVQQrXuuE4OXEgWcCjbL9xPNYkInZMR6hkoSMu2l83tn+NQoQxxEypQEPFe/T6Qk1Hoa+qYzJDDWv71M/MvrJRDUvZTLOAEm6WJRkAgMEc6ex0OuGAUxNYRQxc2tmI6JIhRMRHkTwten+H/SLtluxa7eVIqNy2UcOXSMTtAZclENNdA1aqIWokigB/SEnq0769F6sV4XrSvWcuYI/YD19gn8ZY/w</latexit>

x

<latexit sha1_base64="PK3UEiq1r9ylWKiTocohhB1aCZU=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0i0pfVWEMFjC/YD2lA22027drMJuxuxhP4CLx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKe04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjTy4zv3NHpWKRuNHTmHohHgkWMIK1kZr3g2LJsasVp3ZRQxlxHfccLZTyOXJtZ44SLNEYFN/7w4gkIRWacKxUz3Vi7aVYakY4nRX6iaIxJhM8oj1DBQ6p8tL5oTN0YpQhCiJpSmg0V79PpDhUahr6pjPEeqx+e5n4l9dLdFDzUibiRFNBFouChCMdoexrNGSSEs2nhmAimbkVkTGWmGiTTcGE8PUp+p+0z2y3bFea5VL9ahlHHo7gGE7BhSrU4Roa0AICFB7gCZ6tW+vRerFeF605azlzCD9gvX0CX2eNWA==</latexit>

✓/2

<latexit sha1_base64="+HCQp7koILXUDp+pmN1d3oRG+UM=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuYtIHreCi4MZlBfuANpTJdNIOnUzizI1QQn/CjQtF3Po77vwbJ20FFT1w4XDOvdx7jx8LrsFxPqyV1bX1jc3cVn57Z3dvv3Bw2NZRoihr0UhEqusTzQSXrAUcBOvGipHQF6zjT64yv3PPlOaRvIVpzLyQjCQPOCVgpG4fxgzIeWlQKDp2rerUL+o4I67jlvFCqZSxaztzFNESzUHhvT+MaBIyCVQQrXuuE4OXEgWcCjbL9xPNYkInZMR6hkoSMu2l83tn+NQoQxxEypQEPFe/T6Qk1Hoa+qYzJDDWv71M/MvrJRDUvZTLOAEm6WJRkAgMEc6ex0OuGAUxNYRQxc2tmI6JIhRMRHkTwten+H/SLtluxa7eVIqNy2UcOXSMTtAZclENNdA1aqIWokigB/SEnq0769F6sV4XrSvWcuYI/YD19gn8ZY/w</latexit>

✓/2

<latexit sha1_base64="bUjXLq707I2xaqkx+wZReJ8rdds=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFZM+aN0V3LisYB/QhjKZTtqhk0mcuRFK6E+4caGIW3/HnX/jpK2gogcuHM65l3vv8WPBNTjOh5VbW9/Y3MpvF3Z29/YPiodHHR0lirI2jUSkej7RTHDJ2sBBsF6sGAl9wbr+9Crzu/dMaR7JW5jFzAvJWPKAUwJG6g1gwoBclIfFkmPXa07jsoEz4jpuBS+VagW7trNACa3QGhbfB6OIJiGTQAXRuu86MXgpUcCpYPPCINEsJnRKxqxvqCQh0166uHeOz4wywkGkTEnAC/X7REpCrWehbzpDAhP928vEv7x+AkHDS7mME2CSLhcFicAQ4ex5POKKURAzQwhV3NyK6YQoQsFEVDAhfH2K/yedsu1W7dpNtdRsruLIoxN0is6Ri+qoia5RC7URRQI9oCf0bN1Zj9aL9bpszVmrmWP0A9bbJ/2Zj/Q=</latexit>

�
P
✓
/
2

=
exp(r)

<latexit sha1_base64="1Lpek3d+UpQDLvgi3ZPvDjIz73s=">AAACBHicdVA9SwNBEN2L3/ErammzGARt4t2ZkFgIghaWEUwi5GLY20ySxb0PdufEcKSw8a/YWChi64+w89+4iRFU9MHA470ZZub5sRQabfvdykxNz8zOzS9kF5eWV1Zza+t1HSWKQ41HMlIXPtMgRQg1FCjhIlbAAl9Cw786HvmNa1BaROE5DmJoBawXiq7gDI3Uzm16JyCR0epl6mEfkO25w0MPbuIdtdvO5e2CUyw55X1qF9ySWy4VDdmvuPZBkToFe4w8maDazr15nYgnAYTIJdO66dgxtlKmUHAJw6yXaIgZv2I9aBoasgB0Kx0/MaTbRunQbqRMhUjH6veJlAVaDwLfdAYM+/q3NxL/8poJdiutVIRxghDyz0XdRFKM6CgR2hEKOMqBIYwrYW6lvM8U42hyy5oQvj6l/5O6a4IqlM6K+aPKJI55skm2yA5xSJkckVNSJTXCyS25J4/kybqzHqxn6+WzNWNNZjbID1ivH8R+l4c=</latexit>

�X
✓/

2 =
exp

(�r)

<latexit sha1_base64="JJJT4mM8GbUXvvxcKbBW4p8D1GE="></latexit>

x

<latexit sha1_base64="g2RWOO2NaDvJKPyCRrHkD/DwhnA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BETwmYB6QLGF20puMmZ1dZmbFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekSleSzvzThBP6IDyUPOqLFS/alXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Wa+UqrdZHHk4gVM4Bw+uoAp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8Aem4jQc=</latexit>

p

<latexit sha1_base64="FcpH2/9XV/2yZWAlUPaC3zhOK7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzaRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f3ZiM/w==</latexit>

p

<latexit sha1_base64="G+cPC2iDESX0yrqSAIZR5V6TrmI=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0hsS+utIILHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/46atoKIPBh7vzTAzz485U9pxPqzc2vrG5lZ+u7Czu7d/UDw86qgokRTaNOKR7PlEAWcC2pppDr1YAgl9Dl1/epX53XuQikXiVs9i8EIyFixglGgjteJhseTYtapTv6zjjLiOW8ZLpVLGru0sUEIrNIfF98EookkIQlNOlOq7Tqy9lEjNKId5YZAoiAmdkjH0DRUkBOWli0Pn+MwoIxxE0pTQeKF+n0hJqNQs9E1nSPRE/fYy8S+vn+ig7qVMxIkGQZeLgoRjHeHsazxiEqjmM0MIlczciumESEK1yaZgQvj6FP9POhe2W7GrrUqpcb2KI49O0Ck6Ry6qoQa6QU3URhQBekBP6Nm6sx6tF+t12ZqzVjPH6Aest09TR41Q</latexit>

✓/2

<latexit sha1_base64="+HCQp7koILXUDp+pmN1d3oRG+UM=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuYtIHreCi4MZlBfuANpTJdNIOnUzizI1QQn/CjQtF3Po77vwbJ20FFT1w4XDOvdx7jx8LrsFxPqyV1bX1jc3cVn57Z3dvv3Bw2NZRoihr0UhEqusTzQSXrAUcBOvGipHQF6zjT64yv3PPlOaRvIVpzLyQjCQPOCVgpG4fxgzIeWlQKDp2rerUL+o4I67jlvFCqZSxaztzFNESzUHhvT+MaBIyCVQQrXuuE4OXEgWcCjbL9xPNYkInZMR6hkoSMu2l83tn+NQoQxxEypQEPFe/T6Qk1Hoa+qYzJDDWv71M/MvrJRDUvZTLOAEm6WJRkAgMEc6ex0OuGAUxNYRQxc2tmI6JIhRMRHkTwten+H/SLtluxa7eVIqNy2UcOXSMTtAZclENNdA1aqIWokigB/SEnq0769F6sV4XrSvWcuYI/YD19gn8ZY/w</latexit>

x

<latexit sha1_base64="PK3UEiq1r9ylWKiTocohhB1aCZU=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0i0pfVWEMFjC/YD2lA22027drMJuxuxhP4CLx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKe04H1ZuZXVtfSO/Wdja3tndK+4ftFWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjTy4zv3NHpWKRuNHTmHohHgkWMIK1kZr3g2LJsasVp3ZRQxlxHfccLZTyOXJtZ44SLNEYFN/7w4gkIRWacKxUz3Vi7aVYakY4nRX6iaIxJhM8oj1DBQ6p8tL5oTN0YpQhCiJpSmg0V79PpDhUahr6pjPEeqx+e5n4l9dLdFDzUibiRFNBFouChCMdoexrNGSSEs2nhmAimbkVkTGWmGiTTcGE8PUp+p+0z2y3bFea5VL9ahlHHo7gGE7BhSrU4Roa0AICFB7gCZ6tW+vRerFeF605azlzCD9gvX0CX2eNWA==</latexit>

✓/2

<latexit sha1_base64="+HCQp7koILXUDp+pmN1d3oRG+UM=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuYtIHreCi4MZlBfuANpTJdNIOnUzizI1QQn/CjQtF3Po77vwbJ20FFT1w4XDOvdx7jx8LrsFxPqyV1bX1jc3cVn57Z3dvv3Bw2NZRoihr0UhEqusTzQSXrAUcBOvGipHQF6zjT64yv3PPlOaRvIVpzLyQjCQPOCVgpG4fxgzIeWlQKDp2rerUL+o4I67jlvFCqZSxaztzFNESzUHhvT+MaBIyCVQQrXuuE4OXEgWcCjbL9xPNYkInZMR6hkoSMu2l83tn+NQoQxxEypQEPFe/T6Qk1Hoa+qYzJDDWv71M/MvrJRDUvZTLOAEm6WJRkAgMEc6ex0OuGAUxNYRQxc2tmI6JIhRMRHkTwten+H/SLtluxa7eVIqNy2UcOXSMTtAZclENNdA1aqIWokigB/SEnq0769F6sV4XrSvWcuYI/YD19gn8ZY/w</latexit>

displacem
ent

<latexit sha1_base64="TRRGGgE7Eb+GNnJVwRYpuP7vKF4=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GmamHVp3BTcuK9gHtEPJZDJtaCYTkoxQhv6GGxeKuPVn3Pk3ZtoKKnogcDjnHu7NCQWjSjvOh1Xa2Nza3invVvb2Dw6PqscnPZVmEpMuTlkqByFShFFOuppqRgZCEpSEjPTD2XXh9++JVDTld3ouSJCgCacxxUgbaRRRJRjCJCFcj6s1x3YbvtusQ8f2fK/pNwyptzznqgFd21miBtbojKvvoyjFWZHFDCk1dB2hgxxJTTEji8ooU0QgPEMTMjSUo4SoIF/evIAXRolgnErzuIZL9XsiR4lS8yQ0kwnSU/XbK8S/vGGm41aQUy4yTTheLYozBnUKiwJgRCXBms0NQVhScyvEUyQR1qamiinh66fwf9LzTFG2f+vV2s66jjI4A+fgErigCdrgBnRAF2AgwAN4As9WZj1aL9brarRkrTOn4Aest0/QLpIn</latexit>

dis
pla

cem
ent

<latexit sha1_base64="TRRGGgE7Eb+GNnJVwRYpuP7vKF4=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GmamHVp3BTcuK9gHtEPJZDJtaCYTkoxQhv6GGxeKuPVn3Pk3ZtoKKnogcDjnHu7NCQWjSjvOh1Xa2Nza3invVvb2Dw6PqscnPZVmEpMuTlkqByFShFFOuppqRgZCEpSEjPTD2XXh9++JVDTld3ouSJCgCacxxUgbaRRRJRjCJCFcj6s1x3YbvtusQ8f2fK/pNwyptzznqgFd21miBtbojKvvoyjFWZHFDCk1dB2hgxxJTTEji8ooU0QgPEMTMjSUo4SoIF/evIAXRolgnErzuIZL9XsiR4lS8yQ0kwnSU/XbK8S/vGGm41aQUy4yTTheLYozBnUKiwJgRCXBms0NQVhScyvEUyQR1qamiinh66fwf9LzTFG2f+vV2s66jjI4A+fgErigCdrgBnRAF2AgwAN4As9WZj1aL9brarRkrTOn4Aest0/QLpIn</latexit>

phase squeezed

<latexit sha1_base64="NfrQvt4F4fxkqYWjASMkVFkIGHU=">AAAB9XicdVDLSgMxFM34rPVVdekmWARXw0yd2nZXcOOygn1AO5ZM5rYNzTxMMkod+h9uXCji1n9x59+YaSuo6IHA4Zx7uDfHizmTyrI+jKXlldW19dxGfnNre2e3sLffklEiKDRpxCPR8YgEzkJoKqY4dGIBJPA4tL3xeea3b0FIFoVXahKDG5BhyAaMEqWl63iks1jeJAD34PcLRcs8qzm2XcWWaZ2WSzUnI07FKtewbVozFNECjX7hvedHNAkgVJQTKbu2FSs3JUIxymGa7yUSYkLHZAhdTUMSgHTT2dVTfKwVHw8ioV+o8Ez9nkhJIOUk8PRkQNRI/vYy8S+vm6hB1U1ZGCcKQjpfNEg4VhHOKsA+E0AVn2hCqGD6VkxHRBCqdFF5XcLXT/H/pFUybccsX5aKdWdRRw4doiN0gmxUQXV0gRqoiSgS6AE9oWfjzng0XozX+eiSscgcoB8w3j4BGzmS4g==</latexit>

amplitude squeezed

<latexit sha1_base64="QcE1M/hnrhVmRyDF/1LGpqXPBq4=">AAAB+3icdVBNT8JAEN3iF+JXxaOXjcTEU9NiEbiRePGIiSAJNGS7HWDD9sPdrREJf8WLB43x6h/x5r9xC5io0ZdM8vLeTGbm+QlnUtn2h5FbWV1b38hvFra2d3b3zP1iW8apoNCiMY9FxycSOIugpZji0EkEkNDncO2PzzP/+haEZHF0pSYJeCEZRmzAKFFa6ptFEuo1Kg0Ay5sU4B6CvlmyrbO66zg1bFv2aaVcdzPiVu1KHTuWPUcJLdHsm++9IKZpCJGinEjZdexEeVMiFKMcZoVeKiEhdEyG0NU0IiFIbzq/fYaPtRLgQSx0RQrP1e8TUxJKOQl93RkSNZK/vUz8y+umalDzpixKUgURXSwapByrGGdB4IAJoIpPNCFUMH0rpiMiCFU6roIO4etT/D9ply3HtSqX5VLDXcaRR4foCJ0gB1VRA12gJmohiu7QA3pCz8bMeDRejNdFa85YzhygHzDePgHWgJTv</latexit>

Figure 8. (a) Wigner function of a squeezed vacuum state. (b) Applying displacements in the direction of the squeezed or
antisqueezed quadratures, one obtains amplitude or phase squeezed states, respectively.

into even and odd terms, we obtain

Ŝ† (z) âŜ (z) =

∞∑

n=0

1

(2n)!
[B̂, [B̂, ...[B̂,︸ ︷︷ ︸

2n

â]...]]︸︷︷︸
2n

+
1

(2n+ 1)!
[B̂, [B̂, ...[B̂,︸ ︷︷ ︸

2n+1

â ]...]]︸︷︷︸
2n+1

(183)

=

[ ∞∑

n=0

r2n

(2n)!

]
â− eiθ

[ ∞∑

n=0

r2n+1

(2n+ 1)!

]
â†

= â cosh r − eiθâ† sinh r.

In terms of quadratures, this expression is easily rewritten as

Ŝ† (z) X̂θ/2Ŝ (z) = e−rX̂θ/2 and Ŝ† (z) P̂ θ/2Ŝ (z) = erP̂ θ/2, (184)

which shows that the squeezing transformation corresponds to the contraction and dilation of two orthogonal directions
of phase space. In the notation of Eq. (150), the linear transformation has a = (0, 0)T and S(z) = RT (θ/2)Q(r)R(θ/2),

where we have defined the matrix Q(r) =
(
e−r 0

0 er

)
, and R(θ/2) is just a rotation matrix as introduced in Eq. (143).

Suppose now that prior to the transformation the state of the system was vacuum, defined by the statistical
properties 〈X̂φ〉 = 0 and ∆Xφ = 1 ∀φ as already seen. After the transformation (184), the mean of any quadrature

is still zero, but the uncertainty of quadrature X̂θ/2 has decreased to ∆Xθ/2 = exp (−r), while that of quadrature

P̂ θ/2 has increased to ∆P θ/2 = exp (r). Hence, the squeezing operator creates a minimum uncertainty squeezed state,

since ∆Xθ/2∆P θ/2 = 1. This state |z〉 = Ŝ(z)|0〉 is usually called the squeezed vacuum state. It is a Gaussian state
centered at the origin of phase space, d|z〉 = (0, 0)T , and with a covariance matrix

V|z〉(z) = S(z)V|0〉S
T (z) = RT (θ/2)Q(2r)R(θ/2), (185)

where we have used (149) and V|0〉 =
(

1 0
0 1

)
. We show the corresponding Wigner function in Fig. 8a. The uncertainty

circle associated to the vacuum state has turned into an ellipse, with the principal axis oriented along axes rotated by
θ/2 in phase space, as shown explicitly by the form we used for the covariance matrix above. An amplitude squeezed
state can be then created by applying a subsequent displacement along the θ/2 axis as shown in Fig. 8b. If the
displacement is applied along the (θ + π)/2 direction, then a phase squeezed state is obtained. As displacements
do not change the uncertainty properties of the state, these amplitude or phase squeezed states are still minimum
uncertainty states.

It is instructive to show that the squeezed vacuum state is Gaussian by using the criterion that we developed above,
based on 〈ν|ρ̂|ν〉, with |ν〉 a coherent state. In order to evaluate this, we use the following expansion for the squeezing
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operator, which is of general practical use:20

Ŝ(z) = e−
1
2 e

iθ tanh(r)â†2(cosh r)−â
†â−1/2e

1
2 e
−iθ tanh(r)â2

, (187)

leading to

〈ν|ρ̂|ν〉 =
∣∣∣〈ν|Ŝ(z)|0〉

∣∣∣
2

=
1

cosh r

∣∣∣e− 1
2 tanh(r)eiθν∗2〈ν|0〉

∣∣∣
2

=
1

cosh r
e−

1
2 tanh(r)(e−iθν2+eiθν∗2)−|ν|2 , (188)

which is indeed the exponential of a quadratic form. On the other hand, using (183) it is simple find

〈â〉 = 〈0|Ŝ†(z)âŜ(z)|0〉 = 0, (189a)

〈â2〉 = 〈0|(â cosh r − eiθâ† sinh r)2|0〉 = −eiθ cosh r sinh r, (189b)

〈â†â〉 = 〈0|(â† cosh r − e−iθâ sinh r)(â cosh r − eiθâ† sinh r)|0〉 = sinh2 r, (189c)

which using (179) lead to the mean vector and covariance matrix that we already introduced above.
It is finally interesting to write the squeezed vacuum state in the number state basis. Using (187) and expanding

the exponentials in Taylor series, it is immediate to find

Ŝ(z)|0〉 =

∞∑

n=0

(−1)n

2nn!

√
(2n)!

cosh r
einθ tanhnr |2n〉. (190)

The most characteristic feature of this state is that it contains only even Fock states. This comes physically from the
fact that the squeezing operator can generate excitations only by pairs, unlike the displacement operator. The mean
of the number operator has been provided above, 〈N̂〉 = sinh2 r, while we can evaluate its variance from the Gaussian
moment theorem (139), which holds as well for annihilation and creation operators (since they are just linear in the
quadratures), so that, in this case

〈N̂2〉 = 〈â†ââ†â〉 = 〈â†â〉〈â†â〉+ 〈â†2〉〈â2〉+ 〈â†â〉 〈ââ†〉︸ ︷︷ ︸
〈â†â〉+1

= 2〈N̂〉2 + 〈N̂〉+ |〈â2〉|2, (191)

leading to a variance

V (N) = 〈N̂2〉 − 〈N̂〉2 = sinh4 r + sinh2 r +
1

4
sinh2 2r. (192)

Remarkably, the uncertainty of the number of quanta is always of the same order of their mean, specifically,

〈N̂〉
∆N

=
sinh2 r√

sinh4 r + sinh2 r + 1
4 sinh2 2r

r→∞−→ 1√
2
. (193)

Hence, unlike for coherent states, the width of the distribution of quanta is large, no matter the number of quanta.

J. Thermal states

So far we have only talked about pure states. However, in general the state of the harmonic oscillator can be mixed.
As highlighted in the introduction to quantum mechanics, this will happen whenever the oscillator gets correlated
with another system (either classical or quantum) to which we don’t have access. This means that information about
the oscillator leaks out to this inaccessible system, and we are then forced to use a mixed state for the oscillator that
reflects our ignorance.

20 The proof of this identity is not entirely trivial, and can be checked in [67]. Regarding this expression, the most important idea to keep

is the following. Whenever one has a set of operators {Q̂j}j=1,2,...,J which forms a closed algebra (that is, the commutator of any two
operators of the set is proportional to another operator of the set), then, it is possible to disentangle any exponential as

e
∑J
j=1 cjQ̂j =

J∏
j=1

efj(c)Q̂j , (186)

where c = (c1, c2, ..., cJ ) collects a set of complex coefficients, and the disentangling coefficients fj(c) can be found with the procedure
explained in [67].
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Given a system whose associated Hilbert space has dimension d, we have already seen that its maximally-mixed
state is ρ̂MM = Î/d. As it is proportional to the identity, this state is invariant under changes of basis, and hence, the
eigenvalues of any observable of the system are equally likely. This agrees with what one expects intuitively from a
state which has leaked the maximum amount of information to another system: the joint uncertainty of all observables
is maximized. In particular, the von Neumann entropy, which is a measure of the mixedness of the state, reaches its
maximum S[ρ̂MM] = log d.

For infinite-dimensional Hilbert spaces (d→∞) this state is not physical since it has infinite energy, e.g., tr{ρ̂N̂} =

limd→∞
∑d
n=0 n/d→∞ for the harmonic oscillator. Hence, finding the maximally-mixed state in infinite dimension

makes sense only if one adds an energy constraint such as tr{ρ̂Ĥ} = Ē, where Ē is a positive real. It is easy to prove,
and we do so below, that the state that maximizes the von Neumann entropy subject to this constraint is

ρ̂th(Ē) =
exp(−βĤ)

tr{exp(−βĤ)}
, (194)

where β can be found from

Ē =
tr{Ĥ exp(−βĤ)}
tr{exp(−βĤ)}

= −∂β ln
[
tr
{
e−βĤ

}]
= −∂β ln

[∑

n

e−βEn

]
, (195)

where in the last equality we have performed the trace in the basis of eigenstates of the Hamiltonian (assumed
countable for simplicity), denoting by En the corresponding eigenenergies. The expression between square brackets
is known in statistical physics as the partition function, Z =

∑
n e
−βEn , and it’s the central object in that field. it

is remarkable that it appears naturally in this quantum context when maximizing the entropy subject to an energy
constraint. But the connection to statistical physics doesn’t end there. The probability of obtaining eigenvalue En in
an energy measurement decreases exponentially with the energy, that is,

p(En) = 〈En|ρ̂th|En〉 = e−βEn/Z, (196)

where |En〉 are is the corresponding eigenvector of the Hamiltonian. This is precisely the Boltzman distribution for
the energies, as predicted in statistical physics for a system at thermal equilibrium with temperature T = 1/kBβ,
where kB is the Boltzmann constant. Hence, the state ρ̂th is state is known as thermal state, and can be parametrized
either by a mean energy Ē or, equivalently, by a temperature T (or its inverse β), related by the constraint equation
(195). It is interesting to remark that this result is valid for any dimension d, and we recover the unconstrained

maximally-mixed state Î/d for infinite temperature (β → 0).
Let us differ the proof of ρ̂th(Ē) as the energy-constrained maximally-mixed state to the end of the section, and

focus now on what this means for the harmonic oscillator, whose Hamiltonian is Ĥ = ~ω(N̂ + 1/2). First, taking into
account that {En = ~ω(n+ 1/2)}n=0,1,..., the sum in (195), that is, the partition function, is easily carried out as21

Z = tr
{
e−βĤ

}
= e−β~ω/2

∞∑

n=0

(
e−β~ω

)n
=

e−β~ω/2

1− e−β~ω . (197)

Hence, equation (195) reads

Ē = ∂β

[
β~ω

2
+ ln

(
1− e−β~ω

)]
=

~ω
2

+
~ω

eβ~ω − 1
. (198)

Writing the mean energy in terms of the mean number of excitations n̄ = tr{ρ̂N̂} as Ē = ~ω(n̄+ 1/2), we can rewrite
the previous expression as

n̄ =
Ē

~ω
− 1

2
=

1

eβ~ω − 1
, (199)

which is the Bose-Einstein distribution for an equilibrium temperature T = 1/kBβ.

21 Note that this is a simple geometric sum S =
∑M
m=0 c

n = 1+c+...+cM with c ∈ [0, 1[. The sum can be performed with a very simple trick.
We multiply by it c, obtaining cS = c+c2+...+cM+1. Hence, we get S−cS = 1−cM+1, leading to S = (1−cM+1)/(1−c) →

M→∞
1/(1−c).
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Figure 9. (b) Wigner function of a thermal state with mean excitation number n̄ = 4. For comparison, we show in (a) the
Wigner function of the vacuum state. It can be appreciated that both are rotationally symmetric, but the thermal state has√

2n̄+ 1 times more uncertainty than vacuum.

In addition, it is straightforward to show that the thermal state is written in the Fock basis as

ρ̂th(n̄) =

∞∑

n=0

n̄n

(1 + n̄)
1+n

︸ ︷︷ ︸
pn(n̄)

|n〉〈n|, (200)

where we parametrize the state in terms of the mean number of quanta n̄. As in finite dimension without energy
constraints, this state is diagonal, but the distribution is not flat, although it looks flatter the larger is n̄, as expected,
that is pn(n̄) ≈ pn+1(n̄) for n̄� n.

It is easy to see that the thermal state is Gaussian using the criterion we developed above for the expectation
value of the state in a coherent state, 〈ν|ρ̂|ν〉. In this case, we do so by introducing a resolution of the identity∑∞
n=0 |n〉〈n| = 1 into this expression, and using the Fock-state representation of coherent states (169). In particular,

we get

〈ν|e−β~ωâ†â|ν〉 =

∞∑

n=0

e−β~ωn〈ν|n〉〈n|ν〉 =

∞∑

n=0

e−β~ωn|〈ν|n〉|2 =

∞∑

n=0

e−β~ωn
|ν|2n
n!

e−|ν|
2

= e(e−β~ω−1)|ν|2 , (201)

which is the exponential of a quadratic form in ν. As for the relevant expectation values, we obtain

〈â〉 = tr{âρ̂th(n̄)} =

∞∑

n=0

n̄n

(1 + n̄)
1+n 〈n|â|n〉 = 0, (202a)

〈â2〉 = tr{â2ρ̂th(n̄)} =

∞∑

n=0

n̄n

(1 + n̄)
1+n 〈n|â2|n〉 = 0, (202b)

〈â†â〉 = n̄ (this is by construction, since it is the energy constrain). (202c)

Hence, using (179), we see that the Wigner function of a thermal state is given by a Gaussian with mean vector
dth = (0, 0)T and a covariance matrix

Vth = (2n̄+ 1)

(
1 0
0 1

)
. (203)

We show it in Fig. 9, where it can be appreciated that thermal states are similar to a vacuum state (rotationally
symmetric), but with

√
2n̄+ 1 times more noise. Consequently, the vacuum state can be seen as a thermal state with

zero mean photon number.
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Let us conclude this section by proving that the thermal state is the one maximizing the von Neumann entropy of
any system when subject to the energy constrain tr{ρ̂Ĥ} = Ē. We do so by Lagrangian optimization, defining the
Lagrange function

L[ρ̂] = −tr {ρ̂ ln ρ̂}+ λ(1− tr{ρ̂}) + β(Ē − tr{Ĥρ̂}), (204)

which includes the energy constraint and the normalization constraint tr{ρ̂} = 1 of the state through Lagrange
multipliers β and λ, respectively. We use a principle of least action by setting to zero the variation of the Lagrangian
function,

δL[ρ̂] = L[ρ̂+ δρ̂]− L[ρ̂] = −tr{δρ̂(ln ρ̂+ 1 + λ+ βĤ)} = 0, (205)

where we have kept only terms linear in the variation22 δρ̂ and used23 δ(ln ρ̂) = δρ̂ρ̂−1. In order to satisfy this
condition for arbitrary variations, it must then be satisfied

ρ̂ = e−(λ+1)e−βĤ . (206)

The Lagrange multipliers are found from the constraints. First, the normalization constraint gives us

tr{ρ̂} = e−(λ+1)tr
{
e−βĤ

}
= 1⇒ e−(λ+1) = 1/tr

{
e−βĤ

}
, (207)

leading to the form (194) that we wrote for the state. Then, the energy constraint gives us Eq. (195).

K. Final remarks about the quantized expression for the electromagnetic field

Let us conclude this chapter by coming back to the electromagnetic field. It will be convenient to write the fields
in terms of annihilation and creation operators, rather than position and momenta as we did in (58). Then for each
of the oscillators, we define annihilation and creation operators

ân =

√
ωn
2~

(
q̂n +

i

ωn
p̂n

)
, and â†n =

√
ωn
2~

(
q̂n −

i

ωn
p̂n

)
, (208a)

satisfying canonical commutation relations

[ân, â
†
m] = δnm, (209)

leading to following forms of the fields:

Â(z, t) = ex

∞∑

n=1

√
~

ε0LSωn
[ân(t) + â†n(t)] sin (knz) , (210a)

Ê(z, t) = iex

∞∑

n=1

√
~ωn
ε0LS

[ân(t)− â†n(t)] sin (knz) , (210b)

B̂(z, t) = ey

∞∑

n=1

√
µ0~ωn
LS

[ân(t) + â†n(t)] cos (knz) . (210c)

Note that, implicitly, we have adopted the Heisenberg picture in these expressions, since we allow operators to evolve
in time.

Along the notes, we will use a notation that is typical in quantum optics: we split the fields in their annihilation
and creation parts. For example, for the vector potential we write Â(z, t) = Â(+)(z, t) + Â(−)(z, t), with

Â(+)(z, t) = ex

∞∑

n=1

√
~

ε0LSωn
ân(t) sin (knz) =

[
Â(−)(z, t)

]†
, (211)

22 Note that we can assume that [δρ̂, ρ̂] = 0, in other words, we can restrict variations that only perturb the eigenvalues of the density
operator, but not its eigenstates. The reason for this is that, since we are seeking for a time-independent state, the von-Neumann
equation implies [Ĥ, ρ̂] = 0, and therefore, we know from the start that the eigenvectors of ρ̂ are just the energy eigenstates.

23 This expression is found as follows. Define V̂ = ln ρ̂. Then, taking the variation of this expression, we get δV̂ = ln(ρ̂ + δρ̂) − ln ρ̂ =
ln(1 + δρ̂ρ̂−1), where we have used the fact that δρ̂ and ρ̂ commute. Now, taking the exponential of this expression and expanding it to

first order in δV̂ , we obtain 1 + δρ̂ρ̂−1 = eδV̂ ≈ 1 + δV̂ , which provides the expression we were looking for.
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and we do the same for any other field. This will make some of our derivations more economic in the next chapters.
In terms of annihilation and creation operators, the Hamiltonian for the light field reads then

ĤL =

∞∑

n=1

~ωnâ†nân, (212)

where we have removed the ground-state energy ~ωn/2 of each mode because it will not play any role in future
derivations, since the corresponding Hamiltonian term commutes with any other operator. Let us finally remark that
the excitations associated to this Hamiltonian are what we call photons.
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III. QUANTUM THEORY OF ATOMS AND THE TWO-LEVEL APPROXIMATION

The electromagnetic field is composed of degrees of freedom characterized by a uniform energy spectrum, as repre-
sented in Fig. ToDo. In contrast, with full generality, in quantum optics we call matter to any system that interacts
with the electromagnetic field, and is composed by degrees of freedom characterized by a non-uniform energy spec-
trum, which interact with the electromagnetic field. In order to fix ideas, we will focus here on simple atoms, but
more complicated systems such as molecules, confined electrons, or even solid-state systems can be approached with
similar tools as the ones we will learn here.

A. Atomic energy spectrum

We start by considering the simplest type of matter possible, apart from fundamental particles: the hydrogen atom.
It consists of a proton and an electron interacting with each other in three dimensions. Let’s start first by discussing
the degrees of freedom of these system. We first consider the spin 1/2 of the electron and the proton, denoted by

the three-component vector operators Ŝ and Î, respectively. These operators commute with each other, and satisfy
the angular momentum algebra [Ŝj , Ŝk] = i~

∑3
l=1 Ŝl, and similarly for the components of Î. The other degrees of

freedom correspond to the relative coordinates between the proton and the electron in 3D, denoted by r̂, which satisfy
the canonical commutation relations [r̂j , p̂l] = i~δjl and [r̂j , r̂l] = 0 = [p̂j , p̂l], where p̂ is the proton-electron relative’s
momentum. The total Hilbert space associated to the system is then H3D ⊗ HS=1/2 ⊗ HI=1/2, where the last two
Hilbert spaces are 2-dimensional, while H3D is composed of three infinite-dimensional spaces (one for each direction
in real space), each the same as the one we used to describe the harmonic oscillator in the previous chapter. We will
ignore the center-of-mass motion, which essentially behaves as a free particle, unless we expose the atom to extra
external fields or other particles, as we will see towards the end of the notes.

Within the simplest, so-called Bohr approximation, the Hamiltonian is the sum of a kinetic term and a Coulomb
potential term, that is,

ĤA =
p̂2

2m
− e2

4πε0|r̂|
, (213)

where m is the reduced mass of the system and e the charge of the electron. Of course, since the mass of the proton is
much larger than that of the electron, to a good approximation it can be assumed that the proton is sitting motionless
at the origin, so that r̂ and m are just the coordinates and mass of the electron. The spectrum of this Hamiltonian
is well studied [39–44], and next we briefly review it.

The spectrum of this Hamiltonian has both countable and continuous parts. The continuous part has only positive
eigenenergies {~|k|2/2m}k∈R3 , corresponding essentially to scattering states in electron-proton collisions, with a wave
function that behaves as a plane wave eik·r at large distances |k · r| → ∞. We focus then on the negative eigenvalues,
which correspond to bound states that we would characterize as truly atomic states.

The structure of the Hilbert space requires 5 quantum numbers to uniquely identify a basis element, 3 for each
direction in H3D, and 1 for each value of the spins along the chosen quantization axis (see below). In the case of the
Hydrogen atom, it is indeed very simple to find four operators that commute with Hamiltonian (213). First, because

it is independent of the spin operators, it commutes with any of the components of Ŝ and Î. In addition, because it
is invariant under rotations, it commutes with the orbital angular momentum operator L̂ = r̂× p̂, as well as with L̂2,
which also commutes with L̂. Of course, the spin operators commute with the orbital angular momentum. Hence,
choosing the z direction as the so-called quantization axis for any angular momentum operator (that is, we choose to

work with eigenstates of L̂3, Ŝ3, and Î3), the eigenstates of the Hamiltonian can be labeled by an index containing 5
quantum numbers, n = (n, l,mL,mS ,mI), and satisfy the eigenvalue expressions

ĤA|n〉 = En|n〉, with En = −E0/n
2, n = 1, 2, 3..., (214a)

L̂2|n〉 = l(l + 1)~2|n〉, l = 0, 1, ..., n− 1, (214b)

L̂3|n〉 = mL~|n〉, mL = −l,−l + 1, ..., l − 1, l, (214c)

Ŝ3|n〉 = mS~|n〉, mS = ±1/2, (214d)

Î3|n〉 = mI~|n〉, mI = ±1/2, (214e)

where E0 = me4/2(4πε0)2~ the so-called Rydberg energy that we need to give to the ground-state Hydrogen in
order to free its constituents and reach unbounded states. On the other hand, n, l, mL, and mS,I are known as
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principal, orbital, magnetic, and spin quantum numbers. Note that the eigenenergies depend only on the principal
quantum number, and are then 2 × 2 × n2 degenerate, as represented in Fig. ToDo. This is owed to the so-called
accidental degeneracy in l of the Coulomb potential, since general rotationally-symmetric potentials V (|r̂|) lead to
energy eigenvalues that depend also on l. In contrast, the independence on mL is characteristic of all V (|r̂|), and is
thus dubbed essential degeneracy.

The situation is much more complicated for heavier atoms [43]. However, in quantum optics experiments we usually
work with atoms or ions that have all their electrons in closed shells, except for a single one, the so-called valence
electron (think of alkaline atoms such us Li, Na, K, or Rb, or alkaline-earth ions such as Be+, Mg+, Ca+, or Sr+).
Under such circumstances, one can adopt a hydrogen-like model for the atom, which differs from the one introduced
above just by the fact that the closed-shell electrons screen the Coulomb interaction between the valence electron and
the nucleus, turning it into a different potential V (|r̂|) = −Zeff(|r̂|)e2/4πε0|r̂|, with an effective position-dependent

nucleus charge that is fully screened at large distances, Zeff
|r|→∞−→ 1, and not screened at all at very short ones,

Zeff
|r|→0−→ Z, where Z is the atomic number of the atom. In such case, the accidental degeneracy in l is broken, as

represented in Fig. ToDo, and the eigenenergies must be labeled with two quantum numbers, that is, Enl. Their
explicit expressions are not important for our purposes, and can be checked in [43].

Before proceeding, let us remark a small detail: heavier atoms will no longer have necessarily total nuclear spin
i = 1/2, where we denote the eigenvalue of Î2 by i(i+ 1)~2. Instead, their nucleons (protons and neutrons) can add
up to any of the values of i allowed by the rules of composition of angular momenta, although some make the atoms
more stable than others, of course (the lowest ones, intuitively). However, note that quantum optics experiments
typically occur at energy scales in which nuclear processes capable of changing i are not possible. Therefore, in the
following we don’t to include it as a quantum number, since it remains fixed during experiments.

Most of the other degeneracies mentioned above are broken once a more accurate atomic Hamiltonian is considered.
In particular, there is a hierarchy of corrections, which can be mainly collected in two sets, the so-called fine and
hyperfine corrections [40, 43]. Let us briefly discuss them now. The fine corrections include relativistic effects,
corresponding mainly to corrections of the kinetic energy term and to a new term that couples the orbital angular
momentum and the electronic spin as Ŝ ·L̂, the so-called spin-orbit coupling. Let us define Ĵ = L̂+Ŝ, sometimes called
electronic angular momentum, which is readily shown to commute with L̂2 and Ŝ2. Noting that Ŝ · L̂ ∝ Ĵ2− Ŝ2− L̂2,
we then see that the eigenenergies of the Hamiltonian will require now an additional label j, the quantum number
associated to the total electronic angular momentum. Hence, the quantum numbers mL and mS are not good ones
in the presence of relativistic effects, but instead we can use n = (n, l, j,mJ ,mI), with

Ĵ2|n〉 = j(j + 1)~2|n〉, j = |l ± 1/2|, (215a)

Ĵ3|n〉 = mJ~|n〉, mJ = −j,−j + 1, ..., j − 1, j, (215b)

added to the previous eigenvalue equations (214) for the other quantum numbers, and keeping in mind that the
eigenenergies have three indices now Enlj , whose explicit expressions can be checked in [40, 43]. Hence, only the
degeneracy in mJ and mI remains. The fine correction to the spectrum is sketched in Fig. ToDo.

The hyperfine corrections, called that way because they typically produce an even smaller correction than the fine
ones, include interactions between the electron and the nucleus that go beyond the Coulomb one. The most important
correction is due to interaction between the electronic and nuclear magnetic dipoles, that is, an interaction of the Ĵ · Î
type. It is then convenient to define now the atomic angular momentum operator F̂ = Ĵ+ Î, which commutes with Ĵ2

and Î2. Noting again that Ĵ · Î ∝ F̂2 − Ĵ2 − Î2, now the eigenenergies will require an additional label f , the quantum
number associated to F̂2. Hence, in the presence of hyperfine interactions, the quantum numbers mJ and mI must
be replaced, and instead we can use n = (n, l, j, f,mF ), with

F̂2|n〉 = f(f + 1)~2|n〉, f = |j − i|, |j − i|+ 1, ..., j + i, (216a)

F̂3|n〉 = mF~|n〉, mF = −f,−f + 1, ..., f − 1, f, (216b)

The hyperfine correction to the spectrum is sketched in Fig. ToDo, where we show the lowest values of Enljf . Note
that only the degeneracy in mF remains after all these corrections, but this can be lifted by applying an external
magnetic field eB, whose direction e defines the quantization axis in experiments, leading to a term proportional to
BF̂3 in the Hamiltonian (Zeeman effect). For this reason, mF is sometimes called atomic magnetic quantum number.

From this discussion and the sketches of Fig. ToDo, it is clear that atoms have a highly non-uniform energy
spectrum. Of course, more complicated matter systems such as molecules or materials have even more intricate
spectra.

A final important property that will become very relevant when studying the interaction of atoms with light refers
to the parity of the atomic eigenstates. The parity operator Π̂ is a unitary operator defined by its action on the
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coordinate operator Π̂†r̂Π̂ = −r̂ (which automatically implies Π̂†p̂Π̂ = −p̂, as easily proven24). Note that this

implies that Π̂2 = Î, which means that Π̂−1 = Π̂† = Π̂ and that the parity operator has eigenvalues ±1. Atomic
Hamiltonians are generally invariant under parity transformations (all the interactions and fundamental particles are
spherically symmetric), and hence, the parity operator commutes with the Hamiltonian. Therefore, the eigenstates of
the Hamiltonian can be chosen with well-defined parity. This has the consequence that the expectation value of the
coordinate operator r̂ in any of the eigenstates of the Hamiltonian is zero. In order to prove this, simply consider one
of such eigenstates |a〉, which will also be an eigenstate of the parity operator, Π̂|a〉 = πa|a〉, with πa = ±1. Then, it

follows that 〈a|r̂|a〉 = 〈a|Π̂2r̂Π̂2|a〉 = −π2
a〈a|r̂|a〉 = −〈a|r̂|a〉, which can hold only if 〈a|r̂|a〉 = 0. In general, it is clear

from this derivation that the coordinate operator can only connect states with opposite parity, that is, 〈a|r̂|b〉 6= 0
only if πa = −πb.

B. Two-level approximation: Pauli pseudo-spin operators, atomic states, and Bloch space

The fact that the spectrum of atoms is so complicated seems to suggest that describing their interaction with light
will be extremely difficult. However, we argue here that in most situations of interest in quantum optics, all atomic
levels but a few can be ignored. The argument proceeds as follows. Light can provide atoms with the energy to
perform transitions from some state to another with higher energy, say |g〉 → |e〉, where the labels refer to ground
and excited. In the simplest case, this happens because a photon gives its energy ~ω to the electron25, which can
therefore use that energy to effect the transition (ω is the frequency of the photon). However, energy conservation
tells us that the transition will only be possible when the energy of the photon matches (at least approximately) the
energy difference between the atomic states, Ee − Eg. Now, since the atomic energy spectrum is non-uniform, each
transition has essentially a unique energy difference, a unique spectral fingerprint. Therefore, if we shine the atom
with monochromatic light, we only expect two specific levels to react, the ones whose energy difference matches the
frequency of light. Any other level can be simply ignored, as photons cannot generate any dynamics involving them.
Below we indeed give explicit mathematical support to this intuitive arguments.

In order to be more precise, let us collect all the atomic quantum numbers into an index n as we did in the previous
section. From the previous discussion, we see that if we shine light matching the energy difference between two atomic
states labeled as |g〉 and |e〉, we can make the approximation

ĤA =
∑

n

En|n〉〈n| ≈ Eg|g〉〈g|+ Ee|e〉〈e|, (217)

which has a considerably simpler form than that of the original atomic Hamiltonian. This is known as the two-level
approximation.

Once the Hilbert space of the problem has been reduced to a two-dimensional one, we have a lot of mathematical
machinery developed for spin-1/2 angular momentum that we can use. In particular, let us rewrite the atomic
Hamiltonian as

ĤA =
Ee + Eg

2
(|e〉〈e|+ |g〉〈g|) +

Ee − Eg
2

(|e〉〈e| − |g〉〈g|). (218)

Since |e〉〈e| + |g〉〈g| = Î is the identity of the two-dimensional Hilbert subspace we are working on, the first term is
just a constant shift of the energy that plays no role in the dynamics of the system. We thus remove it, or, in other
words, we set the energy origin at the center of the transition for convenience. The second term, on the other hand,
has a very suggestive form, as we discuss next.

If we identify the excited and ground states with the ±1/2 states of a fictitious spin-1/2 system (a so-called pseudo-
spin), it is then natural to define the Pauli operators

σ̂x = |g〉〈e|+ |e〉〈g|, σ̂y = i(|g〉〈e| − |e〉〈g|), σ̂z = |e〉〈e| − |g〉〈g|, (219)

24 A simple proof is based on the canonical commutation relations. Let us do it for one component of the position and momentum, say q̂
and p̂, with [q̂, p̂] = i~. Applying the parity operator from the left and right, we can rewrite this commutator as -q̂Π̂†p̂Π̂ + Π̂†p̂Π̂q̂ = i~,

or [q̂, p̂] = −[q̂, Π̂†p̂Π̂], which implies Π̂†p̂Π̂ = −p̂ + c. In this expression, c is a constant that we can determine by, for example,

evaluating the matrix element 〈q|Π̂†p̂Π̂|q′〉, where |q〉 and |q′〉 are eigenstates of the coordinate q̂. Using the previous expression, we

obtain 〈q|Π̂†p̂Π̂|q′〉 = c〈q|q′〉 − 〈q|p̂|q′〉 = cδ(q− q′) + i~∂xδ(q− q′), where we have used (90), which in terms of position and momentum

(instead of quadratures) reads 〈q|p̂|ψ〉 = −i∂q〈q|ψ〉. On the other hand, using Π̂|q〉 = |−q〉, we can also write 〈q|Π̂†p̂Π̂|q〉 = 〈−q|p̂|−q′〉 =
i~∂(−q)〈−q| − q′〉 = i~∂qδ(q − q′). Finally, comparing both expressions we obtain c = 0.

25 Note that inelastic (Compton) scattering in which the photon cedes only part of its energy to the electron and changes its frequency, is
irrelevant at optical frequencies. In particular, the change of wavelength induced by such process is at most on the order of the electron’s
de Broglie wavelength, which is on the order of 10−3nm, very far away from optical wavelengths, typically on the order of hundreds of
nanometres.
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which satisfy the commutation and anticommutation relations26 [σ̂j , σ̂k] = 2i
∑
l=x,y,z εjklσ̂l and σ̂j σ̂k+ σ̂kσ̂j = 2δjk Î,

apart from the useful properties tr{σ̂j} = 0 and det{σ̂j} = −1. The property σ̂j σ̂k = δjk Î + i
∑
l=x,y,z εjklσ̂l is also

useful.
It is also important to remark that the Pauli operators, together with the identity, form a basis in the space of

operators acting on two-dimensional Hilbert spaces (which itself is a four-dimensional Hilbert space with respect

the inner product defined by the trace product tr{Â†B̂} for any two operators Â and B̂). While this sounds a bit
technical, the proof is actually completely trivial by making use of the representation of the Pauli operators in the
{|e〉, |g〉} basis, the so-called Pauli matrices

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
.

Together with the representation of the identity, it is obvious the linear combination

c0I + c1σx + c2σy + c3σz =

(
c0 + c3 c1 − ic2
c1 + ic2 c0 − c3

)
,

with parameters cj ∈ C allows writing any complex 2× 2 matrix.
Using the Pauli operators, the atomic Hamiltonian is then turned into

ĤA =
~ε
2
σ̂z, (220)

where we have defined ε = (Ee − Eg)/~, the so-called transition frequency.
It is also convenient to define raising and lowering operators that effect transitions in between the atomic levels,

σ̂ = |g〉〈e| = (σ̂x − iσ̂y)/2, σ̂† = |e〉〈g| = (σ̂x + iσ̂y)/2, (221)

which obey the commutation relations [σ̂, σ̂†] = −σ̂z, [σ̂, σ̂z] = 2σ̂, and [σ̂†, σ̂z] = −2σ̂†.
Let’s move on now to the description of atomic states. As mentioned above, Together with the identity, the

Pauli operators form a basis for any other operator. Hence, the density operator representing the atomic state can
be expanded as ρ̂ = (b0Î + bT σ̂)/2, where we have introduced the Pauli vector σ̂ = (σ̂x, σ̂y, σ̂z)

T , the expansion
coefficients b0 and b = (bx,by, bz)

T , and we have divided by two for future convenience. The properties that physical
density operators must satisfy restrict the values that these coefficients can take. For example, they must be real,
since ρ̂† = b∗0Î + b†σ̂ = ρ̂ can hold only if that is the case. Next, the normalization of the state fixes b0 = 1, since

tr{ρ̂} = b0tr{Î}/2 = b0 must be equal to 1. Finally, the eigenvalues of the density operator must be positive, but
smaller than or equal to 1. Since the matrix representation of the operator is only 2× 2, these are trivial to find. In
particular, the characteristic equation reads

det{ρ̂− λÎ} = det

{
1

2

(
1− 2λ+ bz bx − iby
bx + iby 1− 2λ− bz

)}
=

1

4

[
(1− 2λ)2 − |b|2

]
= 0, (222)

leading to eigenvalues (1 ± |b|)/2, and hence to the condition |b| ≤ 1. Therefore, a general atomic state within the
two-level approximation can be written as

ρ̂ =
1

2
(Î + bT σ̂), with |b| ≤ 1. (223)

b is known as the Bloch vector, whose components can be interpreted as the expectation values of the Pauli operators,
as readily seen from

〈σ̂j〉 = tr{ρ̂σ̂j} =
1

2
tr{σ̂j}︸ ︷︷ ︸

0

+
∑

k=x,y,z

bk
2

tr{σ̂kσ̂j}︸ ︷︷ ︸
2δkj

= bj . (224)

Of particular relevance is bz, which provides the probability of being in the excited or ground states as pe = 〈e|ρ̂|e〉 =
(1+bz)/2 and pg = 〈g|ρ̂|g〉 = (1−bz)/2, respectively. These are usually called the excited and ground state populations.

26 Note that εjkl is the so-called Levi-Civita symbol, defined by being completely antisymmetric under the exchange of any two indices
and εxyz = 1.
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This way of writing density operators naturally leads to a way of visualizing them in the space generated by the
expectation values of the Pauli operators, which we call Bloch space. State (223) corresponds to a point b in that
space. This is represented in Figure ToDo.

Note that, since the eigenvalues of the density matrix depend solely on b2, states of equal entropy live all in a
sphere centered at the origin of Bloch space (see Figure ToDo). In particular, note that the maximally mixed state

ρ̂ = Î/2 corresponds to b = 0, while pure states have |b| = 1, since only then the density operator has eigenvalues
1 and 0, as corresponds to a rank-1 projector (that is, a single state contributing to the mixture). Hence, pure
states are specified in the Bloch space by a point in a sphere of radius one centered at the origin, the so-called Bloch
sphere. In particular, we can use the polar φ and azimuthal θ angles of spherical coordinates to pinpoint them,
b = (sin θ cosφ, sin θ sinφ, cos θ), with θ ∈ [0, π] and φ ∈ [0, 2π[. In the Hilbert space, this means that any pure state
can be written as

|ψ〉 = cos

(
θ

2

)
|e〉+ eiφ sin

(
θ

2

)
|g〉, (225)

as can be readily checked. We thus see that the north pole of the Bloch sphere (θ = 0, φ = 0) corresponds to the
excited state |e〉, while the south pole (θ = π, φ = 0) corresponds to the ground state |g〉. The eigenstates of the
other Pauli operators are located then in the equator θ = π/2.

C. Unsupervised evolution of two-level systems

1. General Hamiltonian and Bloch equations

Using again the fact that the Pauli matrices together with the identity are a basis for any operator acting on a
two-dimensional Hilbert space, we can write the most general type of Hamiltonian acting on a two-level system as

Ĥ(t) =
~
2
αT (t)σ̂, (226)

where α(t) is a vector with arbitrary real functions of time as entries and we have dismissed terms proportional to
the identity, since they don’t play any role in the dynamics of the atom.

One convenient way of analyzing the dynamics of the system is based on the evolution of the Bloch vector in the
Bloch space. The evolution equation of the Bloch vector can be easily found in many ways. Since we know that
its components are the expectation values of the Pauli operators, possibly the simplest way consists in finding the
Heisenberg equations of these operators, and then take their expectation values. Let’s proceed this way. We get

dσ̂j
dt

=

[
σ̂j ,

Ĥ(t)

i~

]
= − i

2

∑

k=x,y,z

αk(t)[σ̂j , σ̂k] =
∑

k,l=x,y,z

εjklαk(t)σ̂l, (227)

and taking the expectation value

dbj
dt

=
∑

k,l=x,y,z

εjklαk(t)bl. (228)

These are known as the Bloch equations of the two-level system, and can be written in matrix form as

ḃ = B(t)b, with B(t) =




0 −αz(t) αy(t)
αz(t) 0 −αx(t)
−αy(t) αx(t) 0


 . (229)

In principle, being a 3× 3 linear system, it is not difficult to solve these equations for any choice of α(t), numerically
in the worst case. In the following we will consider a couple of examples of special interest for quantum optics. But
before that, let us show that |b| is a conserved quantity, and therefore, the trajectory b(t) in Bloch space is restricted
to a sphere with radius equal to |b(0)|. We simply evaluate

d|b|2
dt

=
∑

j=x,y,z

db2j
dt

= 2
∑

j=x,y,z

bj
dbj
dt

= 2
∑

j,k,l=x,y,z

εjklbjαkbl = 0, (230)
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Figure 10. Evolution of the Bloch vector when the atom is subject to its free Hamiltonian (220). The trajectory is shown with
a color gradient, where the initial condition is shown in red. The trail of the Bloch vector indicates the direction of its motion.
As explained in the main text, the evolution induced by any Hamiltonian is constrained to a sphere of radius |b(0)|, shown in
black in the figure. Hence, we see that when allowed to evolve freely, the atom describes right-handed circular rotation around
the z axis.

where in the last equality we have used that εjkl is antisymmetric in (jl) while bjαkbl is symmetric. Note that this
result is actually quite intuitive once we remember that unitary transformations cannot change the entropy of the
state, which in the case of two-level systems depends solely on |b|.

We will see that most of the time it is useful to work with the raising and lowering operators instead of σ̂x and σ̂y.
We can rewrite the Hamiltonian in terms of these as

Ĥ(t) =
~
2

[αz(t)σ̂z + α(t)σ̂ + α∗(t)σ̂†], (231)

with α(t) = αx(t) + iαy(t). Defining then b = (bx − iby)/2 = 〈σ̂〉, the Bloch equations are rewritten as

ḃ = −iαz(t)b+
i

2
α∗(t)bz, (232a)

ḃz = iα(t)b− iα∗(t)b∗, (232b)

which we will call complex Bloch equations.

2. Free evolution

Let us consider as a first, trivial example the free evolution of the two-level system. This corresponds to the choice
α = (0, 0, ε)T , leading to complex Bloch equations

ḃ = −iεb, ḃz = 0 =⇒ b(t) = b(0)e−iεt, bz(t) = bz(0). (233)

Note how simple the solution looks in terms of the complex representation of the Bloch vector. In terms of the
cartesian components of the Bloch vector, we then get

bx(t) = bx(0) cos(εt)− by(0) sin(εt), (234a)

by(t) = by(0) cos(εt) + bx(0) sin(εt), (234b)

bz(t) = bz(0). (234c)

As expected, the populations of the excited and ground states, [1 ± bz(t)]/2, do not change in time (σ̂z commutes

with Ĥ). The Bloch vector evolves along a circular trajectory parallel to the x − y plane, undergoing right-handed
harmonic rotation around the z axis, as shown in Figure 10. This effect is known as (pseudo-)spin precession.
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3. Rabi oscillations and the rotating-wave approximation

Let us now take one step forward, and consider a Hamiltonian

Ĥ(t) =
~ε
2
σ̂z + ~Ω cos(ωt)σ̂x, (235)

described by α(t) = (2Ω cosωt, 0, ε). As we will see in the next chapter, this Hamiltonian, known as the semiclassical
Rabi Hamiltonian, describes an atom subject to a (classical) monochromatic light field of frequency ω. Hence, we
expect the atom to react to this field only when ω is close to ε, as discussed in the first section of this chapter. Among
other things, this example will actually allow us to specify what “close” means. We will also assume that Ω � ω, a
natural assumption for optical frequencies (ω ∼ 1015Hz), which are quite large, and would require unconceivable large
field intensities, as we shall see in the next chapter.

The complex Bloch equations (232) read in this case as

ḃ = −iεb+ iΩ cos(ωt)bz, (236a)

ḃz = 2iΩ cos(ωt)(b− b∗). (236b)

It is convenient to define a slowly-varying variable b̃(t) = eiωtb(t). Since ω must be close to ε for the arguments
exposed above, this transformation removes a large part of the spin precession around the z axis induced by the free
term of the Hamiltonian, so that we expect the new variable to vary slowly compared to ε. We will later check that
this is indeed the case. In terms of this new variable, and expanding 2 cosωt = eiωt + e−iωt, the previous equations
read

˙̃
b = i(ω − ε)b̃+ i

Ω

2

(
1 + e2iωt

)
bz, (237a)

ḃz = iΩ
(
1 + e−2iωt

)
b̃− c.c. . (237b)

These equations are exact, but not easy to analyze analytically because of the time-dependent coefficients e2iωt.
However, next we argue that this coefficients are negligible. This is known as the rotating-wave approximation, and is
of paramount importance in quantum optics, as we shall see through many examples over the next chapters. An easy
way of understanding the conditions under which such an approximation works consists in integrating the equations
above over one optical cycle, obtaining

∫ t+π/ω

t−π/ω
dτ

˙̃
b(τ) = i(ω − ε)

∫ t+π/ω

t−π/ω
dτ b̃(τ) + i

Ω

2

(∫ t+π/ω

t−π/ω
dτbz(τ) +

∫ t+π/ω

t−π/ω
dτbz(τ)e2iωτ

)
, (238a)

∫ t+π/ω

t−π/ω
dτ ḃz(τ) = iΩ

(∫ t+π/ω

t−π/ω
dτ b̃(τ) +

∫ t+π/ω

t−π/ω
dτ b̃(τ)e−2iωτ

)
− c.c. . (238b)

The key idea now is that once we perform the rotating-wave approximation, the evolution of b̃(t) and bz(t) will depend
only on |ω−ε| and Ω, which are assumed to be much smaller than ω. In other words, these variables are approximately
constant over one optical cycle. Hence, approximating these variables by their value at the center of the integration
domain, so that, for example,

∫ t+π/ω

t−π/ω
dτ b̃(τ) ≈ 2π

ω
b̃(t), (239a)

∫ t+π/ω

t−π/ω
dτ b̃(τ)e2iωτ ≈ b̃(t)

∫ t+π/ω

t−π/ω
dτe2iωτ = 0, (239b)

we obtain

˙̃
b = i∆b̃+ i

Ω

2
bz, (240a)

ḃz = iΩ(b̃− b̃∗), (240b)

where we have defined the detuning ∆ = ω−ε. These are precisely the equations (237) but without the time-dependent
terms, and will be a good approximation to these as long as |ω − ε| � ω and Ω� ω. The arguments leading to this
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<latexit sha1_base64="4y4Yq/4hir5g7EWMgx12Lx0xi8M=">AAAB6nicdVDLSgMxFM3UV62vqks3wSLUzZC0Sju7ghuXFe0D2qFk0kwbmskMSUYoQz/BjQtF3PpF7vwb04egogcuHM65l3vvCRLBtUHow8mtrW9sbuW3Czu7e/sHxcOjto5TRVmLxiJW3YBoJrhkLcONYN1EMRIFgnWCydXc79wzpXks78w0YX5ERpKHnBJjpdsyPR8US8jFGKGKB5GLPK9erVqCaxjVPIhdtEAJrNAcFN/7w5imEZOGCqJ1D6PE+BlRhlPBZoV+qllC6ISMWM9SSSKm/Wxx6gyeWWUIw1jZkgYu1O8TGYm0nkaB7YyIGevf3lz8y+ulJqz7GZdJapiky0VhKqCJ4fxvOOSKUSOmlhCquL0V0jFRhBqbTsGG8PUp/J+0Ky6+cC9vKqVGfRVHHpyAU1AGGNRAA1yDJmgBCkbgATyBZ0c4j86L87pszTmrmWPwA87bJ+9njY4=</latexit>

Figure 11. Evolution of the Bloch vector when the atom is subject to the semiclassical Rabi Hamiltonian (235). As in the
previous figure, the trajectory is shown with a color gradient, where the initial condition is marked in red, here chosen to be
the excited state |e〉 (north pole). In (a) we show the evolution of the slowly-varying Bloch vector b̃ = (b̃x, b̃y, bz)

T , which
undergoes right-handed precession around the x axis. In contrast, the trajectory of the original Bloch vector, which includes
the precession around the z axis, describes a spiral trajectory as shown in (b) and (c), for half a period and a full period,
respectively (note that on the second half of the evolution the trajectory is also spiral, but not the same as the spiral described
by the first half, as that would require the precession along the z axis to change from right-handed to left-handed after half a
period). We have chosen ε = 25Ω in order to be able to see the spiral trajectory to the naked eye, but keep in mind that in
common quantum optics experiments atomic transitions can get much larger than that.

rotating-wave approximation can be put in more rigorous mathematical terms by using time-dependent perturbation
theory, which we shall do later as an exercise for completeness.

Now that we have removed explicit time dependences, these equations can be solved analytically. For the sake of
keeping the discussion going, we will do this at the end of the section, and here we just discuss the solution, which
reads

bz(t) =
δ2bz(0)− δbx(0) + [bz(0) + δbx(0)] cos (ΩRt) +

√
1 + δ2by(0) sin (ΩRt)

1 + δ2
, (241a)

b̃(t) =
bx(0)− δbz(0) + [δbz(0) + 2δ2b(0)− iby(0)] cos (ΩRt) + i

√
1 + δ2[bz(0) + 2δb(0)] sin (ΩRt)

2(1 + δ2)
, (241b)
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h�̂xi

<latexit sha1_base64="KJIS1QkKu/2r3z9ddlqwPdsUUBQ=">AAACBXicbVBNS8NAEN3Ur1q/oh71ECyCp5JIxR4LXjxWsK3QhDDZbtKlm03Y3Ygl9OLFv+LFgyJe/Q/e/Ddu0xy09cHA470ZZuYFKaNS2fa3UVlZXVvfqG7WtrZ3dvfM/YOeTDKBSRcnLBF3AUjCKCddRRUjd6kgEAeM9IPx1czv3xMhacJv1SQlXgwRpyHFoLTkm8cuAx4x4o5A5a6kUQxT/8EVheibdbthF7CWiVOSOirR8c0vd5jgLCZcYQZSDhw7VV4OQlHMyLTmZpKkgMcQkYGmHGIivbz4YmqdamVohYnQxZVVqL8ncoilnMSB7oxBjeSiNxP/8waZClteTnmaKcLxfFGYMUsl1iwSa0gFwYpNNAEsqL7VwiMQgJUOrqZDcBZfXia984bTbFzcNOvtVhlHFR2hE3SGHHSJ2ugadVAXYfSIntErejOejBfj3fiYt1aMcuYQ/YHx+QOOc5k6</latexit>

h�̂yi

<latexit sha1_base64="2ioir+KmiVks8SWsJD2MXJ4DUzE=">AAACBXicbVBNS8NAEN3Ur1q/oh71ECyCp5JIxR4LXjxWsB/QhDDZbtqlm03Y3Qgh9OLFv+LFgyJe/Q/e/Ddu0xy09cHA470ZZuYFCaNS2fa3UVlb39jcqm7Xdnb39g/Mw6OejFOBSRfHLBaDACRhlJOuooqRQSIIRAEj/WB6M/f7D0RIGvN7lSXEi2DMaUgxKC355qnLgI8ZcSegclfScQQzP3NFIfpm3W7YBaxV4pSkjkp0fPPLHcU4jQhXmIGUQ8dOlJeDUBQzMqu5qSQJ4CmMyVBTDhGRXl58MbPOtTKywljo4soq1N8TOURSZlGgOyNQE7nszcX/vGGqwpaXU56kinC8WBSmzFKxNY/EGlFBsGKZJoAF1bdaeAICsNLB1XQIzvLLq6R32XCajau7Zr3dKuOoohN0hi6Qg65RG92iDuoijB7RM3pFb8aT8WK8Gx+L1opRzhyjPzA+fwCP/pk7</latexit>

h�̂zi

<latexit sha1_base64="pyFnoJDRUDVJp7LmpfNiRfTHEjA=">AAACBXicbVBNS8NAEN3Ur1q/oh71ECyCp5JIxR4LXjxWsK3QhDDZbtKlm03Y3Qg19OLFv+LFgyJe/Q/e/Ddu0xy09cHA470ZZuYFKaNS2fa3UVlZXVvfqG7WtrZ3dvfM/YOeTDKBSRcnLBF3AUjCKCddRRUjd6kgEAeM9IPx1czv3xMhacJv1SQlXgwRpyHFoLTkm8cuAx4x4o5A5a6kUQxT/8EVheibdbthF7CWiVOSOirR8c0vd5jgLCZcYQZSDhw7VV4OQlHMyLTmZpKkgMcQkYGmHGIivbz4YmqdamVohYnQxZVVqL8ncoilnMSB7oxBjeSiNxP/8waZClteTnmaKcLxfFGYMUsl1iwSa0gFwYpNNAEsqL7VwiMQgJUOrqZDcBZfXia984bTbFzcNOvtVhlHFR2hE3SGHHSJ2ugadVAXYfSIntErejOejBfj3fiYt1aMcuYQ/YHx+QORiZk8</latexit>

b(0)

<latexit sha1_base64="pR111hi0apLtmksOoRLlQ1zwsXM=">AAAB9HicdVDLSgMxFM3UV62vqks3wSLUzZBpK+3sCm5cVrAPaIeSSTNtaCYzJplCGfodblwo4taPceffmGkrqOiBwOGce7knx485UxqhDyu3sbm1vZPfLeztHxweFY9POipKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1p9eZ351RqVgk7vQ8pl6Ix4IFjGBtJG8QYj3xg9RflNHlsFhCtuMgVHEhspHrNqpVQ5y6g+oudGy0RAms0RoW3wejiCQhFZpwrFTfQbH2Uiw1I5wuCoNE0RiTKR7TvqECh1R56TL0Al4YZQSDSJonNFyq3zdSHCo1D30zmYVUv71M/MvrJzpoeCkTcaKpIKtDQcKhjmDWABwxSYnmc0MwkcxkhWSCJSba9FQwJXz9FP5POhXbqdlXt7VSs7KuIw/OwDkoAwfUQRPcgBZoAwLuwQN4As/WzHq0XqzX1WjOWu+cgh+w3j4BfdGR4w==</latexit>

� = 0

<latexit sha1_base64="ja3i2mKCDCadjV1D9J+Uk83EgYs=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuQhLT2o1QcOOygn1AG8pkctMOnTycmQgl9CfcuFDErb/jzr9xmlZQ0QMXDufcy733+ClnUlnWh7Gyura+sVnaKm/v7O7tVw4OOzLJBIU2TXgiej6RwFkMbcUUh14qgEQ+h64/uZr73XsQkiXxrZqm4EVkFLOQUaK01BsEwBW5tIaVqmWe1xyn4eKC2I16Qequ62DbtApU0RKtYeV9ECQ0iyBWlBMp+7aVKi8nQjHKYVYeZBJSQidkBH1NYxKB9PLi3hk+1UqAw0ToihUu1O8TOYmknEa+7oyIGsvf3lz8y+tnKmx4OYvTTEFMF4vCjGOV4PnzOGACqOJTTQgVTN+K6ZgIQpWOqKxD+PoU/086jmm7Zu3GrTatZRwldIxO0Bmy0QVqomvUQm1EEUcP6Ak9G3fGo/FivC5aV4zlzBH6AePtE+x9j9w=</latexit>

� = 3

<latexit sha1_base64="jexU5nDV4yxoMaCBGaxkwFRg27I=">AAAB73icdVDLSsNAFL2pr1pfVZduBovgKiRpWrsRCm5cVrAPaEOZTCbt0MnDmYlQSn/CjQtF3Po77vwbp2kFFT1w4XDOvdx7j59yJpVlfRiFtfWNza3idmlnd2//oHx41JFJJghtk4QnoudjSTmLaVsxxWkvFRRHPqddf3K18Lv3VEiWxLdqmlIvwqOYhYxgpaXeIKBc4cvqsFyxzGrNcRouyondqOek7roOsk0rRwVWaA3L74MgIVlEY0U4lrJvW6nyZlgoRjidlwaZpCkmEzyifU1jHFHpzfJ75+hMKwEKE6ErVihXv0/McCTlNPJ1Z4TVWP72FuJfXj9TYcObsTjNFI3JclGYcaQStHgeBUxQovhUE0wE07ciMsYCE6UjKukQvj5F/5OOY9quWbtxK01rFUcRTuAUzsGGC2jCNbSgDQQ4PMATPBt3xqPxYrwuWwvGauYYfsB4+wTxCY/f</latexit>

� = 1

<latexit sha1_base64="NHXLSTswUZqQvUaZqNBkT+kH6dU=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuQhLT2o1QcOOygn1AG8pkMmmHTh7O3Agl9CfcuFDErb/jzr9xmlZQ0QMXDufcy733+KngCizrw1hZXVvf2Cxtlbd3dvf2KweHHZVkkrI2TUQiez5RTPCYtYGDYL1UMhL5gnX9ydXc794zqXgS38I0ZV5ERjEPOSWgpd4gYALIpT2sVC3zvOY4DRcXxG7UC1J3XQfbplWgipZoDSvvgyChWcRioIIo1betFLycSOBUsFl5kCmWEjohI9bXNCYRU15e3DvDp1oJcJhIXTHgQv0+kZNIqWnk686IwFj99ubiX14/g7Dh5TxOM2AxXSwKM4EhwfPnccAloyCmmhAqub4V0zGRhIKOqKxD+PoU/086jmm7Zu3GrTatZRwldIxO0Bmy0QVqomvUQm1EkUAP6Ak9G3fGo/FivC5aV4zlzBH6AePtE+4Bj90=</latexit>

� = 0.5

<latexit sha1_base64="iecUKlAI67/LzRsHHmdpKDlsNFE=">AAAB8XicdVBNS8NAEJ34WetX1aOXxSJ4CklNay9CwYvHCvYD21A2m027dLMJuxuhlP4LLx4U8eq/8ea/cZtWUNEHA4/3ZpiZF6ScKe04H9bK6tr6xmZhq7i9s7u3Xzo4bKskk4S2SMIT2Q2wopwJ2tJMc9pNJcVxwGknGF/N/c49lYol4lZPUurHeChYxAjWRrrrh5RrfOnY1UGp7Njn1Uql7qGcuPVaTmqeV0Gu7eQowxLNQem9HyYki6nQhGOleq6Tan+KpWaE01mxnymaYjLGQ9ozVOCYKn+aXzxDp0YJUZRIU0KjXP0+McWxUpM4MJ0x1iP125uLf3m9TEd1f8pEmmkqyGJRlHGkEzR/H4VMUqL5xBBMJDO3IjLCEhNtQiqaEL4+Rf+TdsV2Pbt645UbzjKOAhzDCZyBCxfQgGtoQgsICHiAJ3i2lPVovVivi9YVazlzBD9gvX0C0lKQUw==</latexit>

� = 0.2

<latexit sha1_base64="rd1UWCFHUJHwwj3CA8gegAJyXVc=">AAAB8XicdVBNS8NAEJ34WetX1aOXxSJ4CklMay9CwYvHCvYD21I22027dLMJuxuhhP4LLx4U8eq/8ea/cZtWUNEHA4/3ZpiZFyScKe04H9bK6tr6xmZhq7i9s7u3Xzo4bKk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7mFzN/fY9lYrF4lZPE9qP8EiwkBGsjXTXG1Ku8aVje4NS2bHPK55X81FO3Fo1J1Xf95BrOznKsERjUHrvDWOSRlRowrFSXddJdD/DUjPC6azYSxVNMJngEe0aKnBEVT/LL56hU6MMURhLU0KjXP0+keFIqWkUmM4I67H67c3Fv7xuqsNaP2MiSTUVZLEoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQiqaEL4+Rf+Tlme7vl258ct1ZxlHAY7hBM7AhQuowzU0oAkEBDzAEzxbynq0XqzXReuKtZw5gh+w3j4BzcaQUA==</latexit>

b(t)

<latexit sha1_base64="8S81h3sA4MkH9cuq56IUVq5kzmA=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBItQN2WmTul0V3DjsoJ9QDuUTJppQzMPk0yhDP0ONy4UcevHuPNvzLQVVPRA4HDOvdyT48WcSWWaH0ZuY3Nreye/W9jbPzg8Kh6fdGSUCELbJOKR6HlYUs5C2lZMcdqLBcWBx2nXm15nfndGhWRReKfmMXUDPA6ZzwhWWnIHAVYTz0+9RVldDosls3JlNxo1B2niODUzI7Zp160GsirmEiVYozUsvg9GEUkCGirCsZR9y4yVm2KhGOF0URgkksaYTPGY9jUNcUClmy5DL9CFVkbIj4R+oUJL9ftGigMp54GnJ7OQ8reXiX95/UT5jpuyME4UDcnqkJ9wpCKUNYBGTFCi+FwTTATTWRGZYIGJ0j0VdAlfP0X/k061YtmV2q1dalbXdeThDM6hDBbUoQk30II2ELiHB3iCZ2NmPBovxutqNGesd07hB4y3TwpOkkA=</latexit>

⌘

<latexit sha1_base64="kjx2qgXgay5NbZ/kqtFH9r4PCzQ=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjK10s6u4MZlBfuAdiiZNNPGZpIxyRTK0H9w40IRt/6PO//G9CGo6IELh3Pu5d57woQzbRD6cHJr6xubW/ntws7u3v5B8fCopWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2Or+Z+e0KVZlLcmmlCgxgPBYsYwcZKrR69T9mkXywh1/MQKvsQucj3axcXlnhVD1V96LlogRJYodEvvvcGkqQxFYZwrHXXQ4kJMqwMI5zOCr1U0wSTMR7SrqUCx1QH2eLaGTyzygBGUtkSBi7U7xMZjrWexqHtjLEZ6d/eXPzL66YmqgUZE0lqqCDLRVHKoZFw/jocMEWJ4VNLMFHM3grJCCtMjA2oYEP4+hT+T1pl16u4lzeVUr28iiMPTsApOAceqII6uAYN0AQE3IEH8ASeHek8Oi/O67I156xmjsEPOG+fJM6Peg==</latexit>

|gi

<latexit sha1_base64="siv0DKrfcmzP8NIh88sdL7mDQSs=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJtpZ1dwY3LCvYh7VAyaWYammSGJCOU2q9w40IRt36OO//G9CGo6IELh3Pu5d57wpQzbRD6cHJr6xubW/ntws7u3v5B8fCorZNMEdoiCU9UN8SaciZpyzDDaTdVFIuQ0044vpz7nTuqNEvkjZmkNBA4lixiBBsr3d7HfYVlzOmgWEKu5yFU9iFyke/XKxVLvJqHaj70XLRACazQHBTf+8OEZIJKQzjWuueh1ARTrAwjnM4K/UzTFJMxjmnPUokF1cF0cfAMnlllCKNE2ZIGLtTvE1MstJ6I0HYKbEb6tzcX//J6mYnqwZTJNDNUkuWiKOPQJHD+PRwyRYnhE0swUczeCskIK0yMzahgQ/j6FP5P2mXXq7oX19VSo7yKIw9OwCk4Bx6ogQa4Ak3QAgQI8ACewLOjnEfnxXldtuac1cwx+AHn7RNsmZDK</latexit>

b̃(t)

<latexit sha1_base64="dYYydC2h11MYzHT29VTwck1nwwg=">AAAB/nicdVDLSgMxFM3UV62vqrhyEyxC3ZSZOqXtruDGZQX7gM5QMmmmDc08SO4IZSj4K25cKOLW73Dn35hpK6jogcDhnHu5J8eLBVdgmh9Gbm19Y3Mrv13Y2d3bPygeHnVVlEjKOjQSkex7RDHBQ9YBDoL1Y8lI4AnW86ZXmd+7Y1LxKLyFWczcgIxD7nNKQEvD4okDXIxY6gQEJp6fevN5GS6GxZJZubSbzVoDa9Jo1MyM2KZdt5rYqpgLlNAK7WHx3RlFNAlYCFQQpQaWGYObEgmcCjYvOIliMaFTMmYDTUMSMOWmi/hzfK6VEfYjqV8IeKF+30hJoNQs8PRkllL99jLxL2+QgN9wUx7GCbCQLg/5icAQ4awLPOKSURAzTQiVXGfFdEIkoaAbK+gSvn6K/yfdasWyK7Ubu9SqrurIo1N0hsrIQnXUQteojTqIohQ9oCf0bNwbj8aL8boczRmrnWP0A8bbJwi0lic=</latexit>

⌦Rt

<latexit sha1_base64="5cyFm8YLzQ5PL0/kSvXAj77IdwU=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJtpZ1dwY07q9hWbIeSSTNtaJIZkoxQhv6FGxeKuPVv3Pk3pg9BRQ9cOJxzL/feEyacaYPQh5NbWV1b38hvFra2d3b3ivsHbR2nitAWiXmsbkOsKWeStgwznN4mimIRctoJx+czv3NPlWaxvDGThAYCDyWLGMHGSne9S0GHuH8NTb9YQq7nIVT2IXKR79crFUu8modqPvRcNEcJLNHsF997g5ikgkpDONa666HEBBlWhhFOp4VeqmmCyRgPaddSiQXVQTa/eApPrDKAUaxsSQPn6veJDAutJyK0nQKbkf7tzcS/vG5qonqQMZmkhkqyWBSlHJoYzt6HA6YoMXxiCSaK2VshGWGFibEhFWwIX5/C/0m77HpV9+yqWmpUlnHkwRE4BqfAAzXQABegCVqAAAkewBN4drTz6Lw4r4vWnLOcOQQ/4Lx9Ak18kKc=</latexit>

pe(t)

<latexit sha1_base64="DNYYA55z1PDI/Z4QhVR2UC5RbiA=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzZDYSju7ghuXFewD2qFk0kwbm5kMSUYoQ//BjQtF3Po/7vwb04egogcuHM65l3vvCRLBtUHow8mtrW9sbuW3Czu7e/sHxcOjtpapoqxFpZCqGxDNBI9Zy3AjWDdRjESBYJ1gcjX3O/dMaS7jWzNNmB+RUcxDTomxUjsZsLI5HxRLyMUYoQsPIhd5Xr1SsQTXMKp5ELtogRJYoTkovveHkqYRiw0VROseRonxM6IMp4LNCv1Us4TQCRmxnqUxiZj2s8W1M3hmlSEMpbIVG7hQv09kJNJ6GgW2MyJmrH97c/Evr5easO5nPE5Sw2K6XBSmAhoJ56/DIVeMGjG1hFDF7a2Qjoki1NiACjaEr0/h/6R94eKqe3lTLTUqqzjy4AScgjLAoAYa4Bo0QQtQcAcewBN4dqTz6Lw4r8vWnLOaOQY/4Lx9Ak7xju4=</latexit>

� = 0

<latexit sha1_base64="xUva19Zfz2mkSHBgecpeRebgBrg=">AAAB73icdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXYQAl48RjAmkAyhp6cnadKz2F0jhCE/4cWDIl79HW/+jZ1FUNEHBY/3qqiq5yWCK7CsDyO3tr6xuZXfLuzs7u0fFA+PblWcSso6NBax7HlEMcEj1gEOgvUSyUjoCdb1Jpdzv3vPpOJxdAPThLkhGUU84JSAlnoDnwkgF9awWLLMcrPRrNewZTrlSqXe1KRWtSsNB9umtUAJrdAeFt8HfkzTkEVABVGqb1sJuBmRwKlgs8IgVSwhdEJGrK9pREKm3Gxx7wyfacXHQSx1RYAX6veJjIRKTUNPd4YExuq3Nxf/8vopBA0341GSAovoclGQCgwxnj+PfS4ZBTHVhFDJ9a2YjokkFHREBR3C16f4f3JbNm3HrF47pZa9iiOPTtApOkc2qqMWukJt1EEUCfSAntCzcWc8Gi/G67I1Z6xmjtEPGG+fDpKP9A==</latexit>

� 6= 0

<latexit sha1_base64="qKQao3R2i40chaMTtO31hrRblVk=">AAAB83icdVDLSsNAFJ34rPVVdelmsAiuQlLTGncFNy4r2Ac0oUwmt+3QySTOTIRS+htuXCji1p9x5984fQgqeuDC4Zx7ufeeKONMacf5sFZW19Y3Ngtbxe2d3b390sFhS6W5pNCkKU9lJyIKOBPQ1Exz6GQSSBJxaEejq5nfvgepWCpu9TiDMCEDwfqMEm2kIIiBaxIIuMNOr1R2bN+reI6PHbvqVf3auSGu61Zql9i1nTnKaIlGr/QexCnNExCacqJU13UyHU6I1IxymBaDXEFG6IgMoGuoIAmocDK/eYpPjRLjfipNCY3n6veJCUmUGieR6UyIHqrf3kz8y+vmuu+HEyayXIOgi0X9nGOd4lkAOGYSqOZjQwiVzNyK6ZBIQrWJqWhC+PoU/09aFdv17OqNV667yzgK6BidoDPkogtUR9eogZqIogw9oCf0bOXWo/VivS5aV6zlzBH6AevtE+BekYw=</latexit>

1

<latexit sha1_base64="skc0FwAUk0EMGPJKzJ/ucVIBPTo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCF48t2A9oQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikpZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3dxvP6HSPJEPZpJiENOh5BFn1Fip4ffLFc/1FiDrxM9JBXLU++Wv3iBhWYzSMEG17vpeaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZEPzVl9dJ68r1q+51o1qpuXkcRTiDc7gEH26gBvdQhyYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdzGMqQ==</latexit>

0.75
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Figure 12. (a) Evolution of the slowly-varying Bloch vector when the atom is initialized in the ground state |g〉 (south pole)
and then subject to the semiclassical Rabi Hamiltonian (235), for different values of the normalized detuning δ. Conventions
are as in the previous figures. All the trajectories are circular and touch the south pole, but their radius is smaller the larger
δ is. We show in (b) the excited state population as a function of time for δ = 0 and a generic δ 6= 0. It displays clear Rabi
oscillations that periodically transfer population from the ground to the excited state, but with an efficiency that decreases as
the detuning increases.

where we have introduced the normalized detuning δ = ∆/Ω, the Rabi frequency ΩR =
√

Ω2 + ∆2, and used the

relation 2b(0) = bx(0) − iby(0) to shorten a bit the expressions. Note that, importantly, both bz(t) and b̃(t) oscillate
at frequency ΩR, and are therefore slowly varying variables as compared to ω, which proves the consistency of the
rotating-wave approximation performed above27. Note as well that the populations [1± bz(t)] oscillate in time, which
is a phenomenon known as Rabi oscillations.

We consider now some specific limits of this solution. First, let us consider the |δ| � 1 limit (remember that

|b| ≤ 1), which leads to bz(t) = bz(0) and b̃(t) = b(0)ei∆t, or b(t) = b(0)e−iεt in terms of the original variable. This
is precisely the solution (233) that we found for an atom evolving freely. Hence, as expected, the atom won’t feel
the light field if |∆| � Ω. Most importantly, this also justifies the two-level approximation, that is, neglecting all
transitions which are far from resonance with respect to the light frequency.

The opposite limit, δ = 0, is also interesting. This corresponds to a light field resonant with the atomic transition,
where, writing 2b̃(t) = b̃x(t) + ib̃y(t), the solution for the original variables reads

b̃x(t) = bx(0), (242a)

b̃y(t) = by(0) cos (Ωt)− bz(0) sin (Ωt) , (242b)

bz(t) = bz(0) cos (Ωt) + by(0) sin (Ωt) , (242c)

which corresponds to a (slowly-varying) Bloch vector precessing left-handedly around the x axis, as shown in Fig.
11a. Of course, the true Bloch vector b(t) combines this precession with a faster optical precession around the z axis
at frequency ω, adding up to a double-spiraled trajectory in Bloch space, as shown in Figures 11b and c.

A final interesting limit corresponds to the situation where the atom starts in the ground state, that is, b(0) =
(0, 0,−1)T . In this case, equations (241) are simplified to

b̃x(t) =
δ

1 + δ2

[
1− cos

(
ΩRt

2

)]
, b̃y(t) =

1√
1 + δ2

sin (ΩRt) , bz(t) = −cos (ΩRt) + δ2

1 + δ2
. (243)

The corresponding trajectory in the Bloch sphere is shown in Fig. 12a for different values of the detuning δ. Note
that trajectory starts at the south pole, and describes a circle of smaller radius the larger is δ. This is to be expected,

27 As a general lesson, never forget how important it is to check that the solution obtained at the end of a calculation is consistent with
any approximations performed on the way to finding it.
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since for δ = 0 we should recover the precession around the x axis that we analyzed in the previous figure, while in
the limit |δ| → ∞ we already saw that the free-atom limit is recovered, so that starting from an eigenstate of the bare
atomic Hamiltonian (220) we should not move at all.

It is interesting to track the population of the excited state in time for different values of |δ|, which is given by

pe(t) =
1− cos (ΩRt)

2(1 + δ2)
, (244)

and shown in Fig. 12b. For δ = 0 the population is completely transferred from the ground to the excited state in
the middle of the Rabi cycle. The effect of a finite detuning δ 6= 0 is to induce an incomplete population transfer, as
now the maximum population available in the excited state is (1 + δ2)−1, which is negligible when |δ| � 1.

Let us finish this section by explaining in detail how to obtain the solution (241) of the complex Bloch equations
(240). We will do it with a method that is useful for general linear problems, certainly for many different problems
in quantum optics. Let us consider the system of N coupled linear equations

ẋ = Bx + y(t), (245)

where x ∈ CN is a vector of complex variables, y(t) ∈ CN a vector of complex functions of time which we assume

to be given, and B is an N × N complex matrix. In the particular case of (240), we have N = 3, x = (b̃, b̃∗, bz)T ,
y = (0, 0, 0)T , and

x =




b̃

b̃∗

bz


 , y =




0
0
0


 , and B = i




∆ 0 Ω/2
0 −∆ −Ω/2
Ω −Ω 0


 . (246)

The whole method relies on our ability to find a matrix S that diagonalizes B through a similarity transformation

S−1BS = D, (247)

where D is a diagonal matrix containing the eigenvalues {λj}j=1,...,N of B. Note that for all practical purposes, in
finite dimension we can assume that all matrices are diagonalizable28. In the case of our linear system, we have

D =




0 0 0
0 −iΩR 0
0 0 iΩR


 , S =

1

2




1 δ −
√

1 + δ2 δ +
√

1 + δ2

1 δ +
√

1 + δ2 δ −
√

1 + δ2

−δ 1 1


 (248)

which is easily checked or found with the help of some symbolic mathematics software. Defining then the projected
vectors c(t) = S−1x(t) and d(t) = S−1y(t), the coupled linear system turns into a decoupled one,

ċ = Dc + d(t) =⇒ ċj = λjcj + dj(t), (249)

with generic solutions

cj(t) = cj(0)eλjt +

∫ t

0

dt′eλj(t−t
′)dj(t

′), (250)

as shown below. Finally, we can retrieve the original variables from these projections as x(t) = Sc(t). In our simple
case, in which y = 0, this can be rewritten as x(t) = SeDtS−1x(0), which using (248) directly leads to the solutions
(241) after some algebra.

As a final detail, and since the type of linear equations (249) with forcing will appear many times, let us show how
to deal with them in general. Consider the equation ċ = λc+ d(t). In order to solve it, we make the variable change

z(t) = c(t)e−λt, and proceed as ż = (ċ − λc)e−λt = d(t)e−λt ⇒ z(t) = z(t0) +
∫ t
t0
dt′e−λt

′
d(t′). Undoing the variable

change lead us to the final solution

c(t) = c(t0)eλ(t−t0) +

∫ t

t0

dt′eλ(t−t′)d(t′). (251)

28 More precisely, the set of non-diagonalizable matrices of finite dimension has zero measure. This means that the probability of drawing
a non-diagonalizable matrix at random is zero. It also means that all non-diagonalizable matrices have diagonalizable matrices infinitely
close to them. These properties are actually obvious once we remember that the condition for a matrix to be non-diagonalizable is that
its eigenvectors must not be linearly independent. This means that matrix S satisfying BS = SD is not invertible, that is, detS = 0.
For finite dimension, there are a finite number of terms adding up to match this condition, which therefore requires a lot of fine tuning.
In practical terms, this means that by slightly perturbing some of the elements of matrix B, we move away from this condition, and
obtain a diagonalizable matrix. Now, since an infinitesimal change of B should only change the physical results infinitesimally as well
(otherwise it means that we are in some exotic physical regime that is probably not well described by our model, such as a phase
transition that cannot be perfectly described by a linear model), we can confidently state that finite-dimensional linear problems such
as the one presented here can always be solved with this method.



55

IV. LIGHT-MATTER INTERACTION

A. Interacting Hamiltonians and the dipole approximation

In the previous chapters we have quantized light and matter (through the example of atoms) under the assumption
that they are isolated, non-interacting systems. We introduced interesting quantum states and dynamics though, but
without explaining how these can be obtained in the laboratory. As we will see, state preparation and the generation
of dynamics require using the interaction between light and matter. In this chapter we introduce the basic theory
that describes light-matter interaction. We do it through two especially relevant examples that contain already many
generic properties of more complex systems: the interaction of light with a single atom and with a nonlinear dielectric
material.

Let us start by introducing some general ideas behind the description of light-matter interactions. When the
frequency of the electromagnetic field is above 1020Hz, electron-positron pair production can start occurring, and
interactions must be necessarily described by relativistic quantum electrodynamics, considering an interacting (local
U(1) gauge) quantum field theory of vector and fermionic fields [71–73]. Fortunately, optical frequencies sit around
1015Hz, safely away from such high-energy scenarios. Hence, quantization of the light-matter interaction can be done in
a non-relativistic way. The most rigorous non-relativistic quantization scheme consists in a procedure similar to what
we did in the previous chapters, but where now the charged particles forming matter enter the Maxwell equations as
sources, while the electromagnetic field is added through minimal coupling to the multi-particle Schrödinger equation
describing matter [2]. It is easy to understand that such a procedure is still incredibly complex in most situations.

Therefore, it is interesting to consider simpler approximate approaches, even if they work only under restricted, but
well-specified conditions. We will use one of such approaches, usually referred to as light-matter interaction within
the dipole approximation. This approach works quite well whenever the interactions can be treated as perturbations,
that is, when they are much smaller than the characteristic energy of the interacting degrees of freedom. It is also
incredibly intuitive, because it builds on how light-matter interaction is treated classically in most situations. The
approach relies on the following ideas. With a lot of generality, we assume that matter consists of a collection of
massive charged particles (e.g., electrons and nuclei) in some equilibrium configuration, possibly charge neutral. To
the lowest order, the effect of an external electromagnetic field consists in pulling apart positive and negative charges,
without ripping them off from the material. In essence, this means that matter is described as a collection of electric
dipoles that we introduce based on reasonable and general assumptions. The interaction is then brought about by the
coupling between these dipoles and the electric field of light. Except for the fact that we will quantize the interaction,
this is actually how the classical description works as well, in particular, through the so-called Lorentz model [74, 75],
which provides the macroscopic optical properties of matter starting from a microscopic model for the electric dipoles.

Being more concrete, let us denote by ĤL and ĤM the free Hamiltonians of light and matter in the absence of
interaction. With full generality, consider a continuous model of matter characterized by an electric polarization
density P(r, t) at every point r (electric dipole moment per unit volume). Note that the discrete case of matter
formed by N dipoles {dn(t)}n=1,2,...,N localized at positions {rn}n=1,2,...,N , can be recovered by taking P(r, t) =∑N
n=1 δ

(3)(r− rn)dn. Within the dipole approximation, the light-matter system is then described by a Hamiltonian

Ĥ = ĤL + ĤM + ĤLM, with interaction Hamiltonian

ĤLM = −
∫

R3

d3rÊ(r) · P̂(r). (252)

This Hamiltonian comes from the classical expression of the electromagnetic energy of a collection of dipoles [59, 61].
The operator associated to the electric field is the one we built in Chapter II, see (210b). As for the operator associated
to the polarization density, it is found simply by quantizing the degrees of freedom that are used in the description of
matter. We will see this through specific examples next.

As a final note, let us point out that we could try a description where matter is quantized, but not the electromagnetic
field, which is known as the semiclassical limit of quantum optics. In this case, we would proceed in the same way,
just removing the light’s Hamiltonian ĤL and substituting the operator Ê(r) by its classical version E(r, t) governed
by Maxwell equations (which might incorporate the matter dipoles as sources if we intend to model the backaction of
matter onto the classical field as well). In this limit, the Hamiltonian simply reads

Ĥsemiclass = ĤM −
∫

R3

d3rE(r, t) · P̂(r). (253)
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B. Interaction between light and a single atom

1. Single-mode, two-level, and rotating-wave approximations: the Jaynes-Cummings Hamiltonian

Let us put the previous discussion to practice with the specific example of a single atom (the simplest example of a
matter system) interacting with the light of an optical cavity. We know the free Hamiltonians for both the light field
and the atom, see (212) and (217)—or (220) within the two-level approximation. Hence, all that is left is introducing
a dipole model for the atom. In the case of atoms with a single valence electron such as the ones we discussed in the
previous chapter, this is fairly simple: the core (nucleus plus the closed-shell electrons) and the valence electron gives
us, respectively, a positive and negative charge separated by their relative coordinate, which we called just r in the
previous chapter. Here, however, we will denote this relative coordinate by rA to avoid confusion with the coordinate
vector r appearing in the fields Ê(r) and P̂(r). This type of atoms are then the paradigm of an electric dipole, which
is given by d = −erA, where we have taken into account that electric dipoles are defined from negative to positive
charges [59, 61], while the relative coordinate rA points from the atomic core to the valence electron. The quantized

dipole is obtained by quantizing the relative coordinate, that is, d̂ = −er̂A. Assuming without loss of generality that

the center of mass of the atom is located in some position r0 = (0, 0, z0) within the cavity, so that P̂(r) = d̂δ(3)(r−r0),
the interaction Hamiltonian (252) is then given by

ĤLM = eÊ(z0) · r̂A, (254)

where we remind that we only specify the z coordinate in the electric field because we are using a quasi-1D approxi-
mation, as explained in detailed in Chapter II. Note that we have also made the implicit assumption that the electric
field does not vary within the size of the atom, which is very reasonable since optical variations (wavelengths) occur
on the 100nm scale while atomic sizes are typically three order of magnitude below, on the 100pm scale.

We can now use the expression of the electric field (210b), together with the generic expansion of the atomic relative
coordinate in the atomic basis r̂A =

∑
n,n′〈n|r̂A|n′〉|n〉〈n′|, to write

ĤLM =

∞∑

m=1

∑

nn′

ie

√
~ωm
ε0LS

sin(kmz0)〈n|x̂A|n′〉(âm − â†m)|n〉〈n′|, (255)

where x̂A = ex · r̂A. Finally, we assume that all the cavity frequencies are far off-resonant with all the atomic
transitions except for one, denoted by ω, which is close to resonance with a single atomic transition, for which we
use the two-level notation of the previous chapter. Moreover, for the sake of simplicity we take the matrix element
〈g|x̂A|e〉 real29 (remember that 〈g|x̂A|g〉 = 0 = 〈e|x̂A|e〉 from parity arguments), arriving to the the Hamiltonian

Ĥ = ~ωâ†â+
~ε
2
σ̂z + i~g(â− â†)σ̂x, (256)

where we have defined the coupling frequency g = e
√

ω
~ε0LS 〈g|x̂A|e〉 sin(ωz0/c), assumed to be much smaller than ε

as happens in most quantum optics experiments and for consistency with the dipole approximation. This is known as
the quantum Rabi Hamiltonian. Despite being one of the simplest Hamiltonians in quantum physics, since it describes
a single optical mode interacting with a single atomic transition, it wasn’t found to be analytically solvable until
recently [76, 77], with techniques that definitely go beyond the scope of these notes.

Fortunately, the condition g � ε allows us to make one further rotating-wave approximation similar to the one
introduced in the previous chapter. In order to see this, we just move to the interaction picture, defined by the

transformation operator Ûc(t) = eĤct/i~, with Ĥc = ~ωâ†â+ ~εσ̂z/2 (see Section 40a, where it is summarized how to
move in between pictures). Using the Baker-Campbell-Haussdorf lemma (84), we obtain the transformation properties

Û†c (t)âÛc(t) = e−iωtâ and Û†c (t)σ̂Ûc(t) = e−iεtσ̂, (257)

leading to the interaction-picture Hamiltonian

ĤI(t) = Û†c (t)ĤÛc(t)− Ĥc = i~g
(
e−i(ω−ε)tâσ̂† − ei(ω−ε)tâ†σ̂

)

︸ ︷︷ ︸
ĤR

+ i~g
(
e−i(ω+ε)tâσ̂ − ei(ω+ε)tâ†σ̂†

)

︸ ︷︷ ︸
ĤNR

, (258)

29 This choice reflects in the appearance of σ̂x in the interaction Hamiltonian. Taking a different phase of the matrix element would simply
introduce a linear combination of σ̂x and σ̂y instead, that would complicate the analysis mathematically, but would not introduce any
new physics.
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where we have used the expansion σ̂x = σ̂ + σ̂†. The ĤR term oscillates slowly, since the atom and the cavity mode
are assumed to be nearly resonant. On the other hand, the ĤNR term oscillates very fast compared with the coupling
g. Hence, according to what we saw in the previous chapter, we can neglect the latter within the rotating-wave
approximation. Note that since ĤLM is just a perturbation onto ĤL + ĤM, we have an alternative way of looking at
the rotating-wave approximation based on energy-conservation arguments. In particular, note that ĤL + ĤM sets the
energy scales of the problem and available transitions, which are only slightly perturbed by the interaction of order
g. The terms in ĤR induce processes in which the atom is excited by absorbing a photon (or de-excited by emitting
one), so they preserve the energy as long as the frequency mismatch ω− ε is at most on the order of the perturbation

g. On the contrary, the terms in ĤNR induce processes where the atomic excitation (de-excitation) is accompanied
by the creation (annihilation) of a photon, and will be highly suppressed by energy conservation requirements as long
as g is small compared with ω + ε, the energy required to ignite the process.

Coming back to the original picture, we can then write the Hamiltonian within the rotating-wave approximation as

ĤJC = ~ωâ†â+
~ε
2
σ̂z + i~g(âσ̂† − â†σ̂), (259)

which is known as the Jaynes-Cummings Hamiltonian. As we are about to see, this Hamiltonian is easily diagonalizable
and predicts some interesting quantum phenomena.

2. Dressed states

Before diagonalizing this Hamiltonian, let us remark that the Hilbert space of the system is the tensor product of
the one for a harmonic oscillator with Fock basis {|n〉}n=0,1,... and a two-level system with basis {|g〉, |e〉}. We then
find a basis of the composite Hilbert space as {|n, g〉, |n, e〉}n=0,1,..., where we use the notation |n〉 ⊗ |a〉 = |n, a〉. The
reason why the Jaynes-Cummings Hamiltonian is so easy to diagonalized is that it connects the basis states by pairs
|n, g〉� |n− 1, e〉, and hence, the Hamiltonian is a direct sum of two-dimensional problems.

More rigorously, let us define the operator Ê = â†â+σ̂†σ̂. This operator “counts” the total number of excitations. In
particular, we have Ê|n, g〉 = n|n, g〉 and Ê|n, e〉 = (n+ 1)|n, e〉. Hence, except for the 0 eigenvalue, corresponding to
the ground state |0, g〉, all the rest of eigenvalues n ∈ N are doubly degenerate, with subspaces spanned by the vectors

{|n, g〉, |n − 1, e〉}. It is straightforward to check that this operator commutes with the Hamiltonian, [Ê, ĤJC] = 0.
Hence, they have common eigenstates. This means that |0, g〉 is necessarily an eigenstate of the Hamiltonian (indeed,
with E0 = −~ε/2 eigenvalue, remember that the energy origin is in the center of the atomic transition). On the other

hand, the rest of energy eigenstates must be superpositions of the eigenstates of Ê living in the same degenerate
subspace (otherwise, ĤJC and Ê would not have common eigenstates). In order to find these states, we simply

represent ĤJC in the basis {|0, g〉, |1, g〉, |0, e〉, |2, g〉, |1, e〉, ...}, obtaining a matrix that can be written as a direct sum
of low-dimensional matrices (we say it has ‘box structure’)

HJC =

∞⊕

n=0

H(n) =




H(0)

H(1)

H(2)

. . .


 , (260)

where H(0) = 〈0, g|ĤJC|0, g〉 = −~ε/2, while for n ≥ 1

H(n) =

(
〈n, g|ĤJC|n, g〉 〈n, g|ĤJC|n− 1, e〉
〈n− 1, e|ĤJC|n, g〉 〈n− 1, e|ĤJC|n− 1, e〉

)
= ~

(
nω − ε/2 i

√
ng

−i
√
ng (n− 1)ω + ε/2

)
. (261)

These are Hermitian 2× 2 matrices, and we show how to diagonalize them easily at the end of the section. Applied
to our current case, we find the eigenenergies

E
(n)
± = (n− 1/2)~ω ± ~Ωn/2, (262)

where we have defined the quantum Rabi frequency Ωn =
√

∆2 + 4ng2, whose name will get meaning soon, and the
detuning ∆ = ω − ε. The corresponding eigenvectors can be written as

|ψ(n)
+ 〉 = cos(θn)|n, g〉 − i sin(θn)|n− 1, e〉, (263a)

|ψ(n)
− 〉 = sin(θn)|n, g〉+ i cos(θn)|n− 1, e〉, (263b)
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Figure 13. (a) Representation of the energy spectrum of the Jaynes-Cummings model. In the absence of coupling, it contains
two harmonic ladders shifted by the atomic transition ε, corresponding to the states |n, g〉 and |n, e〉 (grey levels at both sides

in the figure). Except for the ground state |0, g〉, the coupling hybridizes states |n, g〉 and |n−1, e〉, generating the states |ψ(n)
± 〉,

whose energies show a splitting ~Ωn (yellow levels in the middle). (b) First two transitions of the Jaynes-Cummings model as
a function of the cavity frequency. For large detunings, the transitions tend to the free ones, ε and ω, shown as dashed grey
lines. The effect of the coupling is to create an avoided crossing with 2g splitting.

where θn = 1
2arg{∆ + i2

√
ng} ∈ [0, π/2]. Together with the |0, g〉 state, these so-called dressed states are the

energy eigenstates associated to the (rotating-wave) interaction between a single optical mode and a single atomic

transition, and form a basis of their combined Hilbert space. The expressions cos(2θn) = ∆/
√

∆2 + 4ng2 and

sin(2θn) = 2
√
ng/

√
∆2 + 4ng2 will also be useful for some calculations, and are obvious from the definition of θn.

In Fig. 13a we represent the energy spectrum. In the absence of coupling (g = 0) we find two harmonic ladders
with uniform level separation ~ω, shifted by ~ε (grey regions at the right and left sides of the figure). The effect of
the coupling is to hybridize the states with the same number of excitations, |n, g〉 and |n− 1, e〉, which in the absence
of interaction have a splitting ~|∆|, but after switching on the interaction acquire a splitting ~Ωn (yellow region in
the center of the figure).

It is also interesting to analyze the level splitting as a function of the detuning. In order to do this, we make the
following thought experiment: for a fixed atomic frequency ε we vary the cavity frequency ω and measure the first

two energy transitions E
(1)
± − E0 = (ω + ε)/2 ±

√
g2 + (ω − ε)2/4. The result is shown in Fig. 13b. In the absence

of coupling, these transitions are simply given by ω and ε, and hence, they cross at ω = ε. The coupling turns this
crossing into an avoided crossing with splitting 2g. The observation of such an avoided crossing is quite general for
many types of interactions, and is one of the usual experimental methods by which couplings are measured in quantum
optics.

Let us now, for completeness, show how to find the eigensystem of a general Hermitian matrix

H =

(
a eiψc

e−iψc b

)
, (264)

where all the parameters are real, and we take c > 0. We denote the eigenvectors and eigenvalues by v± and E±,
respectively, so that Hv± = E±v±. Let us start by noting that the matrix can be decomposed as H = FSF †, where
F is diagonal and S a real symmetric matrix, specifically

F =

(
1 0
0 e−iψ

)
, and S =

(
a c
c b

)
. (265)

On the other hand, any real symmetric matrix can be diagonalized with a rotation, and then, S = R(θ)DRT (θ),
withcan be diagonalized with a rotation R(θ) =

(
cos θ − sin θ
sin θ cos θ

)

R(θ) =

(
cos θ − sin θ
sin θ cos θ

)
, and D =

(
E+ 0
0 E−

)
, (266)
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where the eigenvalues E± are easily found from the characteristic polynomial of S,

det

{(
a− E± c

c b− E±

)}
= 0 ⇒ E± =

a+ b±
√

(a− b)2 + 4c2

2
, (267)

while the angle θ is found from the condition

RT (θ)SR(θ) = D ⇒
(
a cos2 θ + b sin2 θ + c sin 2θ 1

2 (b− a) sin 2θ + c cos 2θ
1
2 (b− a) sin 2θ + c cos 2θ a sin2 θ + b cos2 θ − c sin 2θ

)
=

(
E+ 0
0 E−

)
, (268)

whose anti-diagonal terms imply 2c = (a− b) tan 2θ, while from the diagonal ones we get E+ −E− = (a− b) cos 2θ+
2c sin 2θ = (a− b)/ cos 2θ, leading to

cos 2θ =
a− b√

(a− b)2 + 4c2
, and sin 2θ =

2c√
(a− b)2 + 4c2

. (269)

These imply that 2θ ∈ [0, π], which allows us to write 2θ = arg{a− b+ 2ic}.
Combining the diagonalization of S and the initial decomposition of H, we then see that HU = UD, where

U = FR(θ) is unitary. Hence, up to an arbitrary phase, the columns of U are the eigenvectors of H, that is,

U =

(
cos θ − sin θ

e−iψ sin θ e−iψ cos θ

)
= (eiφ+v+ eiφ−v−), (270)

where φ± are arbitrary. For example, by choosing eiφ± = ±1, we obtain the eigenvectors

v+ =

(
cos θ

e−iψ sin θ

)
, and v− =

(
sin θ

−e−iψ cos θ

)
. (271)

Particularizing (261), (269), and (271) to a = nω − ε/2, b = (n − 1)ω + ε/2, c =
√
ng, and ψ = π/2, we obtain the

eigensystem of H(n) as we presented it after (261).

3. Quantum Rabi oscillations

As an example of the use of the dressed-state basis, let’s consider the evolution of the system when starting from
the atom in the ground state with the field in an arbitrary pure state, that is,

|ψ(0)〉 =

∞∑

n=0

cn|n, g〉 = c0|0, g〉+

∞∑

n=1

cn

[
cos(θn)|ψ(n)

+ 〉+ sin(θn)|ψ(n)
− 〉

]
, (272)

where in the second equality we have used (n > 0)

|n, g〉 = cos(θn)|ψ(n)
+ 〉+ sin(θn)|ψ(n)

− 〉, (273a)

|n− 1, e〉 = i sin(θn)|ψ(n)
+ 〉 − i cos(θn)|ψ(n)

− 〉, (273b)

found by inverting (263). Since we have written the initial state in terms of eigenstates of the Hamiltonian, it is
straightforward to find the state at any other time,

|ψ(t)〉 = eĤJCt/i~|ψ(0)〉 = c0e
iεt/2|0, g〉+

∞∑

n=1

cne
−i(n−1/2)ωt[cos(θn)e−iΩnt/2|ψ(n)

+ 〉+ sin(θn)eiΩnt/2|ψ(n)
− 〉]. (274)

Using this state, we can make predictions for measurements of any observable at time t. For example, consider the
probability of finding the atom in the excited state (irrespective of the optical state), which can be evaluated as the

expectation value of the projector Î ⊗ |e〉〈e|, that is,

pe(t) = 〈ψ(t)|
(
Î ⊗ |e〉〈e|

)
|ψ(t)〉 = 〈ψ(t)|

( ∞∑

n=0

|n, e〉〈n, e|
)
|ψ(t)〉 =

∞∑

n=0

|〈n, e|ψ(t)〉|2, (275)
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which is the sum of the probabilities of finding the atom in the excited state for all the possible photon numbers.

Noting that 〈n, e|ψ(m)
+ 〉 = −i sin(θm)δn+1,m and 〈n, e|ψ(m)

− 〉 = i cos(θm)δn+1,m, so that

〈n, e|ψ(t)〉 = cn+1e
i(n+1/2)ωt sin(2θn+1) sin(Ωn+1t/2),

we easily obtain

pe(t) =

∞∑

n=1

|cn|2 sin2(2θn) sin2(Ωnt/2) =

∞∑

n=1

|cn|2
1− cos(Ωnt)

2(1 + ∆2/4ng2)
, (276)

where we have used sin2 φ = (1 − cos 2φ)/2 and the expression sin(2θn) = 2
√
ng/Ωn that we found in the previous

section.
As a simple example, consider first that the initial state is the absolute ground state |0, g〉, so that cn = δn0. In

such case, we obtain pe(t) = 0 as expected. On the other hand, consider an initial Fock state |N〉 for the field, so that
cn = δnN , obtaining the excited-state population

pe(t) =
1− cos(ΩN t)

2(1 + ∆2/4Ng2)
. (277)

Starting from the ground state, when interacting with a field with N photons the atom then oscillates between the

ground and excited states at frequency ΩN =
√

∆2 + 4Ng2, with a maximum population pmax
e = (1 + ∆2/4Ng2)−1

which is equal to 1 on resonance (∆ = 0) but tends to 0 for large detuning (|∆| � 4ng2). This is exactly the same as
the Rabi oscillations that we studied in the previous chapter. In fact, the expression above is the same as (244), just

with the identification Ω = 2
√
Ng.

4. Coherent light: Rabi oscillations (revisited), collapses, and revivals

We find ourselves now in a very peculiar situation. In the previous chapter, we argue that Rabi oscillations occur
when the atom interacts with classical light. Indeed, let us consider the interaction (254), but with a classical
monochromatic field

E(z0, t) = ex

√
4~ωn̄
ε0LS

cos(ωt) sin (kz0) , (278)

instead of a quantized one, where we have chosen cos(ωt) for convenience, and we parametrize the electric field
amplitude by a real number

√
n̄. In the quantum description, this is equivalent to assuming that the field is in the

coherent state |− i
√
n̄e−iωt〉 with average photon number n̄, that is, 〈−i

√
n̄e−iωt|Ê(z0)|− i

√
n̄e−iωt〉. Note that we are

neglecting any back-action of the atom onto this field, whose amplitude remains unaffected over time. Proceeding in
the same way as we did, we would obtain the semiclassical Rabi Hamiltonian (235) introduced in the previous chapter
with the identification Ω = 2

√
n̄g. Since coherent states are the states that link quantum and classical physics, we

would then expect equation (276) to predict Rabi oscillations when the field starts in a large-amplitude coherent state.
However, it seems highly unlikely that when introducing in that equation the Poisson distribution |cn|2 = e−n̄n̄n/n!
corresponding to the coherent state, we will find the simple Rabi oscillations that we introduced at the end of the
previous chapter in (244). Moreover, in the previous section we have seen that a fully quantum mechanical model
predicts Rabi oscillations when the field is in a Fock state, which is actually one of the most quantum states one can
think of. Therefore, it seems that we found a bit of a puzzle that needs to be understood.

In order to do so, let us work in resonance (∆ = 0) for simplicity, so that, with the field in the initial coherent state
considered above, the atomic population reads

pe(t) =

∞∑

n=0

|cn|2
1− cos(2

√
ngt)

2
=

1

2
− 1

2

∞∑

n=0

e−n̄
n̄n

n!
cos(2

√
ngt), (279)

where we have extended the sum to zero from below for convenience, since the n = 0 term does not contribute when
∆ = 0. In Figure 14 we plot the population as a function of time with the help of a computer to perform the sum.
We certainly observe oscillations, but contrary to the ones found in the previous chapter, they are damped towards
pe = 1/2 and reamplified cyclically. In order to understand the puzzle exposed above, we need to figure out where
these collapses and revivals come from.
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Figure 14. Excited-state population pe(t) as a function of time for an initial state | − i
√
n̄〉 ⊗ |g〉 with the field in a coherent

state and the atom in the ground state. We take n̄ = 100 and show the evolution for three different time domains: gt ∈ [0, 3]
(upper figure), gt ∈ [0, 65] (middle figure), and gt ∈ [0, 250] (lower figure). We also show how the different relevant time scales
scale with the parameters: Rabi oscillations (gt ∼ 1/

√
n̄), collapses (gt ∼ 1), and revivals (gt ∼

√
n̄).

In order to look for initial clues, let us find some approximate expression for the sum (279) that will give us the
collapse rate. We are interested in the large-photon-number limit n̄� 1, which is when coherent states link quantum
and classical physics. In such case we can take the continuous limit and approximate the Poisson distribution by a
Gaussian of width

√
n̄. Specifically, we have

e−n̄
n̄n

n!
≈ 1√

2πn̄
e−(n−n̄)2/2n̄. (280)

We can then replace the sum by an integral and even extend the lower integration limit to −∞, since the Gaussian en-
sures that the negative values will not contribute effectively. On the other hand, writing cos(2

√
ngt) = [exp(2i

√
ngt)+

c.c.]/2 and expanding
√
n around the mean photon number n̄ as

√
n ≈
√
n̄+ (n− n̄)/2

√
n̄ =
√
n̄/2 + n/2

√
n̄, we get

a simple Gaussian integral that can be analytically carried out30. In particular, we obtain

pe(t) ≈
1

2
− 1

4

[∫ +∞

−∞
dn

1√
2πn̄

e−(n−n̄)2/2n̄ei(
√
n̄+n/

√
n̄)gt + c.c.

]
=

1

2
− 1

2
e−g

2t2/2 cos(2g
√
n̄t). (281)

This expression contains two interesting features. First, we see that it provides the expected Rabi frequency and an
expression for the population that matches the one we obtained in the previous chapter for short times t �

√
2/g,

30 In general: ∫
R
dzeBz−z

2/2A =
√

2πAeAB
2/2,

for any B > 0 and A ∈ C.
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see (244). However, we find that the oscillations are damped at a rate γc = g/
√

2, which provides the collapse rate.
Interestingly, this rate depends solely on the coupling g and not on the coherent photon number n̄. Now, note that
in the classical limit n̄ � 1 and therefore the frequency of the Rabi oscillations Ω = 2

√
n̄g is much larger than the

collapse rate γc = g/
√

2. Hence, the classical picture studied in the previous chapter is indeed correct during many
Rabi cycles, and quantum effects can only be appreciated on longer time scales.

Now that we have managed to reconcile our previous semiclassical result (244) with the fully quantum expression
(279), let us now discuss the origin of the collapses and revivals. In fact, they are relatively simple to understand
based on expression (279). First, note that the Poisson distribution in the sum cuts off essentially all Fock numbers
n outside the interval

[
n̄−
√
n̄, n̄+

√
n̄
]
. On the other hand, as n̄ becomes larger and larger, the quantum Rabi

frequencies Ωn = 2
√
ng in that interval become closer and closer. Hence, initially it will look as if all the terms in the

sum oscillate in phase at a similar rate Ωn̄ = 2
√
n̄g. However, as time goes by, the terms will start dephasing more

and more, eventually getting completely out of phase and averaging to zero. If this intuition is true, then the rate of
collapse should be proportional to the difference between the Rabi frequencies at the edge of the interval, that is,

γc ∼ Ωn̄+
√
n̄ − Ωn̄−

√
n̄ = 2g

(√
n̄+
√
n̄−

√
n̄−
√
n̄

)
= 2g

√
n̄

(√
1 +

1√
n̄

︸ ︷︷ ︸
≈1+ 1

2
√
n̄

−
√

1− 1√
n̄

︸ ︷︷ ︸
≈1− 1

2
√
n̄

)
≈ 2g. (282)

Indeed, apart from a numerical prefactor, this is in agreement with the collapse rate γc = g/
√

2 found above.
According to this picture, the revivals can then be interpreted as the re-phasing of the elements of the sum. We can

estimate the times when the revivals appear by evaluating the times tr for which neighboring terms re-phase, which
in turn can be estimated as

(Ωn̄+1 − Ωn̄−1) tr = 2πm, with m ∈ N. (283)

Using the approximation
√
n̄± 1 =

√
n̄± 1/2

√
n̄, we then obtain

tr ≈
π
√
n̄

g
m, with m ∈ N. (284)

This predicts that the revivals are uniformly spaced in time, which is exactly what we observe in Fig. 14. On the
other hand, it predicts that the spacing will increase as the square root of the coherent photon number, which is easily
checked to be true.

C. Light in a nonlinear dielectric

1. Dielectric media in the dipole approximation and the refractive index

After studying the interaction of light with a single atom, now we analyze another paradigmatic example of light-
matter interaction in a completely different regime. In particular, we consider now dielectric media, which are
insulating materials with all their charges bound (with no free charges they cannot support electrical currents), but
where light can still propagate by polarizing those bound charges (that is, pulling apart positive and negative charges).
Most optical elements including, for example, beam splitters and mirrors, are made out of this type of materials. When
the coupling between light and the dielectric is not very strong, we can assume that the electric polarization density
acquired by the medium depends on the applied electric field as a low-order polynomial,

Pj(r, t) =
∑

k=x,y,z

ε0χ
(1)
jk Ek(r, t)

︸ ︷︷ ︸
P

(1)
j (r,t)

+
∑

k,l=x,y,z

ε0χ
(2)
jklEk(r, t)El(r, t)

︸ ︷︷ ︸
P

(2)
j (r,t)

+ ..., (285)

so that the medium is treated as a passive system whose information is all contained in the χ
(n)
j1j2...jn

coefficients

(assumed larger than zero for all orders for simplicity), called nth-order susceptibilities. Note that we are further
assuming an instantaneous and homogeneous response of the medium, as the electric polarization at time t depends
only on the electric fields at that time and the susceptibilities are independent of r.

Let us now discuss how Maxwell equations are modified inside the dielectric medium. It is a well-known result in
electrodynamics [61] that an electric polarization density P(r, t) creates a charge density given by ρ(r, t) = −∇·P(r, t).
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On the other hand, the continuity equation ∂tρ(r, t) = −∇ · j(r, t) tells us that an effective current j(r, t) = ∂tP(r, t)
is also induced in the material. These induced charge and current densities, which are responsible for allowing the
electromagnetic field to propagate in the otherwise isolating medium, must be included in the inhomogeneous Maxwell
equations (51). We obtain then the so-called macroscopic Maxwell equations

∇ ·D(r, t) = 0, ∇×B(r, t) = µ0∂tD(r, t), (286)

∇ ·B(r, t) = 0, ∇×E(r, t) = −∂tB(r, t),

where we have defined the displacement field

D(r, t) = ε0E(r, t) + P(r, t). (287)

This expression, together with (285), is known as the constitutive relation of the dielectric medium.
Let us now neglect higher order terms, and discuss the effect that the linear term P(1)(r, t) has on a field propagating

in the dielectric medium. For simplicity, we assume a diagonal susceptibility that doesn’t couple different components
of the electric field, that is

χ
(1)
jk = χ

(1)
j δjk. (288)

Note that this can always be obtained in the experiment by properly orienting the nonlinear medium, so that its
principal axes (the ones that diagonalize their linear susceptibility matrix, which for crystalline materials with a cubic
lattice simply follow the crystal axes) follow the directions that we define as x, y, and z. The displacement field can
then be written as

Dj(r, t) = ε0(1 + χ
(1)
j )

︸ ︷︷ ︸
εj

Ej(r, t), (289)

leading to a set of Maxwell equations with the same form as those in the absence of charges and currents, but with
modified electric permeabilities εj along the corresponding coordinate axis instead of ε0. We discuss now the three
most dramatic effects that this modified electric permeability has: wavelength and amplitude reduction, as well as the
possibility of phase shifts, see Fig. ToDo. In order to illustrate these, we consider a monochromatic plane wave with
vector potential A(z, t) = ejAe

i(kz−ωt) + c.c. and A ∈ R for simplicity, propagating from vacuum into the dielectric,
and analyze the changes that it suffers when entering the medium:

• Defining the refractive index nj =
√

1 + χ
(2)
j along ej , and defining the Coulomb gauge by the condition∑

j=x,y,z εj∂jAj = 0 (which turns into the usual ∇ · A = 0 when εx = εy = εz), the wave equation for the
vector potential is now written as

(
c2

n2
j

∇2 − ∂2
t

)
Aj(r, t) = 0, (290)

which shows that the speed of light is reduced in the medium, following intuition (now the field has to go through
the dipoles in order to advance). Note that this means that when using plane waves to expand the fields we
must be careful to modify accordingly the wave vector31 by a factor nj , so that the monochromatic plane wave
is modified as

eje
i(kz−ωt) → eje

i(njkz−ωt), (291)

where we still define k = ω/c, writing the refractive index explicitly in the equation.

• The next effect is more subtle, and has to do with how the amplitude A is modified when crossing the dielectric
interface. In general, part of the amplitude will be transmitted and part will be reflected, as specified by
the well-known Fresnel relations [74]. Therefore, adding a dielectric inside an optical cavity leads in general to
nontrivial interference effects between the various waves being transmitted and reflected at the dielectric and the

31 An important side note is in order. Sometimes there is a bit of confusion regarding the relation between wavelength and frequency. The
frequency of a generated monochromatic wave, that is, the speed of oscillations in time, is an intrinsic property of the wave that doesn’t
change no matter where it propagates. On the other hand, the wavelength refers to the periodicity of the wave in space. Clearly, for a
fixed temporal oscillation (with frequency ν = ω/2π), this will depend on the speed of the wave, say v. The wavelength will then be
λ = v/ν, and hence, for the monochromatic wave it is larger in vacuum (v = c) than in the dielectric (v = c/n).



64

mirror surfaces. For this reason, in experiments one usually uses some anti-reflecting coating on the surface of
the dielectric, so that all the incoming power enters the dielectric, and interference effects between the incoming
wave and the wave reflected at the dielectric are minimized. Fortunately, in such case the effect of the dielectric
on the amplitude A can be understood very easily, just by conservation of power arguments.
Let us set the position of the input plane of the dielectric material at z = 0 for simplicity, and denote by z = 0−

and z = 0+ its left and right sides, where we have vacuum and the dielectric material, respectively (see Fig.
ToDo). The vector potential, electric and magnetic fields at either side are then

A(0±, t) = exA±e
ϕ±−iωt + c.c., (292a)

E(0±, t) = − ∂tA(z, t)|z=0± = 2exωA± sin(ωt− ϕ±), (292b)

B(0±, t) = ∇×A(z, t)|z=0± = 2eyn±kA± sin(ωt− ϕ±), (292c)

where A− = A, ϕ+ = 0, n− = 1, and n+ = nx, while A+ and ϕ+ (amplitude and phase of the transmitted
wave) are the only parameters left to determine. In order to do this, we evaluate the instantaneous power by
integrating the absolute value of the Poynting vector [E(z, t)×B(z, t)]/µ0 in the transverse plane. At the either
side of the input plane of the dielectric we then obtain the power

P±(t) =

∫

R2

dxdy
|E(0±, t)×B(0±, t)|

µ0
=

4Sω2n±
cµ0

A2
± sin2(ωt− ϕ±). (293)

Then, imposing that power is conserved upon transmission through the dielectric interface, so that P−(t) =
P+(t), we obtain

A+ = A/
√
nx, and ϕ− = 0 or π. (294)

Hence, we have been able to determine the amplitude of the transmitted wave, which is reduced by a factor√
nx as anticipated above. As for the phase, the conservation of power argument fully determines it up to a π

indeterminacy, which will not play any relevant role in our future derivations.

Finally, we need to consider how the quantization of the electromagnetic field that we introduced in Chapter II gets
affected when a dielectric medium is introduced in the optical cavity.

• In principle, with a dielectric medium inside the cavity, we would also need to modify the cavity modes and the
quantization procedure. In order to see this, consider for definiteness the situation depicted in Figure ToDo.
The phase picked up during a round trip is not 2kL but 2k(L− l+nj l) for a wave polarized along ej , and hence,
the resonant frequencies obtained when asking this phase to be an integer multiple of 2π are modified in the
presence of the dielectric. Moreover, the electric contribution to the electromagnetic energy contained inside the
dielectric is given by the volume integral of D(r, t) ·E(r, t) not ε0E

2(r, t) as in (62). However, in order to keep
things as simple as possible, we will assume that the dielectric is much smaller than the cavity length (l � L),
so we can neglect these contributions to the cavity modes and frequencies, as well as to the electromagnetic
energy.

With these considerations in mind, in the following we will write the cavity electric field inside the dielectric as
Ê(z, t) = Ê(+)(z, t) + Ê(−)(z, t), with

Ê(+)(z, t) = i
∑

j=x,y

ej

∞∑

m=1

√
~ωm

ε0njLS
âm,j(t) sin (njkmz + ϕm,j) , (295)

where for future purposes we allow the electric field to be polarized either along the ex or ey directions, which see
different refractive indices in general. Moreover, we allow different modes to have different phases ϕm within the
dielectric, which is what naturally happens in an optical cavity owed to many other elements that conform it (lenses,
phase plates, polarizers, etc...). In general, different cavity geometries would lead to different mode profiles inside the
crystal, and this is our way to include in a simple manner such effects. Indeed, we’ll see that optimizing the geometry
is crucial in order to obtain the desired effects.

2. Basic second-order processes: frequency conversion

Before proceeding with the quantum description of nonlinear dielectrics, it is convenient to understand at least
conceptually, the classical phenomena they lead to. We will now discuss this on the basis of a wave equation for the
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electric field that we can easily find from the macroscopic Maxwell equations (working with potentials in nonlinear
dielectrics is now more complicated, and an equation for the electric field will suffice for our purposes). In order
to find such equation, we take the curl of the homogeneous Maxwell equation ∇ × E(r, t) = −∂tB(r, t), and use
the identity ∇ ×∇ × E = ∇(∇ · E) −∇2E, together with the macroscopic Maxwell equations (286) and the form

Dj(r, t) = εjEj(r, t) +P
(2)
j (r, t) of the displacement field (we will consider only second order effects for now). Using a

quasi-1D approximation where the fields propagate along the z axis with transverse polarization and no dependence
on the transverse variables, we finally arrive to

∂2
zEj(z, t)− µ0εj∂

2
tEj(z, t) = µ0∂

2
t P

(2)
j (z, t). (296)

This is just a wave equation for the electric field, in which the nonlinear polarization acts as a source for electromagnetic
waves. As we are about to see, this gives rise to the phenomenon of frequency conversion, that is, the possibility of
generating light at frequencies different than the one we feed the dielectric with.

We can see this with a simple example. Consider a monochromatic light wave at some frequency ω0 entering the
dielectric material. Right at the input plane inside the dielectric material, which here we take as z = 0 for convenience
(see Fig. ToDo), we write the corresponding electric field as E(0, t) = exEω0 cos(ω0t). The quadratic polarization
density (285) takes then the form

P
(2)
j (0, t) = ε0χ

(2)
jxxE

2
ω0

cos2(ω0t) =
1

2
ε0χ

(2)
jxxE

2
ω0

[1 + cos(2ω0t)], (297)

which, apart from an irrelevant constant term, oscillates at frequency 2ω0. When introduced in the wave equation
(296), this polarization will then act as a source for waves at frequency 2ω0, that is, the medium will generate the
second harmonic of the original light wave (Figure ToDo).

Consider now an input light wave with two frequencies with different polarization, say E(0, t) = exEω1
cos(ω1t) +

eyEω2 cos(ω2t) with ω1 > ω2 for definiteness. Furthermore, in order to simplify things, let us assume χ
(2)
jxx = 0 = χ

(2)
jyy,

so that χ
(2)
jxy = χ

(2)
jyx are the only susceptibilities different than zero. In such case, the quadratic polarization density

reads

P
(2)
j (0, t) = 2ε0χ

(2)
jxyEω1Eω2 cos(ω1t) cos(ω2t) = ε0χ

(2)
jxyEω1Eω2 [cos(ω+t) + cos(ω−t)], (298)

where we have defined the sum and difference frequencies ω± = ω1 ± ω2. These terms will then act as sources of
new waves at those frequencies, leading to the processes known as sum-frequency and difference-frequency generation.
Obviously, second-harmonic generation can be understood as a particular case of sum-frequency generation with
ω1 = ω2 = ω0. In general, these frequency-conversion processes generated by P(2)(r, t) are known as three-wave
mixing, because two waves combine to generate a third one.

For our quantum purposes, the most interesting three-wave mixing process is that in which we feed both a frequency
and its second harmonic, that is, ω1 = 2ω0 and ω2 = ω0. Let us focus in particular on the frequency difference term,
which reads

P
(2)
j (0, t) = ε0χ

(2)
jxyE2ω0Eω0 cos(ω0t), (299)

and acts then a source for waves at frequency ω0. The most interesting regime in this case is Eω0 � E2ω0 . In such
situation, the process induced by this term can be understood as the transfer of energy from the 2ω0 wave to the ω0

wave, which will gain intensity as the field propagates in the medium (Figure ToDo). Such a process is known as
down-conversion32, which can be understood as the dual of second-harmonic generation. In this context, it is common
to called pump to the 2ω0 wave. Note that down-conversion cannot start without some light at the down-converted
frequency ω0 already present in the medium, as for Eω0

= 0 the relevant term (299) of the polarization density vanishes.
However, this trigger need not be a monochromatic field that we feed, but could simply be light generated by random
fluctuations of thermal or even quantum origin. In such situation, we talk then about spontaneous down-conversion
(Figure ToDo).

In the remaining of the chapter we focus on this type of process, which leads to very interesting quantum properties
of the down-converted light, and squeezing in particular.

32 Or parametric down-conversion, though the term “parametric” has an obscure origin, and we will not use it here (especially because
later we will introduce what we will call the “parametric approximation”, and we don’t want to confuse these terms).
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3. Down-conversion Hamiltonian

We turn now our attention to the quantum mechanical description of nonlinear optics by means of the light-matter
interaction model within the dipole approximation introduced in Section IV A. As explained above, dielectric media
admit an effective description in terms of an electric polarization density that can be expanded in powers of the
electric field, so that matter does not have dynamical degrees of freedom. The linear term can be included in the free
description of the electric field as explained in Section IV C 1, see Eq. (295). Hence, for the interaction terms we only
consider the nonlinear terms of the polarization density, focusing here on the quadratic one. The Hamiltonian is then
written as Ĥ = ĤL + ĤLM, with

ĤLM = −
∫

medium

d3rÊ(r) · P̂(2)(r), (300)

where we have implicitly chosen the Schrödinger picture to write the expression, as operators do not evolve. In order
to favor down-conversion, we assume that the medium is inside a cavity where all three-wave mixing processes are far
off resonant except for the one involving two cavity modes at frequencies ω0 and ω2 (close to 2ω0), with orthogonal

polarizations and annihilation operators â and b̂, respectively. Considering only these relevant modes, the electric
field inside the dielectric medium can be written within our usual quasi-1D approximation as Ê(z) = Ê0(z) + Ê2(z),
with

Ê0(z) = iey

√
~ω0

ε0nyLS
(â− â†) sin (nyk0z + ϕ0) , (301a)

Ê2(z) = iex

√
~ω2

ε0nxLS
(b̂− b̂†) sin (nxk2z + ϕ2) . (301b)

The free Hamiltonian reads in this case as

ĤL = ~ω0â
†â+ ~ω2b̂

†b̂. (302)

Let us now find an expression of the interaction Hamiltonian in terms of annihilation and creation operators. In

order to simplify the calculation, we assume that the only non-vanishing second-order susceptibility coefficient is χ
(2)
xyy

(you can convince yourself easily that a more general case would lead to the same final form of the Hamiltonian, just
with more effort), so that the quadratic polarization density is written as

P̂(2)(z) = exε0χ
(2)
xyyÊ

2
0(z) = −exχ

(2)
xyy

~ω0

nyLS
sin2 (nyk0z + ϕ0)

(
â− â†

)2
. (303)

Introducing this expression into (300) we obtain

ĤLM = −S
∫ z0+l/2

z0−l/2
Ê2(z) · P̂(2)(z) (304)

= iχ(2)
xyy

√
~3ω2ω2

0

ε0nxn2
yL

3S
(b̂− b̂†)

(
â− â†

)2
︸ ︷︷ ︸

ĥ

∫ z0+l/2

z0−l/2
dz sin2 (nyk0z + ϕ0) sin (nxk2z + ϕ2)

︸ ︷︷ ︸
J

,

where z0 is the position of the medium’s center in the cavity, see Figure ToDo, and we have assumed that the medium
is as large as the cavity along the transverse direction, so that

∫
medium

dxdy = S. This Hamiltonian can be greatly
simplified by using energy and momentum conservation. Let’s see how these come about.

First we bring our attention to the operator part of the expression, which we can write as ĥ = b̂â†2− b̂(â†â+ ââ†) +

b̂â2 − H.c.. Keeping in mind that ĤLM is supposed to be just a perturbation onto ĤL, the energies associated with
creation or annihilation of down-converted and pump photons are ~ω0 and ~ω2 ≈ 2~ω0, respectively. Hence, while

the first term in ĥ is consistent with energy conservation (two down-converted photons appear from the annihilation
of a pump photon), the other two are not, since we annihilate energies ~(ω2 + ω0) and ~(ω2 + 2ω0), but create only
energies ~ω0 and 0, respectively. Hence, within the rotating-wave approximation we can approximate the operator

part of this interaction Hamiltonian by ĥ ≈ b̂â†2 − b̂†â2.
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Let us now consider the integral along z, which is easily found to be33

4

l
J =− sin [ϕ2 − 2ϕ0 + (nxk2 − 2nyk0)z0] sinc [(nxk2 − 2nyk0)l/2] (305)

− sin [ϕ2 + 2ϕ0 + (nxk2 + 2nyk0)z0] sinc [(nxk2 + 2nyk0)l/2] + 2 sin (ϕ2 + nxk2z0) sinc (nxk2l/2)

where sincx = sin x
x is a symmetric function that starts at 1 for x = 0 and decays as 1/|x| with oscillations. Hence,

we see that the interaction will be non-negligible only as long as at least one among (2nyk0 ± nxk2)l/2 or nxk2l/2
is small. Reminding that typical optical wave vectors are on the order of (100nm)−1 and the refractive index for
dielectric materials is order 1, while dielectric media in nonlinear experiments is usually never as small as 100nm, we
see that the terms in the second line of (305) will always be negligible. Only the term in the first line can provide a
non-negligible contribution, but it requires the so-called phase-matching condition

φ = (2nyk0 − nxk2)l/2� 1, (306)

where φ is known as the phase mismatch. Note that this condition can be understood as momentum conservation
of the photons involved in the three-wave mixing process: one pump photon with momentum nx~k2 generates two
down-converted photons with momenta ny~k0. Note also that this condition is not only achieved by adjusting the
mode frequencies, but also by a proper tuning of the refractive indices along the different axes, which can be done
experimentally in many ways (e.g., changing the temperature of the dielectric medium or applying a static electric
field on it). Since this term is rooted in momentum conservation, it will always appear no matter the cavity geometry
or the optical elements we put around the dielectric. In contrast, the sine term multiplying it is dependent on the
cavity geometry, as evidenced by the fact that it depends on the phase factor ϕ2 − 2ϕ0. Hence, this term will take
different forms for different configurations, and one has to be careful to optimize it. For example, in our case, we
simply let the phases ϕ0 and ϕ2 be zero, we obtain a negligible interaction. In the following we will assume that the
geometry is optimized (e.g., ϕ2 − 2ϕ0 = −π/2 in our setting) and that perfect phase matching has been obtained
(φ = 0), so that the integral can be approximated by J ≈ l/4.

Taking into account all these considerations, we write the final Hamiltonian as

ĤDC = ~ω0â
†â+ ~ω2b̂

†b̂+ i~
g0

2
(b̂â†2 − b̂†â2), (307)

where we have defined the down-conversion rate

g0 = χ(2)
xyy

l

2

√
~ω2ω2

0

ε0nxn2
yL

3S
, (308)

which is typically several orders of magnitude below optical frequencies.
Despite its seemingly simple form, this Hamiltonian cannot be diagonalized analytically. This is indeed a common

feature of bosonic Hamiltonians with terms beyond quadratic in the annihilation and creation operators, except in
very specific cases. However, in the following we perform a simple approximation that will turn the Hamiltonian into
a quadratic one that we can treat analytically.

4. Parametric approximation: Bogoliubov physics, squeezing generation, and bosonic instabilities.

When we are interested in the situation depicted in Figure ToDo, in which the down-converted field is generated
from a pump field of very large amplitude, we can make one more approximation: the so-called parametric approxi-
mation, in which the pump is treated as a classical source field that doesn’t get depleted. Let us perform now such
an approximation, and analyze the Hamiltonian we are left with.

Similarly to the semiclassical approximation for the light-atom interaction discussed in Section IV B 4, specifically
Eq. (278), we can perform the parametric approximation by replacing the operator Ê2(z) in (304) by the classical
field

E2(z, t) = −ex

√
4~ω2N̄2

ε0nxLS
cos(ω2t) sin (nxk2z + ϕ2) , (309)

33 Just write all the sine functions as complex exponentials, perform the integrals, and simplify.
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where we again parametrize the field amplitude by the square of the mean photon number N̄2, and we choose the
− cos(ω2t) oscillations for furutre convenience. Equivalently, we are just assuming that the pump field is in a coherent

state |i
√
N̄2e

−iω2t〉, so that E2(z, t) = 〈i
√
N̄2e

−iω2t|Ê2(z)|i
√
N̄2e

−iω2t〉. The Hamiltonian can be written in this case
as

ĤPDC = ~ω0â
†â+ ~g0

√
N̄2 sin(ω2t)

(
â− â†

)2 ≈ ~ω0â
†â− ~g

2
(e−iω2tâ†2 + eiω2tâ2), (310)

where in the last step we have performed the rotating-wave approximation and defined a dressed down-conversion
rate

g =
√
N̄2g0, (311)

which can be many orders of magnitude above the bare rate g0, but still well below ω0 for typical quantum optics
experiments. Note that the final Hamiltonian (310) within the parametric approximation is equivalent to taking the

expectation value of the full Hamiltonian (307) in the pump’s coherent state |i
√
N̄2e

−iω2t〉 (and removing the free
energy contribution of the pump, which is just a constant shift).

In contrast to (307), this Hamiltonian is quadratic in annihilation and creation operators, and can be treated analyt-
ically. In order to do so, first we move to a picture where it becomes time independent, which can be accomplished by

using the unitary transformation Ûc(t) = eĤct/i~, with Ĥc = ~ω2â
†â/2 (see Section I C). Using the Baker-Campbell-

Haussdorf lemma (84), it’s easy to show that the annihilation operator is transformed as Û†c âÛc = e−iω2t/2â, leading
to a so-called rotating picture, where the Hamiltonian reads

ĤI = Û†c ĤPDCÛc − Ĥc = ~∆â†â− ~g
2

(â†2 + â2), (312)

where we define the detuning as ∆ = ω0 − ω2/2. This Hamiltonian is the simplest non-trivial one that allows us
to introduce the so-called Bogoliubov-deGennes theory, which appears in any branch of physics involving bosons or
fermions (e.g., condensed matter and high-energy physics).

We can understand this Hamiltonian analytically by rewriting it in terms of a new bosonic operator ĉ = Ŝ†(r)âŜ(r),

where Ŝ(r) = er(â
2−â†2)/2 is a squeezing unitary operator, as defined in Section II I. We will choose the parameter r

such that the Hamiltonian takes a simple form that we are familiar with in terms of the new annihilation and creation
operators, which obviously satisfy canonical commutation relations, [ĉ, ĉ†] = 1. We will call Bogoliubov mode to the
one associated to these bosonic operators. Using (183), we obtain the following relations between the original and
Bogoliubov operators

ĉ = â cosh r − â† sinh r ⇔ â = ĉ cosh r + ĉ† sinh r. (313)

This is known as a Bogoliubov transformation, although for our single-mode case, it is nothing but the simple squeezing
transformation that we saw in Section II I. The real power of Bogoliubov transformations is evidenced in multi-mode
situations, and in particular, it generalizes to particle non-conserving situations the normal mode theory that is usually
studied in the context of coupled oscillators.

Inserting (313) into (312), we can rewrite the Hamiltonian into the form

ĤI = E0(r) + ~Ω(r)ĉ†ĉ− ~κ(r)

2
(ĉ2 + ĉ†2), (314)

with parameters

Ω(r) = ∆ cosh 2r − g sinh 2r, (315a)

κ(r) = g cosh 2r −∆ sinh 2r, (315b)

E0(r) = ~[Ω(r)−∆]/2. (315c)

This calls for the choice tanh 2r = g/∆ for the parameter r, such that, in terms of the Bogoliubov mode, the

Hamiltonian takes the simple free-harmonic oscillator form34 ĤI = E0 + ~Ωĉ†ĉ, with Ω = sign(∆)
√

∆2 − g2. We

34 Note that tanh 2r = g/∆ implies that (keep in mind that, by definition, coshx > 0 ∀x, so the sign of tanhx is always encoded in sinhx)

sinh 2r = sign(∆)
g√

∆2 − g2
and cosh 2r =

|∆|√
∆2 − g2

. (316)

From these, we can also relate sinh2 r = [cosh(2r)− 1]/2 and cosh2 r = [cosh(2r) + 1]/2 with ∆ and g.



69

know the spectrum of this Hamiltonian very well from previous chapters: {E0 +~Ωn}n=0,1,.... An interesting property
of the spectrum is that it is lower or upper bounded depending on the sign of ∆, since that’s also the sign of the
energy step ~Ω. As for the eigenvectors, they are the Fock states associated to the annihilation operator ĉ. It is
interesting to understand the meaning of these eigenstates in relation to the original mode â, which is the one that
describes the down-converted field Ê0(z). Let us denote by |n〉c the eigenstates of ĉ†ĉ, and by |n〉a the eigenstates

of â†â. It is then easy to prove that |n〉c = Ŝ(−r)|n〉a, so that the eigenstates of the Hamiltonian are squeezed Fock
states of the down-converted field. In order to prove this, we first proceed by proving the relation for the vacuum
state:

0 = ĉ|0〉c = Ŝ†(r)âŜ(r)|0〉c ⇒ âŜ(r)|0〉c = 0 ⇒ |0〉a = Ŝ(r)|0〉c, (317)

which proves the relation for n = 0. On the other hand,

|n〉c =
1√
n!
ĉ†n|0〉c =

1√
n!

[
Ŝ†(r)â†nŜ(r)

]
Ŝ(−r)|0〉a = Ŝ†(r)

1√
n!
â†n|0〉a = Ŝ(−r)|n〉a,

as we wanted to prove. Hence, this shows the strong connection that exists between down-conversion and the gener-
ation of squeezing, as we shall see in more detail later in this section, and along the next chapters.

The theory above is neat, but we have omitted a huge implicit assumption: because | tanhx| < 1 for any finite
x, the theory we developed above works only when |∆| > g. In the limit |∆| = g the squeezing parameter tends to

infinity, |r| → ∞. In fact, writing the annihilation operator as â = (X̂+iP̂ )/2 in terms of the position and momentum

quadratures ([X̂, P̂ ] = 2i), in this case the Hamiltonian (312) reads

ĤI =
~g
4

[sign(∆) + 1] P̂ 2 +
~g
4

[sign(∆)− 1] X̂2 =

{
~gP̂ 2/2, for ∆ > 0

−~gX̂2/2, for ∆ < 0
, (318)

showing that the energy eigenstates are position or momentum eigenstates depending on the sign of the detuning ∆,
with the spectrum becoming continuous (and lower or upper bounded for ∆ > 0 or ∆ < 0, respectively).

Past this point, that is, for |∆| < g, there is no choice of r in Eq. (314) that leads to a diagonalizable Hamiltonian.
In contrast, the best we can do to simplify the Hamiltonian is setting Ω = 0 by choosing tanh 2r = ∆/g, implying35

κ =
√
g2 −∆2. In this case, the Hamiltonian reads ĤI = E0 − ~κ(ĉ2 − ĉ†2)/2. This Hamiltonian is very special, and,

in particular, it cannot be diagonalized, since it is completely unbounded. In order to see this, just note that writing
ĉ = (x̂+ip̂)/2, in terms of the position and momentum quadratures of the Bogoliubov mode ([x̂, p̂] = 2i), we obtain the

Hamiltonian ĤI = E0 +~κ(p̂2− x̂2)/4. This corresponds to a particle moving in an inverted parabolic potential, which
is obviously an unbounded problem, lacking normalizable stationary eigenstates (not even in the Dirac continuous
sense) and real eigenvalues. In particular, the time evolution induced by this Hamiltonian will simply exponentially
push any initial state towards states with larger and larger number of excitations, as we are about to see now through
an example.

It is then common to denote the |∆| > g regime as the stable phase, and the |∆| < g regime as the unstable phase.
Hence, the simple down-conversion Hamiltonian (312) leads to a wide variety of behaviors or phases depending on the
ratio ∆/g, see Figure ToDo: standard harmonic spectrum (uniformly-spaced, lower-bounded) for ∆ > g, standard
free-particle spectrum (continuous, lower-bounded) for ∆ = g, instability for g > ∆ > −g, continuous upper-bounded
spectrum for ∆ = −g, and upper-bounded uniformly-spaced spectrum for ∆ < −g.

In order to get a grip of the meaning and interpretation of the instability, let us consider now the evolution of
the number of excitations N̄ = 〈â†â〉 when we start from the vacuum state |0〉a. Note that the number operator is

invariant under the change of picture, that is, Û†c (t)â†âÛc(t) = â†â, while in the rotating picture the state evolves as

|ψ(t)〉I = ÛI(t)|0〉a, being ÛI(t) = exp(ĤIt/i~) the time-evolution operator in the rotating picture, and where we have
also used |ψ(0)〉I = |ψ(0)〉. Hence, we can evaluate the evolution of the number of excitations as

N̄(t) = a〈 0|Û†I (t)â†âÛI(t)|0〉a =
∣∣∣Û†I (t)âÛI(t)|0〉a

∣∣∣
2

. (320)

In other words, we just need to time-evolve the annihilation operator, apply it to vacuum, and evaluate the norm of
the resulting state. Let’s do this for the stable and unstable phases. In both cases the trick to evaluate the quantity

35 Note that in this case tanh 2r = ∆/g implies that

sinh 2r =
∆√

g2 −∆2
and cosh 2r =

g√
g2 −∆2

. (319)
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above is the same: since the Hamiltonian takes a simple form in terms of ĉ, we use (313) to write â in terms of ĉ
and ĉ†, time-evolve these, and then use (313) to bring the expression back to the original bosonic operators (and we
only need to keep the â† term, since â annihilates |0〉a). In the stable case, |∆| > g, and taking into account that

ÛI(t) = exp(E0t/i~) exp(−iΩtĉ†ĉ), such that Û†I (t)ĉÛI(t) = e−iΩtĉ, we easily get

Û†I (t)âÛI(t) =
(
e−iΩtĉ cosh r + eiΩtĉ† sinh r

)
=
(
eiΩt − e−iΩt

)
â† cosh r sinh r + â-terms, (321)

= i sinh(2r) sin(Ωt)â† + â-terms (322)

leading to

N̄(t) = |i sinh(2r) sin(Ωt)|1〉a|2 =
g2

∆2 − g2
sin2(Ωt). (323)

We plot this in Fig. ToDo. Note that the number of excitations starts at zero, and proceeds with bounded periodic
oscillations reaching maxima at g2/(∆2 − g2).

On the other hand, in the unstable phase |∆| < g the time evolution operator ÛI(t) = exp(E0t/i~) exp[iκt(ĉ†2+ĉ2)/2]

is equivalent to a squeezing operator, such that Û†I (t)ĉÛI(t) = ĉ cosh(κt) + iĉ† sinh(κt) according to (183), leading to

Û†I (t)âÛI(t) = Û†I (t)ĉÛI(t) cosh r + Û†I (t)ĉ†ÛI(t) sinh r (324)

= [cosh(κt) cosh r − i sinh(κt) sinh r] ĉ+ [cosh(κt) sinh r + i sinh(κt) cosh r] ĉ† (325)

= i cosh(2r) sinh(κt)â† + â-terms, (326)

so that

N̄(t) = |i cosh(2r) sinh(κt)|1〉a|2 =
g2

g2 −∆2
sinh2(κt). (327)

As shown in Fig. ToDo, in this case the number of excitations is not bounded, and simply increases exponentially
with time, following the hyperbolic sine of the expression. This is indeed generic for any initial state, since the time
evolution operator is a squeezing transformation with a squeezing parameter κt that increases with time. Hence, we
see that in this case there are no stationary eigenstates.

At the physical level, the most interesting message that we can get from these results is that down-conversion can
extract energy from the pump mode to amplify the quantum vacuum fluctuations of the signal mode, populating it
in the form of a squeezed state.
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V. QUANTUM OPTICS IN OPEN SYSTEMS

In the previous chapters we have dealt with closed quantum systems, that is, systems that are fully described by a
Hamiltonian. However, most physical systems are open, in the sense that they interact with other systems to which
experimentalists do not have access to. The paradigmatic example is dissipation, by which the system under study
leaks energy to a substrate or environment which is too complex to be monitored in experiments. In this section we
will learn how to model quantum systems subject to such type of situation. In particular, we will learn that there exists
a description of the system’s dynamics involving only system operators and states, with the environmental degrees of
freedom effectively integrated out. We will introduce this description through two paradigmatic examples of outmost
quantum-optical relevance: an optical cavity with a partially-transmitting mirror and an atom in free space. We start
with the former, introducing a model for the system (cavity), the environment (external electromagnetic modes),
and their interaction (photons tunneling in and out of the cavity through the mirror). Then we proceed to integrate
out the environmental degrees of freedom either in the Heisenberg or the Schrödinger pictures. We will see that the
system’s dynamics will no longer be ruled by the Heisenberg or von Neumann equations, but by some generalization
of these called, respectively, quantum Langevin and master equations.

A. Open optical cavities

In Chapter II we study the quantum description of the electromagnetic field inside an optical cavity with perfectly
reflecting mirrors. However, in reality optical cavities must have at least one partially transmitting mirror allowing
us to both inject light inside it and observe or use the light that comes out of it. In this section we explain how to
deal with such an open cavity within the quantum formalism.

1. The open cavity model

For simplicity, we consider only one cavity mode with frequency ωc, whose annihilation operator we denote by â. In
addition, we assume that there are no intracavity processes, just free evolution (e.g., no atoms or nonlinear dielectric
media in the cavity). We will discuss the generalization to many modes and nontrivial intracavity dynamics later.

We propose a model in which the cavity mode is coupled through the partially transmitting mirror to the external
modes. These external modes can be modeled as the modes of a second cavity which shares the partially transmitting
mirror with the main cavity, but has the second mirror placed at infinity. According to the previous chapter, the
field corresponding to such cavity can be written as (note that we still take the origin of the z axis in the perfectly
reflecting mirror of the main cavity)

Âext (z) = lim
Lext→∞

ex

∞∑

m=1

√
~

ε0LextSωm
(b̂m + b̂†m) sin [ωm(z − L)/c] , with z ∈ [L,L+ Lext] (328)

where the boson operators satisfy the commutation relations [b̂m, b̂
†
m′ ] = δmm′ , and ωm = (πc/Lext)m. Now, as the

length of this auxiliary cavity goes to infinity, the set of longitudinal modes becomes infinitely dense in frequency
space (the distance between them, πc/Lext, goes to zero), so that the sum over m can be replaced by an integral over
continuous frequencies36:

lim
Lext→∞

∞∑

m=1

=
Lext

πc

∫ ∞

0

dω. (329)

Accordingly, the Kronecker delta, which must preserve the property limLext→∞
∑∞
m=1 δmm′ = 1, converges to a Dirac

delta as

lim
Lext→∞

δmm′ =
πc

Lext
δ(ω − ω′). (330)

36 Note that going as low in frequency as ω = 0 or as high as ω → ∞ makes no physical sense. However, these fine details are irrelevant
within our level of description, since we will see that only frequencies around the transitions of the cavity Hamiltonian play a non-
negligible role effectively.
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It is then convenient to define a continuous set of annihilation operators

b̂(ω) =

√
Lext

πc
lim

Lext→∞
b̂m, (331)

which satisfy continuous canonical commutation relations

[b̂(ω), b̂(ω′)] = 0, [b̂(ω), b̂†(ω′)] = δ(ω − ω′). (332)

Then, we can finally write the vector potential of the field outside the cavity as

Âext (z) = ex

∫ ∞

0

dω

√
~

πcε0Sω
[b̂(ω) + b̂†(ω)] sin [ω(z − L)/c] . (333)

At this point, it is important to remark that the frequency dependence of the continuous annihilation operators is by
no means a Fourier of the time-dependent operators. It is merely a label for the external available electromagnetic
modes, just like the discrete index m is for the cavity with finite length. In fact, note that we have implicitly written
the above expressions in the Schrödinger picture, since operators are time independent.

Now that we have a description of the field outside the cavity, we can proceed to model the evolution of the whole
system through a suitable Hamiltonian. From Chapter II, we know that the free evolution of the cavity mode and
the external modes is ruled by the Hamiltonian Ĥcav + Ĥext with

Ĥcav = ~ωcâ
†â and Ĥext =

∫ ∞

0

dω~ωb̂†(ω)b̂(ω). (334)

The coupling between the cavity and the external modes can also be modeled via a simple Hamiltonian, namely

Ĥint = i~
∫ ∞

0

dωg(ω)[b̂†(ω)â− b̂(ω)â†], (335)

corresponding to the tunneling of photons between the cavities via the partially transiting mirror, at a rate determined
by the parameter g(ω), which is allowed to depend on the frequency of the external modes. This form for interaction
Hamiltonian is supported by many arguments37. Perhaps the most general one consists in noting that mirrors are
judiciously chosen to be absent of nonlinear optical effects (e.g., they are typically built of dielectrics on the linear
regime), as otherwise they would not only transmit/reflect light, but also change its fundamental properties (e.g.,
through the frequency conversion effects that we saw in the previous chapter). We then expect the contribution of
the mirror to the Hamiltonian to be quadratic in annihilation and creation operators. In addition, since the mirror
is a passive element and we will take the interaction as perturbative, so that the energy scales are approximately set

by Ĥ0, terms such as b̂†(ω)â† are not allowed, which would require an energy ~(ωc + ω) coming from some kind of
source. A more pragmatic argument is that we know how mirrors and linear dielectric plates (beam splitters) act on
classical laser beams, in particular splitting them into reflected and transmitted beams with the same spatiotemporal
properties as the original beam (except for the propagation direction), and whose intensities add up to the intensity
of the original beam. Now, since at the quantum level these classical beams are described by coherent states, the only
Hamiltonian that provides an evolution consistent with that classical picture has the properties mentioned above.

We can simplify the the model even further. Note that the coupling g(ω) depends essentially on the transmissivity of
the mirror at the corresponding frequency, and we are assuming that g2(ω)� ωc for optical frequencies, as the mirror
is still assumed to have large reflectivity (otherwise, we cannot even consider a model with two separate cavities, but
need to quantize the electromagnetic field of the full space with appropriate boundary conditions as a whole). On the
other hand, from previous chapters we expect energy conservation to imply that only frequencies close to the cavity
frequency will contribute to the interaction (resonant interaction), what allows us to rewrite g(ω) =

√
γ/π in terms

of a frequency-independent constant γ, as the transmissivity of typical mirrors is pretty flat38 as a function of the
frequency at least within the interval [ωc − γ, ωc + γ]. In addition, it allows us to extend the integration limits to

[−∞,+∞] to simplify the upcoming integrals, because any fictitious unphysical negative frequency mode b̂(−|ω|) will

37 Actually, any form of the type ~
∫∞
0 dωg(ω)[eiϕb̂†(ω)â+ e−iϕâ†b̂(ω)] is perfectly acceptable. The phase ϕ of the interaction is actually

irrelevant for the final results, and it has been conveniently chosen here as π/2 for notational simplicity in upcoming derivations.
38 A comment on a typical misconception is in order: g(ω) does not refer to the transmissivity of the whole cavity, but just to the coupling

induced by the mirror between the field to its right and the field to its left, irrespective of what it has around it. As we will see, the
transmission coefficient of the whole cavity has a Lorentzian shape as a function of the external probe’s frequency. However, this will
come naturally from the model we are developing, and in particular from a model with a flat g(ω). Giving a Lorentzian shape to g(ω)
is a totally wrong move.
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â(t)

cavity field external field 

b̂in(t)
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Figure 15. Schematic view of the open cavity model. Each cavity mode (we show only the third one) interacts with the external
modes through a partially transmitting mirror. The external modes form a continuum that can be modeled as a second cavity
sharing the partially transmitting mirror with the main cavity, but with the other mirror placed at infinity (hence not shown
in the figure). As explained in this and the next chapter, the external modes can be described by an input field driving the
cavity and an output field coming out of the cavity.

not contribute to the physics, as they are very off resonant. These approximations are one version of the more general
Markov approximation that we will comment on later, at the end of the chapter. Hence, this allows us to finally write
the interaction as

Ĥint = i~
√
γ

π

∫ +∞

−∞
dω[b̂†(ω)â− b̂(ω)â†]. (336)

In Section V A 8, we show that the explicit relation between γ and the cavity parameters is

γ =
cT
4L

, (337)

where T is the (intensity) transmissivity of the mirror, and we remind that L is the cavity length.
This is the basic model that we will use to ‘open the cavity’. In the following we show how to derive reduced

evolution equations for the intracavity mode alone both at the level of operators (Heisenberg picture) and states
(Schrödinger picture), leading, respectively, to the so-called quantum Langevin and master equations.

2. Heisenberg picture approach: The quantum Langevin equation

Given the Hamiltonian written above, Ĥ0 + Ĥint , the Heisenberg equations of motion of the annihilation operators
are

∂tâ = −iωcâ−
√
γ

π

∫ +∞

−∞
dωb̂(ω), (338a)

∂tb̂(ω) = −iωb̂(ω) +

√
γ

π
â. (338b)

We now proceed to reduce these equations to an evolution equation solely for â. For this, reminding the general
solution (251) of a linear differential equation, we can formally integrate the second equation as

b(ω; t) = b0(ω)e−iωt +

√
γ

π

∫ t

0

dt′eiω(t′−t)â(t′), (339)

where b0(ω) ≡ b(ω; 0) is a shorter notation for the external annihilation operators at the initial time, which we take
as t = 0. Introducing this solution into the evolution equation for â, we get

∂tâ = −iωcâ−
√
γ

π

∫ +∞

−∞
dωb0(ω)e−iωt − γ

π

∫ t

0

dt′
∫ +∞

−∞
dωeiω(t′−t)

︸ ︷︷ ︸
2πδ(t−t′)

â(t′). (340)
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Next we use the property

∫ τ+

τ−

dτf(τ)δ(τ − τ±) = f(τ±)/2, (341)

valid for any function f(τ) that is continuous in all the integration domain39, and define the input operator

b̂in(t) = − 1√
2π

∫ +∞

−∞
dωe−iωtb̂0(ω), (342)

which is easily shown to satisfy the commutation relations

[b̂in(t), b̂in(t′)] = 0, [b̂in(t), b̂†in(t′)] = δ(t− t′), (343)

which correspond to (continuous) canonical commutation relations in time. We then turn the previous equation into

∂tâ = − (γ + iωc) â+
√

2γb̂in(t), (344)

which is an evolution equation for the intracavity mode. This equation is known as the quantum Langevin equation for
its similarity with stochastic Langevin equations [8] (first order differential equations forced by noise), the operator

b̂in(t) playing the role of the external noisy force. b̂in(t) is interpreted as an operator accounting for the input

field driving the cavity at each instant (see Fig. 15). It is important to remark that b̂in(t) is not a dynamical
variable, it is just the Fourier transform of the external annihilation operators at the origin of time. Hence, it
is completely determined by the initial quantum state of the external modes, as we will see next through some
examples. Additionally, we obtain a damping term −γâ, much expected since energy is leaking out of the cavity.

In practical terms, the solution for the intracavity operator â(t) is found in terms of integrals of b̂in(t), and since
we know the statistics of this operator (assuming that we know the initial state of the external modes), this allows
us to calculate the statistics of the intracavity field. We will see this in action with several examples along the next
sections.

It is then interesting to understand the properties of b̂in(t) for different initial states for the external modes, which
we will denote by |ψext〉 and ρ̂ext, for pure and mixed states, respectively:

• Vacuum. Consider first that they are in the vacuum state initially, that is |ψext〉 =
⊗

ω |0〉, where
⊗

ω must

be understood as a symbolic notation, since ω is a continuous index. We then have40 〈b̂0(ω)〉 = 〈b̂0(ω)b̂0(ω′)〉 =

〈b̂†0(ω)b̂0(ω′)〉 = 0, leading to the following statistical properties of the input operator:

〈b̂in(t)〉 = 〈b̂†in(t)b̂in(t′)〉 = 0, and 〈b̂in(t)b̂†in(t′)〉 = δ(t− t′), (345)

which are actually quite reminiscent of the statistical properties of complex white Gaussian noises in stochastic
Langevin equations [8].

• Coherent (laser driving). Let us next consider the injection of a classical (laser) beam, which means that
the external field is in a coherent state

|ψext〉 = e
∫ +∞
−∞ dω[α(ω)b̂†(ω)−α∗(ω)b̂(ω)]

⊗

ω

|0〉 ≡
⊗

ω

|α(ω)〉,

that is, each external mode of frequency ω is in a coherent state |α(ω)〉. In this case, we obtain

〈b̂0(ω)〉 = α(ω), 〈b̂0(ω)b̂0(ω′)〉 = α(ω)α(ω′), and 〈b̂†0(ω)b̂0(ω′)〉 = α∗(ω)α(ω′), (346)

39 A convincing argument in pro of this property comes from considering the integral
∫ τ2
τ0
dτf(τ)δ(τ − τ1) = f(τ1) for τ0 < τ1 < τ2.

Now, we also require the natural property of integrals
∫ τ2
τ0
dτf(τ)δ(τ − τ1) =

∫ τ1
τ0
dτf(τ)δ(τ − τ1) +

∫ τ2
τ1
dτf(τ)δ(τ − τ1). On the

other hand, if we want this expression to be independent of the function to be integrated and the integration limits, we must choose∫ τ1
τ0
dτf(τ)δ(τ−τ1) =

∫ τ2
τ1
dτf(τ)δ(τ−τ1) = f(τ1)/2. For example, it is enough to consider the particular case τ0 = −τ2 (hence τ2 > 0),

τ1 = 0, and a symmetric function f(τ) = f(−τ); we then have
∫ 0
−τ2

dτf(τ)δ(τ) =
∫ τ2
0 dτ ′f(−τ ′)δ(−τ ′) =

∫ τ2
0 dτf(τ)δ(τ), in agreement

with the choice we made.
40 Note that for Gaussian states, we only need to evaluate first and second order moments, since higher order moments are completely

determined by these.



75

so that the input operator satisfies the properties

〈b̂in(t)〉 = − 1√
2π

∫ +∞

−∞
dωe−iωtα(ω)

︸ ︷︷ ︸
α̃(t)

= − α̃(t)√
2π
, (347a)

〈b̂in(t)b̂in(t′)〉 =
1

2π

∫ +∞

−∞
dωe−iωt

∫ +∞

−∞
dω′e−iω′t)〈b̂0(ω)b̂0(ω′)〉︸ ︷︷ ︸

α(ω)α(ω′)

=
α̃(t)α̃(t′)

2π
= 〈b̂in(t)〉〈b̂in(t′)〉, (347b)

〈b̂†in(t)b̂in(t′)〉 =
1

2π

∫ +∞

−∞
dωeiωt

∫ +∞

−∞
dω′e−iω′t′〈b̂†0(ω)b̂0(ω′)〉︸ ︷︷ ︸

α∗(ω)α(ω′)

=
α̃∗(t)α̃(t′)

2π
= 〈b̂in(t)〉∗〈b̂in(t′)〉. (347c)

In other words, each of the input modes (which form a continuous set of harmonic oscillators obeying canonical

commutation relations), is in a coherent state |αin(t)〉 with an amplitude αin(t) = −α̃(t)/
√

2π, which is just
proportional to the Fourier transform of the spectral components α(ω) of the laser. Hence, the external state

admits an alternative description in the time domain as |ψext〉 =
⊗

t |αin(t)〉, with b̂in(t)|αin(t)〉 = αin(t)|αin(t)〉,
and where

⊗
t is again a symbolic notation, since t is a continuous index.

In this case, it is recommendable to define a new input operator

âin(t) = b̂in(t)− 〈b̂in(t)〉, (348)

which using the previous equations is easily shown to satisfy the vacuum correlators (345). In terms of this
operator the quantum Langevin equation for the intracavity mode reads

∂tâ = A(t)− (γ + iωc) â+
√

2γâin(t), (349)

with A = −
√
γ/πα̃(t). Hence, the injection of laser field is equivalent to the addition of the following time-

dependent term in the Hamiltonian

Ĥinj(t) = i~
(
A(t)a† −A∗(t)a

)
, (350)

while considering the external modes in vacuum.
As a common example, consider a laser containing L frequency components {ω`}`=1,2,...,L, so that α(ω) =∑L
`=1 α`δ(ω − ω`). This leads to a driving term in the quantum Langevin equation with

A(t) =

L∑

`=1

E`e−iω`t, with E` = −
√
γ

π
α`. (351)

The most relevant case is that in which each spectral component is resolved by the cavity, that is, their spectral
separation is larger than γ, but still small enough compared with the free spectral range πc/L such that they
address the same cavity mode of frequency ωc. In such case, we show in Section V A 8 the explicit relation of
the rates E` and the physical or experimental parameters is

E` =

√
2γ

~ωc
Pinj,`e

iφ` , (352)

where Pinj,` and φ` are, respectively, the power (averaged over an optical cycle) and phase of the `’th spectral
component.

• Thermal. Consider now also the case in which the external field is at thermal equilibrium at temperature T ,
corresponding, as we saw in Section II J, to the state

ρ̂ext =
e−Ĥext/kBT

tr
{
e−Ĥext/kBT

} ≡
⊗

ω

ρ̂th[n̄(ω)], (353)

where ρ̂th(n̄) is a thermal Gaussian state for each mode, with an average number of excitations (photons) given
by the Bose-Einstein distribution

n̄(ω) =
1

exp(~ω/kBT )− 1
. (354)
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Again, note that the right-hand-side of (353) is a symbolic notation. The first and second moments of the
external field are then

〈b̂0(ω)〉 = 0 = 〈b̂0(ω)b̂0(ω′)〉, and 〈b̂†0(ω)b̂0(ω′)〉 = n̄(ω)δ(ω − ω′) ≈ n̄(ωc)δ(ω − ω′). (355)

In the last step we have made the approximation n̄(ω) ≈ n̄(ωc) ≡ n̄, since only a narrow band of frequencies
in the interval [ωc − γ, ωc + γ] contribute to the problem as argued above, where the Bose-Einstein distribution
can be considered flat to a good approximation. The statistical properties of the input operators are then
enormously simplified, obtaining

〈âin(t)〉 = 0 = 〈âin(t)âin(t′)〉, 〈â†in(t)âin(t′)〉 = n̄δ(t− t′), and 〈âin(t)â†in(t′)〉 = (n̄+ 1)δ(t− t′), (356)

where, by using the modified input operator âin(t) of Eq. (348), we are implicitly allowing for the injection of
a laser field on top of the thermal excitations.

As a final remark, let us extend the model a bit, in particular by considering the possibility of having nontrivial
intracavity processes given by a Hamiltonian Ĥintra(t). As we saw in the previous chapter, these might account for
the down-conversion in a nonlinear dielectric or the interaction with a single atom, for example. Taking a look at the
derivation of the quantum Langevin equation, the only place where the intracavity process could make a difference
is in the assumption that only external modes around the cavity resonance ωc will contribute, since now the energy
needed to annihilate or create an intracavity photon is not ~ωc but the energy transitions associated to the total
intracavity Hamiltonian Ĥcav + Ĥintra(t), that is, differences between its eigenvalues. Hence, as long as Ĥintra(t) can
be treated as a perturbation with respect to optical energies ~ωc, we can still simply introduce it in the quantum
Langevin equation without further modifications to a very good approximation. We will assume that this is the case,
so that the final form of the quantum Langevin equation of a mode in an open cavity reads

∂tâ = A(t)− (γ + iωc) â+

[
â,
Ĥintra(t)

i~

]
+
√

2γâin(t), (357)

where, we further assume an external electromagnetic field at thermal equilibrium, so the input operator satisfies the
statistical properties (356).

It is important to note that, in general, the interplay between damping, driving, and interactions makes the state
settle into a well-defined asymptotic state at long times, irrespective of the initial state. This state is commonly denoted
in the literature by steady or stationary state, although it’s important to keep in mind that it is time dependent in
general.

We will discuss the extension of this description to a multi-mode cavity coupled to more than one environment in
Section V A 7. Now, let us consider one example to fix ideas.

3. Example in the Heisenberg picture: asymptotic states of an driven empty cavity

In order to learn how to use the quantum Langevin equation, let us consider now the simplest example possible:
that of an empty cavity with no intracavity processes other than free evolution and driven by a monochromatic laser,
that is, Ĥintra = 0 and A(t) = Ee−iωLt. Note that in this case the evolution equations of the whole “cavity + external
field” (338) are linear, and hence, if initially all the fields are in a Gaussian state, the state will remain Gaussian at all
times (a linear combination of Gaussian variables is Gaussian). This is also clear from the quantum Langevin equation
itself, since a linear equation, with a Gaussian input field, will lead to Gaussian variables at all times, provided that
these are Gaussian initially. Otherwise, the variables will be Gaussian only asymptotically (since the asymptotic state
is independent of the initial conditions).

The solution of the resulting linear quantum Langevin equation (357) is, according to Eq. (251),

â(t) = e−(γ+iωc)tâ(0) +

∫ t

0

dt′
[
Ee−iωLt

′
+
√

2γâin(t′)
]
e−(γ+iωc)(t−t′). (358)

Making the variable change t′ = t− τ in the integral we obtain

â(t) = e−(γ+iωc)tâ(0) + Ee−iωLt

∫ t

0

dτe−(γ+iωc−iωL)τ

︸ ︷︷ ︸
1−e−(γ−i∆)t

(γ−i∆)

+
√

2γ

∫ t

0

dτe−(γ+iωc)τ âin(t− τ), (359)
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where ∆ = ωL − ωc is the cavity detuning. For γt → ∞, two terms vanish, the one containing the initial condition
and the second term of the definite integral in the middle, obtaining

lim
γt→∞

â(t) =
E

γ − i∆
e−iωLt +

√
2γ lim

t→∞

∫ t

0

dτe−(γ+iωc)τ âin(t− τ). (360)

Note that all the information about the initial state of the cavity mode has disappeared, as mentioned above. In
order to understand the type of asymptotic state that the cavity reaches, we consider now the first and second order
moments of the intracavity mode. In the case of the first order moment, we get

lim
γt→∞

〈â(t)〉 =
E

γ − i∆
e−iωLt. (361)

Defining the fluctuation operator δâ(t) = â(t)− 〈â(t)〉, the second order moments then read

lim
γt→∞

〈δâ2(t)〉 = 2γ lim
γt→∞

∫ t

0

dτ

∫ t

0

dτ ′e−(γ+iωc)(τ+τ ′)〈âin(t− τ)âin(t− τ ′)〉︸ ︷︷ ︸
0

= 0, (362a)

lim
γt→∞

〈δâ†(t)δâ(t)〉 = 2γ lim
γt→∞

∫ t

0

dτ

∫ t

0

dτ ′e−γ(τ+τ ′)+iωc(τ−τ ′)〈â†in(t− τ)âin(t− τ ′)〉︸ ︷︷ ︸
n̄δ(τ−τ ′)

= 2γn̄ lim
γt→∞

∫ t

0

dτe−2γτ

︸ ︷︷ ︸
1−e−2γt

2γ

= n̄.

(362b)

Using then expression (179), these moments lead to a Gaussian state with a mean vector with components given by
the real and imaginary parts of [2E/(γ− i∆)]e−iωLt, and a thermal covariance matrix V = (2n̄+1)I, see Figure ToDo.
In other words, we obtain a displaced thermal state, rotating at frequency ωL in phase space.

It is interesting to analyze total photon number, which is given by

lim
γt→∞

〈â†(t)â(t)〉 = lim
γt→∞

[
〈δâ†(t)δâ(t)〉+ 〈â(t)〉∗〈â(t)〉

]
=

|E|2
γ2 + ∆2

+ n̄, (363)

which has a classical (or coherent) contribution coming from the laser field, and a thermal background coming from an
equilibration with the environment at temperature T . It is interesting to plot this quantity as a function of the laser
frequency ωL, see Figure ToDo. We obtain the characteristic Lorentzian shape of a cavity, where it can be appreciated
that only laser frequencies close to the cavity resonance (within a bandwidth of order γ) can excite the cavity. This
proves that only the external frequencies around the cavity resonance are relevant, and hence the approximations
that we made in the model are consistent, see Section V A 1. It is interesting to note that using the relation of the
amplitude |E| with the power of the injected laser Pinj, |E|2 = 2γPinj/~ωc (we prove this in a later section), we can
interpret the maximum coherent contribution as

|E|2
γ2

=
Pinj

~ωc
× 2

γ
∼
(

energy/time

energy/photon

)
× (∼ damping time) ≡ photons accumulated

in a damping cycle
. (364)

It is also interesting to consider the expression for the coherent amplitude, which writing the injection parameter as
E = |E|eiφ, can be written as

lim
t→∞
〈â(t)〉 =

|E|√
γ2 + ∆2

ei[φ+δφ∆]e−iωLt, (365)

with δφ∆ = arg(γ + i∆) ∈ [−π/2, π/2]. There are two interesting features here. First, note that the field oscillates at
the laser frequency, not the cavity frequency. Second, note that the intracavity field is in phase with the laser only
when injecting on resonance (∆ = 0), otherwise, they have a phase difference of δφ∆. This provides a way to measure
the cavity resonance (and hence, its length), simply by analyzing the relative phase between the injected laser and
the output light. This has many applications in the world of high precision measurements.

4. Schrödinger picture approach: The master equation

In the previous sections we have treated the open cavity within a Heisenberg-picture formalism. Now we will do it
in the Schrödinger picture. Hence, we consider now the density operator ρ̂(t) corresponding to the state of the whole
system “cavity mode + external modes”, which evolves according to the von Neumann equation

i~∂tρ̂ = [Ĥcav + Ĥext + Ĥint, ρ̂], (366)
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where the Hamiltonian terms are provided in (334) and (336). Our goal now is finding an evolution equation for the
reduced state of the cavity mode ρ̂cav(t) = trext{ρ̂(t)}, by tracing out the external degrees of freedom. As we are
about to see, this goal is relatively easy to achieve if we keep effects only up to second order on the weak interaction.

The derivation is easier to handle by moving to a more convenient picture. Specifically, it is a picture composed
of a sequence of two picture changes, both of which appear very naturally from the following arguments. First, as
we did in the Heisenberg picture, we are going to assume that the external field is initially at thermal equilibrium,
except for the possibility of a coherent laser contribution of amplitude α(ω) for the external modes of frequency ω.
Specifically, we assume that

ρ̂ext(0) = D̂(0)
e−Ĥext/kBT

trext

{
e−Ĥext/kBT

}D̂†(0), with D̂(0) = e
∫ +∞
−∞ dω[α(ω)b̂†(ω)−α∗(ω)b̂(ω)], (367)

where we denote by ρ̂ext(t) the state of the external field. As it will be clear shortly, it is then convenient to move to
a picture that discounts the displacement, which will simplify the statistical properties of the environment (similarly

to what we saw in the Heisenberg picture) and will remove the part of Ĥint that could be non-perturbative for large
α(ω). This is accomplished by using a time-dependent displacement operator

D̂(t) = e
∫ +∞
−∞ dω[β(ω,t)b̂†(ω)−β∗(ω,t)b̂(ω)], (368)

as the unitary transformation to the new picture, where we show at the end of the section that β(ω, t) = α(ω)e−iωt is

the most appropriate choice, which corresponds precisely to the evolution of 〈b̂(ω)〉 in the absence of interaction. In
particular, we show at the end of the section that the Hamiltonian in the new picture is given by

ĤD(t) = Ĥcav + Ĥinj(t) + Ĥext︸ ︷︷ ︸
Ĥ0(t)

+Ĥint, (369)

where Ĥinj(t) = i~[A(t)â† −A∗(t)â], with A(t) = −
√
γ/π

∫ +∞
−∞ dωe−iωtα(ω), is the same Hamiltonian that appeared

naturally in the Heisenberg picture when we discounted the laser contribution from the input operator, see Eq. (350).
Next, in order to set the stage for a proper perturbation theory, the second change of picture will discount the evolution
induced by Ĥ0(t), which defines the interaction picture. This is accomplished by the unitary operator satisfying the

equation i~∂tÛc = Ĥ0(t)Ûc with Ûc(0) = Î. As we saw in Section I C, Eq. (49), using the Dyson series and the
time-ordering symbol, this operator is written explicitly as

Ûc(t) = T
{
e
∫ t
0
dt′Ĥ0(t′)/i~

}
= e−iωctâ

†â+B(t)â†−B∗(t)âe−i
∫ +∞
−∞ dω ωb̂†(ω)b̂(ω), (370)

with B(t) =
∫ t

0
dt′A(t). The interaction-picture Hamiltonian takes then the form

ĤI(t) = Û†c (t)ĤD(t)Ûc(t)− i~Û†c (t)∂tÛc(t) = Û†c (t)ĤintÛc(t) (371)

= i~
√
γ

π

∫ +∞

−∞
dω
[
eiωtb̂†(ω)âI(t)− e−iωtb̂(ω)â†I (t)

]
,

where we have used Û†c (t)b̂(ω)Ûc(t) = e−iωtb̂(ω), easily found from the Baker-Campbell-Haussdorf lemma (84) as

usual, and we have defined the interaction-picture operators âI(t) = Û†c (t)âÛc(t), whose explicit form in terms of
the Schrödinger-picture operators â is easy to find, but we won’t need it. In this final interaction picture, the state
ρ̂I(t) = Û†c (t)D̂†(t)ρ̂(t)D̂(t)Ûc(t) evolves then according to the von Neumann equation

i~∂tρ̂I = [ĤI(t), ρ̂I], with ρ̂I(0) = ρ̂c(0)
⊗

ω

ρ̂th(n̄), (372)

where we have already made the approximation that the number of thermal excitations is independent of the frequency
and given by the Bose-Einstein distribution at the cavity frequency, n̄ = [exp(~ωc/kBT )− 1]−1, just as we did in the
Heisenberg picture, see the discussion around Eq. (353).

We are now in conditions to find an equation for the reduced state of the intracavity field. Since, as already
mentioned, we will be doing so in the style of a perturbation theory up to second order on the interaction, it is first
convenient to manipulate the von Neumann equation such that terms quadratic in the interaction Hamiltonian ĤI(t)
appear explicitly. This is easily accomplished by formally integrating the von Neumann equation (372) as

ρ̂I(t) = ρ̂I(0) +
1

i~

∫ t

0

dt′[ĤI(t
′), ρ̂I(t

′)], (373)
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and reinserting this expression back into the von Neumann equation (372), obtaining

∂tρ̂I(t) =
1

i~
[ĤI(t), ρ̂I(0)]− 1

~2

∫ t

0

dt′[ĤI(t), [ĤI(t
′), ρ̂I(t

′)]]. (374)

Since we are interested in the reduced state of the cavity, we can now make the partial trace over the external modes,
leading to

∂tρ̂cav,I(t) =
1

i~
trext{[ĤI(t), ρ̂I(0)]} − 1

~2

∫ t

0

dt′trext{[ĤI(t), [ĤI(t
′), ρ̂I(t

′)]]}, (375)

where41 ρ̂cav,I(t) = Û†c (t)ρ̂cav(t)Ûc(t) is the state of the cavity in the interaction picture. Finally, taking into account

that the initial condition term trext{[ĤI(t), ρ̂I(0)]} is proportional to trext{b̂(ω)
⊗

ω ρ̂th(n̄)} = 0, and making the
variable change t′ = t − τ in the time integral, we get the following integro-differential equation for the reduced
density operator:

∂tρ̂cav,I(t) = − 1

~2

∫ t

0

dτtrext{[ĤI(t), [ĤI(t− τ), ρ̂I(t− τ)]]}. (376)

This equation is exact, but now we are going to introduce two important approximations that will lead to huge
simplifications, in particular by keeping terms only up to quadratic order in the interaction Hamiltonian ĤI. At a
first sight, since (376) is explicitly quadratic in ĤI already, it might not seem obvious where the higher-order ĤI-
dependence comes from. In fact, it is not explicit, but implicit in ρ̂I(t − τ). To see this, note that starting from

the uncorrelated state ρ̂I(0) = ρ̂cav,I(0)
⊗

ω ρ̂th(n̄), the interaction ĤI creates correlations between the intracavity
and external fields. Hence, any deviations from an uncorrelated state ρ̂I(t) = ρ̂cav,I(t) ⊗ ρ̂ext,I(t) will contribute as
beyond-second order in the equation above. Neglecting these correlations is known as the Born approximation. In
addition, note that the external field is formed by an infinite number of modes that form a huge system compared
to the “tiny” intracavity mode. Therefore, we expect the back-action of the cavity onto the external field to occur
only at a much larger order in the interaction ĤI, so that we can make the approximation ρ̂I(t) = ρ̂cav,I(t)

⊗
ω ρ̂th(n̄)

in (376). A note on nomenclature: in the literature, you will sometimes see that this absence of back-action is also
included in the definition of the Born approximation.

It is important to remark that we are not saying that ρ̂I(t) = ρ̂cav,I(t)
⊗

ω ρ̂th(n̄) is the state of the system, but only
that deviations from this state appear as higher-order effects in the dynamics of ρ̂cav,I(t). In fact, we will see that
ρ̂cav,I(t) is mixed in general, even when we start from a pure cavity state, and this is only possible if it gets correlated
with the environment during the evolution. Also, we will see in the next chapter that the field coming out of the
cavity has properties such as anti-bunching and squeezing (when an atom or a nonlinear dielectric are placed inside
the cavity), which means that the external modes are no longer in the original displaced thermal state, but indeed
receive corrections.

Using these approximations, Eq. (376) is turned into

∂tρ̂cav,I(t) = − 1

~2

∫ t

0

dτtrext{[ĤI(t), [ĤI(t− τ), ρ̂cav,I(t− τ)
⊗

ω

ρ̂th(n̄)]]}. (377)

Note that the cavity state inside the integral is not evaluated at time t, but all along its past. On the other hand,
since the evolution is produced by the interaction ĤI, this means that, in principle, we are still keeping terms beyond
second order on ĤI. However, as we will see next, the Born and absence of backaction approximations, together with
the frequency-independent coupling g(ω) =

√
γ/π, are enough to remove all those higher-order terms. In contrast,

we will see later in this chapter that when the coupling is allowed to depend on the frequency, an extra assumption
known as Markov approximation is required to eliminate these higher-order terms.

Inserting the specific form of the Hamiltonian (371) into (377), we obtain an expression that is proportional to
second-order moments of the external operators, which in the picture we are working on take the simple thermal form

trext

{
b̂(ω)

⊗

ω

ρ̂th(n̄)

}
= trext

{
b̂(ω)b̂(ω′)

⊗

ω

ρ̂th(n̄)

}
= 0, (378)

trext

{
b̂†(ω)b̂(ω′)

⊗

ω

ρ̂th(n̄)

}
= n̄δ(ω − ω′), trext

{
b̂(ω′)b̂†(ω)

⊗

ω

ρ̂th(n̄)

}
= (n̄+ 1)δ(ω − ω′).

41 Beware of the loose notation: Ûc(t) acts on the total Hilbert space, while ρ̂cav,I(t) acts only on the cavity’s Hilbert space. It is then

understood that the part of Ûc(t) acting on the Hilbert space of the external modes has no effect in these type of expressions.
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Now, after expanding the double commutator in Eq. (376), we obtain 16 terms. 8 of these terms are proportional to

trext{b̂(ω)b̂(ω′)
⊗

ω ρ̂th} = 0 or trext{b̂†(ω)b̂†(ω′)
⊗

ω ρ̂th} = 0, and do not contribute. For example, one of such terms
is

γ

π

∫ t

0

dτ

∫ +∞

−∞
dω

∫ +∞

−∞
dω′âI(t)âI(t− τ)ρ̂cav,I(t− τ)eiωteiω′(t−τ)trext{b̂†(ω)b̂†(ω′)

⊗

ω

ρ̂th} = 0. (379)

The other 8 terms are either proportional to trext{b̂†(ω)b̂(ω′)
⊗

ω ρ̂th} = n̄δ(ω − ω′) or trext{b̂(ω)b̂†(ω′)
⊗

ω ρ̂th} =
(n̄+ 1)δ(ω − ω′), and hence provide a non-zero contribution. For example, one of such terms is

γ

π

∫ t

0

dτ

∫ +∞

−∞
dω

∫ +∞

−∞
dω′âI(t)â

†
I (t− τ)ρ̂cav,I(t− τ)eiωte−iω′(t−τ)trext{b̂(ω)b̂†(ω′)

⊗

∀ω
ρ̂th} (380)

=
γn̄

π

∫ t

0

dτ âI(t)â
†
I (t− τ)ρ̂cav,I(t− τ)

∫ +∞

−∞
dωeiωτ

︸ ︷︷ ︸
2πδ(τ)

= γn̄âI(t)â
†
I (t)ρ̂cav,I(t),

where we have made use of the property (341) of the Dirac delta. After taking care of all this 16 terms, we end up
with the equation

∂tρ̂cav,I = (n̄+ 1)γ
(

2âIρ̂cav,Iâ
†
I − â†I âIρ̂cav,I − ρ̂cav,Iâ

†
I âI

)
+ n̄γ

(
2â†I ρ̂cav,IâI − âIâ

†
I ρ̂cav,I − ρ̂cav,IâIâ

†
I

)
, (381)

where all the operators are evaluated at the same time. Finally, coming back to the Schrödinger picture, and including
a Hamiltonian Ĥintra(t) that describes any additional intracavity processes (allowed within the formalism as long as

they are just a perturbation onto Ĥcav), we obtain

∂tρ̂cav =

[
Ĥcav + Ĥintra(t) + Ĥinj(t)

i~
, ρ̂cav

]
(382)

+ (n̄+ 1)γ
(
2âρ̂cavâ

† − â†âρ̂cav − ρ̂cavâ
†â
)

+ n̄γ
(
2â†ρ̂cavâ− ââ†ρ̂cav − ρ̂cavââ

†)

This equation is known as the master equation of the intracavity mode. It contains two very different types of terms.
First, a commutator of the state with a Hamiltonian accounting for all the coherent processes occurring within the
cavity (which might get corrections from the interaction with the external field, e.g., the one coming from the injection
of lasers). On the other hand, we have terms that cannot be written as a commutator of the state with an operator,
and account for any incoherent processes occurring in the system mediated by the external field (in this case, photons
leaking out of the cavity irreversibly or entering the cavity incoherently from the thermal external field). In general,
similarly to what we saw in the Heisenberg picture, the coherent and incoherent processes reach a dynamical balance,
leading to an asymptotic state in the long term t→∞, which does not depend on the initial state.

To finish this section, let us prove that the Hamiltonian after the first change of picture

ĤD(t) = D̂†(t)(Ĥcav + Ĥext + Ĥint)D̂(t)− i~D̂†(t)∂tD̂(t), (383)

takes the form (369). In order to find ∂tD̂(t), we first use the disentangling Baker-Cambell-Haussdorf lemma (125)

with Â =
∫ +∞
−∞ dωβ(ω, t)b̂†(ω) and B̂ = −

∫ +∞
−∞ dωβ∗(ω, t)b̂(ω), so that using the commutation relations (332) of the

external operators, we write

D̂(t) = e−
∫ +∞
−∞ dω|β(ω,t)|2/2e

∫ +∞
−∞ dωβ(ω,t)b̂†(ω)e−

∫ +∞
−∞ dωβ∗(ω,t)b̂(ω). (384)

Applying the chain rule, we then obtain

∂tD̂(t) =

∫ +∞

−∞
dω
[
β̇(ω, t)∂β(ω,t) + β̇∗(ω, t)∂β∗(ω,t)

]
D̂(t) (385)

=

∫ +∞

−∞
dω

{
β̇(ω, t)

[
b̂†(ω)− β∗(ω, t)

2

]
D̂(t)− D̂(t)β̇∗(ω, t)

[
b̂(ω) +

β(ω, t)

2

]}

= D̂(t)

∫ +∞

−∞
dωβ̇(ω, t)

[
b̂†(ω) +

β∗(ω, t)
2

]
−H.c.,
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here in the last step we have used b̂†(ω)D̂(t) = D̂(t)[b̂†(ω) + β∗(ω, t)], which is just an alternative form of the

displacement formula D̂†(t)b̂(ω)D̂(t) = b̂(ω) + β(ω, t), trivially found by using the Baker-Cambell-Haussdorf lemma
(84). Applying this formula and (125) to (383), we then obtain

ĤD(t) = Ĥcav + Ĥext + Ĥint + Ĥinj(t) +

∫ +∞

−∞
dω

{
~[ωβ(ω, t)− iβ̇(ω, t)]

[
b̂†(ω) +

β∗(ω, t)
2

]
+ H.c.

}
. (386)

The largest simplification of this Hamiltonian is then obtained by asking the last term of this expression to vanish,
obtaining the differential equation β̇(ω, t) = −iωβ(ω, t). Choosing the initial condition β(ω, 0) = α(ω) as the initial
condition, in order to remove the initial displacement of the environmental state (367), we then obtain β(ω, t) =

α(ω)e−iωt, and the form (369) for ĤD(t), as we wanted to prove.

5. Master equations and their interpretation

The form of the master equation above is not accidental, and indeed, within the level of approximation that we are
working with (Born-Markov), it is possible (but beyond the scope of this introductory course, although we’ll get a
glimpse of it at the end of the chapter) to show that the most general evolution equation for the state ρ̂ of the system,
after tracing out the environment, takes the so-called Lindblad form

∂tρ̂(t) =

[
V̂ (t)

i~
, ρ̂(t)

]
+
∑

j

κj

(
2Ĵj ρ̂Ĵ

†
j − Ĵ†j Ĵj ρ̂− ρ̂Ĵ†j Ĵj

)
. (387)

Here, V̂ (t) is a Hermitian operator that can be interpreted as the Hamiltonian of the system (modified by interactions

with the environment). On the other hand, Ĵj are some operators with related rates κj > 0, all of which (including
how many we get) depend on the specific form of the interaction between the system and its environments, as well as
the properties of the latter. This form is so common, that we typically define the so-called dissipative superoperator
or dissipator DJ , which acts on operators as

DJ [ρ̂] = 2Ĵ ρ̂Ĵ† − Ĵ†Ĵ ρ̂− ρ̂Ĵ†Ĵ . (388)

The word ‘superoperator’ refers to the fact that DJ can be seen as a linear map from operators to operators, similarly
to how an operator is a map from kets to kets. In fact, the whole master equation can be seen as the evolution
equation generated by the so-called Lindblad superoperator or Lindbladian L, so that ∂tρ̂ = L[ρ̂]. While all this seems
rather anecdotical at this point, we will see that it directly inspires methods for the efficient numerical coding and
simulation of master equations, see [78].

Note that the master equation (382) for the open cavity has exactly this Lindblad form with V̂ (t) = Ĥcav +

Ĥintra(t) + Ĥinj(t), {κ1 = (n̄+ 1)γ, Ĵ1 = â} and {κ2 = n̄γ, Ĵ2 = â†}.
Let us now provide a more explicit interpretation of the terms of the master equation, and in particular of the

so-called jump operators Ĵj . For this, consider a simple master equation with only one of such operators and a
time-independent Hamiltonian (the generalization is trivial). Defining an effective non-Hermitian Hamiltonian

Ĥeff = V̂ − iκĴ†Ĵ , (389)

the master equation can be rewritten as

∂tρ̂ =
1

i~

(
Ĥeffρ̂− Ĥ†effρ̂

)
+ 2κĴρ̂Ĵ†. (390)

This form offers a very suggestive interpretation. The dynamics is generated by two types of terms: the first one

similar to a commutator, Ĥeffρ̂− Ĥ†effρ̂; the second one just the direct action of the jump operator on the state, Ĵ ρ̂Ĵ†.
We now show that these two terms are of extremely different nature. In particular, the first one induces reversible
dynamics, while the second generates irreversible dynamics. In order to show this, consider the following probabilistic
protocol for the generation of ρ̂(t+ dt) from ρ̂(t), which is shown at the end to be equivalent to the master equation.

With probability p(t) = 2κdt〈Ĵ†Ĵ〉, we apply a quantum jump to the state, so the state is transformed as

ρ̂(t) −→ Ĵ ρ̂(t)Ĵ†

tr{Ĵ ρ̂(t)Ĵ†}
≡ ρ̂irrev(t). (391)
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On the other hand, with the complementary probability 1 − p(t), we apply the effective time-evolution operator

Ûeff(t) = eĤefft/i~, so that now the state is transformed as

ρ̂(t) −→ Ûeff(dt)ρ̂(t)Û†eff(dt)

tr{Ûeff(dt)ρ̂(t)Û†eff(dt)}
≡ ρ̂rev(t). (392)

The point now is that while the inverse of the effective time-evolution operator exists (we just need to change the sign

of the Hamiltonian), Û−1
eff (t) = Ûeff(−t), that’s not the general case for jump operators Ĵ (think of the annihilation

or creation operators, which are not invertible). Therefore, ρ̂rev(t) can always be reversed into ρ̂(t), but once a jump
happens, and we have ρ̂irrev(t), there is nothing trivial we can do to come back to the original state42. If we add to
this that quantum jumps are random (they occur only probabilistically), we conclude that the second term in the
master equation (390) is the one responsible for irreversible dynamics. Note, in addition, that the evolution induced

by Ûeff(t) is continuous, while the one induced by quantum jumps is discontinuous (hence the word ‘jump’).
Let us now prove that, in the dt → 0 limit, this probabilistic protocol is equivalent to the master equation (390).

According to the definition and interpretation of mixed state that we saw in Section I B, the quantum state right after
applying the protocol to ρ̂(t) can be written as

ρ̂(t+ dt) = p(t)ρ̂irrev + [1− p(t)]ρ̂rev. (393)

On the other hand, using the order-dt expansions

Ûeff(dt) ≈ 1 +
dt

i~
Ĥeff, (394a)

Û†eff(dt)Ûeff(dt) ≈ 1− 2κdtĴ†Ĵ , (394b)

and noting that the cyclic property of the trace allows us to write

tr{Ĵ ρ̂(t)Ĵ†} = 〈Ĵ†Ĵ〉(t) = p(t)/2κdt, (395a)

tr{Ûeff(dt)ρ̂(t)Û†eff(dt)} = 〈Û†eff(dt)Ûeff(dt)〉(t) ≈ 1− 2κdt〈Ĵ†Ĵ〉(t) = 1− p(t), (395b)

we can rewrite (393) to first order in dt as

ρ̂(t+ dt) = ρ̂(t) +
dt

i~

(
Ĥeffρ̂− Ĥ†effρ̂

)
+ 2κdtĴ ρ̂Ĵ†, (396)

which is the finite-differences version of the master equation (390), and hence coincides with it in the dt→ 0 limit, as
we wanted to prove.

6. General dynamics of expectation values and example in the Schrödinger picture: driven empty cavity

In order to learn how to use the master equation, we study again the simplest example possible: that of an empty
cavity (Ĥintra = 0), driven by a single monochromatic laser, so that A(t) = Ee−iωLt. For this case, we already argued
that the state of the cavity remains Gaussian if it is Gaussian initially (otherwise, only the asymptotic state will be
Gaussian). With more generality, this happens whenever the master equation is quadratic in annihilation and creation
operators, as we will prove next.

In order to find the evolution equations of the first and second order moments required to determine the Gaussian
state, we first consider the time evolution of the expectation value of a generic operator Â, that is, 〈Â〉(t) = tr{Âρ̂(t)},
where we allow ρ̂ to satisfy a generic master equation (387). We then have

∂t〈Â〉 = tr
{
Â∂tρ̂

}
= tr

{
Â

[
V̂

i~
, ρ̂

]}
+
∑

j

κjtr
{

2ÂĴj ρ̂Ĵ
†
j − ÂĴ†j Ĵj ρ̂− Âρ̂Ĵ†j Ĵj

}
. (397)

42 See however reference [79] for an impressive example of the advances that modern experimental platforms, together with a very mature
theoretical understanding of quantum-jump processes, are allowing in this field: even though the jumps are random, under proper
conditions they are preceded by a warning signal that allows catching and reversing them.
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Using the cyclic property of the trace, we can rewrite this expression in terms of commutators of Â with the Hamil-
tonian and the jump operators:

tr

{
Â

[
V̂

i~
, ρ̂

]}
= tr

{
Â
V̂

i~
ρ̂− Âρ̂ V̂

i~

}
= tr

{(
Â
V̂

i~
− V̂

i~
Â

)
ρ̂

}
=

〈[
Â,

V̂

i~

]〉
, (398a)

tr
{
ÂĴj ρ̂Ĵ

†
j − ÂĴ†j Ĵj ρ̂

}
= tr

{(
Ĵ†j Â− ÂĴ†j

)
Ĵj ρ̂
}

=
〈[
Ĵ†j , Â

]
Ĵj

〉
, (398b)

tr
{
ÂĴj ρ̂Ĵ

†
j − Âρ̂Ĵ†j Ĵj

}
= tr

{
Ĵ†j

(
ÂĴj − ĴjÂ

)
ρ̂
}

=
〈
Ĵ†j

[
Â, Ĵj

]〉
, (398c)

leading to a final simple form of the evolution equation

∂t〈Â〉 =

〈[
Â,

V̂

i~

]〉
+
∑

j

κj

(〈[
Ĵ†j , Â

]
Ĵj

〉
+
〈
Ĵ†j

[
Â, Ĵj

]〉)
. (399)

Since for bosonic problems the commutator always reduces the order in annihilation and creation operators by a factor
2, this expression evidences that the equations of motion of first and second order moments will form a closed set,
only if the Hamiltonian is quadratic in annihilation and creation operators and the jump operators are linear. In any
other case, information about higher-order moments will enter in the dynamical equations of the mean vector and
covariance matrix, and the state will not remain Gaussian.

Considering the example at hand (driven empty cavity), we can particularize the equation above to the first and
second order moments of the cavity mode. However, before diving into such calculations, it is always advisable to
move to a picture where the master equation becomes time independent. Hence, we need to learn how a general
master equation (387) is transformed under a change of picture with associated unitary operator Ûc(t). It is very

easy to see, just by taking the time derivative of the transformed state ρ̂I(t) = Û†c (t)ρ̂(t)Ûc(t), that it still satisfies a
Lindblad-form master equation

∂tρ̂I(t) =

[
ĤI(t)

i~
, ρ̂I(t)

]
+
∑

j

κj

(
2Ĵj,I(t)ρ̂Ĵ

†
j,I(t)− Ĵ†j,I(t)Ĵj,I(t)ρ̂− ρ̂Ĵ†j,I(t)Ĵj,I(t)

)
, (400)

with the same intermediate-picture Hamiltonian ĤI(t) = Û†c (t)V̂ (t)Ûc(t) − i~Û†c (t)∂tÛc(t) as we found for closed

systems (see Section I C), and transformed jump operators Ĵj,I(t) = Û†c (t)ĴjÛc(t).
In our master equation at hand, that of an empty open cavity (382), the only explicit time dependence comes

from the injection Hamiltonian. This can be easily removed by changing to a picture that rotates at the laser

frequency, with corresponding transformation operator Ûc(t) = e−iωLtâ
†â. This transforms the annihilation operator

as Û†c (t)âÛc(t) = e−iωLtâ, as we have seen several times. The transformed state ρ̂I(t) = Û†c (t)ρ̂cav(t)Ûc(t), evolves
then according to the master equation

∂tρ̂I =
[
i∆â†â+ E â† − E∗â, ρ̂I

]
+ (n̄+ 1)γDa[ρ̂I] + n̄γDa† [ρ̂I], (401)

where we remind that ∆ = ωL−ωc is the detuning between the cavity and the driving laser. Note that the incoherent
terms didn’t change, because the jump operators, annihilation and creation operators in this case, transform with
simple e∓iωLt phases, which cancel in every term.

Let us further note one subtle issue. The relation between the expression for the expectation of an operator Â
can be written either either as tr{Âρ̂cav(t)} in the Schrödinger picture or as tr{Û†c (t)ÂÛc(t)ρ̂I(t)} in the rotating
picture. However, given the master equation (401) in the rotating picture, the natural object that can be evaluated

is what we will define as the intermediate-picture expectation value 〈Â〉I(t) = tr{Âρ̂I(t)} = tr{Ûc(t)ÂÛ†c (t)ρ̂cav(t)},
whose relation with the true expectation value tr{Âρ̂cav(t)} can only be found by working out the transformation

Ûc(t)ÂÛ†c (t), as we will see in the example.
We are now in conditions to proceed with the evaluation of the first and second order moments. In particular, we

now particularize (399) to the master equation (401) and the operators needed for these moments: â, â2, and â†â.
Using the canonical commutation relations, we easily find

∂t〈â〉I = E − (γ − i∆)〈â〉I, (402a)

∂t〈â2〉I = −2(γ − i∆)〈â2〉I + 2E〈â〉I, (402b)

∂t〈â†â〉I = 2Re {E∗〈â〉I} − 2γ〈â†â〉I + 2n̄γ, (402c)
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Note that in terms of the fluctuation operator δâ = â− 〈â〉I, the equations for the second order moments are written
as

∂t〈δâ2〉I = ∂t
(
〈â2〉I − 〈â〉2I

)
=
(
∂t〈â2〉I − 2〈â〉I∂t〈â〉I

)
= −2(γ − i∆)〈δâ2〉I, (403a)

∂t〈δâ†δâ〉I = ∂t
(
〈â†â〉I − 〈â〉∗I 〈â〉I

)
=
(
∂t〈â†â〉I − 2Re {〈â〉∗I ∂t〈â〉I}

)
= −2γ〈δâ†δâ〉I + 2n̄γ. (403b)

Hence, we find a set of decoupled linear equations for all the required moments, with solutions

〈â〉I(t) = e−(γ−i∆)t〈â〉I(0) + E
∫ t

0

dt′e−(γ−i∆)(t−t′) = e−(γ−i∆)t〈â〉I(0) + E
(

1− e−(γ−i∆)t

γ − i∆

)
, (404a)

〈δâ2〉I(t) = e−2(γ−i∆)t〈δâ2〉I(0), (404b)

〈δâ†δâ〉I(t) = e−2γt〈δâ†δâ〉I(0) + 2n̄γ

∫ t

0

dt′e−2γ(t−t′) = e−2γt〈δâ†δâ〉I(0) + n̄
(
1− e−2γt

)
, (404c)

leading to the asymptotic solutions

lim
t→∞
〈â〉I(t) =

E
γ + i∆

, lim
t→∞
〈δâ2〉I(t) = 0, lim

t→∞
〈δâ†δâ〉I(t) = n̄. (405)

Finally, note that in our case Û†c (t)âÛc(t) = e−iωLtâ, and hence, the relations between the true expectation values
and the interaction-picture expectation values are very simple in this case

〈â〉(t) = e−iωLt〈â〉I(t), 〈δâ2〉(t) = e−2iωLt〈δâ2〉I(t), 〈δâ†δâ〉(t) = 〈δâ†δâ〉I(t), (406)

leading to the asymptotic moments

lim
t→∞

〈â(t)〉 =
E

γ + i∆
e−iωLt, lim

t→∞

〈
δâ2(t)

〉
= 0, lim

t→∞

〈
δâ†(t)δâ(t)

〉
= n̄. (407)

These are exactly the same expressions that we found with the quantum Langevin equation in Section V A 3.

7. Extension to many modes and several environments

Soon...

8. Relation of the model parameters to physical parameters

Apart from the thermal number of excitations and intracavity parameters such as the cavity frequency, the quantum
Langevin and master equations of an open cavity turned out to have only two more basic parameters, A(t) and γ,
describing the rates at which coherent light is injected into the cavity and intracavity light is lost through the
partially transmitting mirror, respectively. In this section we prove that these model parameters are connected to
relevant physical parameters like the transmissivity of the mirror T and the power of the injected laser beam Pinj

through the expressions (337) and (352) provided above.
Loss rate. To determine the relation between γ and T it is enough to consider the undriven case (A = 0) and

follow classical arguments. We then neglect quantum fluctuations and focus on the classical part of the intracavity
field. Using (210a) and (359), the classical vector potential of the cavity field of the mode of interest can then be
written as

A(z, t) =
〈
Â(z, t)

〉
= ex

√
~

ε0LSωc
e−(γ+iωc)tα(0) sin (kcz) + c.c., (408)

where α(0) = 〈â(0)〉 is the initial classical amplitude of the cavity field. On the other hand, note that every roundtrip
a fraction R1/2 is lost through the cavity mirror, with reflectivity R = 1−T . Hence, after n ∈ N roundtrips, we have
the relation

A (z, tn) = Rn/2A (z, 0) ⇒ e−(γ+iωc)tn = Rn/2α(0), (409)
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where tn = 2nL/c is the time lapsed after n roundtrips. Taking into account that exp(iωctn) = 1 by definition of the
resonance frequencies (ωc = mπc/L for some m ∈ N), and assuming T � 1 so that lnR = log(1 − T ) ≈ −T , we
obtain

γ = − c

4L
lnR ' cT

4L
, (410)

as we wanted to prove.
Injection parameter. We follow again classical arguments, but considering this time the injection of a resonant

monochromatic field (later we extend it to more spectral components), for which 〈b̂0(ω)〉 = α(ωc)δ(ω − ωc), so that

A(t) = Ee−iωct with E = −
√
γ/πα(ωc), see Eq. (351). We remind that b̂0(ω) are the external annihilation operators

the origin of time. We proceed then by relating the coherent amplitude α(ωc) to the power and phase of the injected
beam. Since these are all quantities that do not relate in any way to the cavity, it is enough to consider the limit
in which there is no interaction between the intracavity and external fields, and hence the external field operators

evolve as b̂(ω; t) = b̂0(ω)e−iωt. Hence, according to (333), the part of the classical vector potential of the external field
propagating towards the cavity, say A← (z, t), reads

A← (z, t) =
i

2
ex

∫ ∞

0

dω

√
~

πcε0Sω
〈b̂(ω; t)〉e−ik(z−L) + c.c. = −ex

√
~

πcε0Sωc
|α(ωc)| sin[ωct+ kc(z − L)− φ], (411)

where φ is the phase of −α(ωc), which we show next to be the phase of the laser’s electric field. Indeed, the electric
and magnetic fields corresponding to this vector potential read

E← (z, t) = −∂tA← (z, t) = ex

√
~ωc

πcε0S
|α(ωc)| cos[ωct+ kc(z − L)− φ], (412a)

B← (z, t) = ∇×A← (z, t) = −ey

√
~ωc

πc3ε0S
|α(ωc)| cos[ωct+ kc(z − L)− φ], (412b)

. Consider now the instantaneous power impinging the mirror, which we obtain by integrating the absolute value of
the Poynting vector [E←(z, t)×B←(z, t)]/µ0 at z = L, obtaining

P←(t) =

∫

R2

dxdy
|E←(z, t)×B←(z, t)|

µ0
=

~ωc

π
|α(ωc)|2 cos2[ωct− φ]. (413)

Instead of the instantaneous power, it is common to use the power averaged over an optical cycle, since resolving

optical oscillations is not possible in standard power measurements. Let us denote this by Pinj = ω
2π

∫ +ω/π

−ω/π dtP←(t) =

~ωc|α(ωc)|2/2π, from which we obtain the relation

E =

√
γ

π
|α(ωc)|eiφ =

√
2γ

~ωc
Pinje

iφ, (414)

which coincides with the relation that we wanted to prove, Eq. (352), particularized to a single frequency component.
Consider now the effect of having several frequency components in the injected light. We are interested in the case

in which each component can be resolved by the cavity, that is, their spectral separation is larger than γ (but still
below the free spectral range πc/L, so that different components address the same cavity resonance). It feels natural
that, under such circumstances, the total power will just be the direct sum of the power of each spectral component,
which can also have their own independent phase (for example, each spectral component may come from a different
laser). This brings us directly to the expression provided in Eq. (352).

B. Incoherent atomic processes

Having studied the model for an open cavity, let us now analyze another equally paradigmatic and important open
quantum optical system: an atom interacting with the electromagnetic field in free space. As we will see, this will
allow us to introduce master equations following a different route to the Markov approximation of even more general
use, and discuss some very relevant physics such as spontaneous emission and the Lamb shift.
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1. Revisiting field quantization in free space

In the previous section we made a continuous model for the field outside the cavity. In principle, we could consider
the interaction of an atom with an electromagnetic continuum by following a similar route in which we place the atom
in a cavity and make the length go to infinity. However, the way that we have quantized the cavity, with a mirror
place at z = 0 would naturally lead to the interaction of an atom with a field in half the real line, not the whole
(1D) space. Moreover, without reflective boundaries, modes with opposite wave vector should be independent, while
quantization in a cavity always assumes that they cannot be excited independently. Hence, it is instructive and timely
to introduce here the quantization of the electromagnetic field in free space starting from scratch. In addition, this
will allow us to learn a slightly different route towards quantization, based on the normal variable of the harmonic
oscillator instead of the position and momentum.

Let us recall that the normal variable of an oscillator of frequency ω, mass m, position q(t), and momentum p(t),
is defined as ν(t) = q(t) + ip(t)/mω. Using the canonical equations of motion (66) of position and momentum, it is
easily proven to satisfy the evolution equation ν̇ = −iων. In addition, the Hamiltonian of the oscillator is written in
terms of this variable as Ho = mω2ν∗ν/2. On the other hand, in terms of true position and momentum operators

instead of quadratures, the annihilation operator reads â =
√
mω/2~(q̂+ ip̂/mω), which means that quantization can

be carried away by symmetrizing the Hamiltonian with respect ν and ν∗ as Ho = mω2(ν∗ν+νν∗)/4, making then the

correspondence {ν, ν∗} →
√

2~/mω{â, â†}. Note that the symmetrization of the Hamiltonian can be overlooked if we
don’t need to keep the constant ~ω/2 contribution of vacuum to the oscillator’s energy. We will use these formulation
in what follows.

Within our usual quasi-1D approximation, let us start by expanding the vector potential in plane waves with all
the possible wave vectors, that is,

A(z, t) = ex

∫

R
dkA(k, t)eikz, (415)

where A(k, t) are complex expansion coefficients. Note that we are not doubling the number of degrees of freedom
of the electromagnetic field by taking complex coefficients, since the amplitudes are related by A(−k, t) = A∗(k, t).
This is easily proven by using the reality of the vector potential, A = A∗, which implies43

∫ +∞

−∞
dkA(k, t)eikz =

∫ +∞

−∞
dkA∗(k, t)e−ikz =

∫ +∞

−∞
dkA∗(−k, t)eikz. (416)

Operating with
∫ +∞
−∞ dzeik′z and using the definition of the Dirac delta function,

∫ +∞
−∞ dzei(k+k′)z = 2πδ(k + k′), we

obtain the desired result. Plugging (415) into the wave equation for the vector potential, (∂2
t − c2∂2

z )A(z, t) = 0 , and

applying
∫ +∞
−∞ dzeik′z on the expression, we obtain

Ä(k, t) + c2k2A(k, t) = 0. (417)

While this is the equation of motion of a harmonic oscillator, the amplitude A(k, t) cannot be interpreted as the
position of the oscillator because it can be complex. However, we next show that a simple manipulation allows us
to relate it to the normal variable of a harmonic oscillator, which is complex. To this aim, we rewrite the previous
expression as

(∂t + ic|k|)(∂t − ic|k|)A(k, t) = 0, (418)

so we can easily define a variable that evolves just like the normal variable of a harmonic oscillator of frequency c|k|
as follows

ν(k, t) = N−1
k

[
Ȧ(k, t)− ic|k|A(k, t)

]
⇒ ν̇(k, t) = −ic|k|ν(k, t). (419)

Next we find the normalization factor Nk by imposing that the electromagnetic energy must be equal to the sum
of the Hamiltonians of each of the harmonic oscillators associated to the wave vectors k. In particular, we use the
expression

Eem(t) =
ε0

2

∫

R3

d3r
[
E2(z, t) + c2B2(z, t)

]
, (420)

43 In the following, like in the last equality of this equation, we will be continuously inverting the sign of the wave vector as a variable
change in integrals, leading to

∫+∞
−∞ dkf(k) =

∫+∞
−∞ dkf(−k).
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for the electromagnetic energy. Taking into account that

E(z, t) = −∂tA = −ex

∫

R
dkȦ(k, t)eikz and B(z, t) = ∇×A = −iex

∫

R
dkkA(k, t)eikz, (421)

the electric and magnetic contributions to the energy can be written as
∫ +∞

−∞
dzE2(z, t) =

∫

R
dk

∫

R
dk′Ȧ(k, t)Ȧ(k′, t)

∫ +∞

−∞
dzei(k+k′)z = 2π

∫

R
dkȦ(k, t)Ȧ(−k, t) = 2π

∫

R
dk|Ȧ(k, t)|2,

(422a)
∫ +∞

−∞
dzB2(z, t) = −

∫

R
dk

∫

R
dk′A(k, t)A(k′, t)kk′

∫ +∞

−∞
dzei(k+k′)z = 2π

∫

R
dkk2A(k, t)A(−k, t) = 2π

∫

R
dkk2|A(k, t)|2,

(422b)

leading to

Eem(t) = ε0Sπ

∫

R
dk
[
|Ȧ(k, t)|2 + c2k2|A(k, t)|2

]
. (423)

In order to write this expression as a function of the normal variable ν(k, t), we first invert (419) as

Ȧ(k, t) =
1

2

[
Nkν(k, t) +N∗−kν

∗(−k, t)
]
, A(k, t) =

i

2c|k|
[
Nkν(k, t)−N∗−kν∗(−k, t)

]
, (424)

leading to

|Ȧ(k, t)|2 =
1

4

[
|Nk|2|ν(k, t)|2 + |N−k|2|ν(−k, t)|2 +NkN

∗
−kν(k, t)ν∗(−k, t) +N∗kN−kν

∗(k, t)ν(−k, t)
]
, (425a)

c2k2|A(k, t)|2 =
1

4

[
|Nk|2|ν(k, t)|2 + |N−k|2|ν(−k, t)|2 −NkN∗−kν(k, t)ν∗(−k, t)−N∗kN−kν∗(k, t)ν(−k, t)

]
, (425b)

which implies

Eem(t) =
ε0Sπ

2

∫

R
dk
[
|Nk|2|ν(k, t)|2 + |N−k|2|ν(−k, t)|2

]
= ε0Sπ

∫

R
dk|Nk|2ν∗(k, t)ν(k, t). (426)

Choosing the normalization factor Nk = −ic|k|/√2πε0S (note that we can choose the phase at will, and this one will
turn out to be convenient for future purposes), we then find the electromagnetic energy

Eem(t) =

∫

R
dk
c2k2

2
ν∗(k, t)ν(k, t), (427)

which is the correct classical Hamiltonian for a collection of independent harmonic oscillators labeled by a continuous
index k ∈ R and with frequency c|k|.

Quantization is then performed through the correspondence {ν(k, t), ν∗(k, t)} →
√

2~/c|k|{â(k, t), â†(k, t)}k∈R ,
with annihilation and creation operators satisfying canonical commutation relations

[â(k, t), â(k′, t)] = 0, [â(k, t), â†(k′, t)] = δ(k − k′) (428)

, which in the previous section were proven to be the right commutation relations for a set of independent oscillators
labeled by a continuous index (wave vector in our case). The Hamiltonian for light in free (1D) space takes then the
form

ĤL =

∫ +∞

−∞
dk~c|k|â†(k)â(k) =

∫ +∞

0

dk~ck
[
â†(k)â(k) + â†(−k)â(−k)

]
, (429)

with quantized electric field

Ê(z) = iex

∫ +∞

−∞
dk

√
~c|k|

4πε0S

[
â(k)eikz − â†(k)e−ikz

]
= iex

∫ +∞

0

dk

√
~ck

4πε0S

[
â(k)eikz + â(−k)e−ikz −H.c.

]
, (430)

where the right hand sides stress the fact that for a given frequency c|k| there are two contributions from modes with
wave vector ±|k|. It is important to keep this in mind, so we don’t confuse the integration over negative wave vectors
with the integration over fictitious negative frequencies that we introduced in (336) as a convenient approximation.
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2. Atomic master equation in free space and spontaneous emission

We can now consider the interaction of an atom with the electromagnetic continuum in free space. As we explained
in Section IV B, within the dipole approximation, we can write the interaction Hamiltonian as ĤLM = eÊ(z0) · r̂A,
where z0 is the position of the atom’s center of mass (assumed fixed) and r̂A is the atomic relative coordinate.
Using the expression for the electric field given above, focusing on two atomic levels {|e〉, |g〉} as usual for simplicity
(everything is easily generalized to more atomic levels under reasonable approximations, similarly to the generalization
of the single-mode cavity to the multi-mode one), we then find

ĤLM = i

∫

R
dke

√
~c|k|

4πε0S

[
â(k)eikz0 − â†(k)e−ikz0

] [
〈g|x̂A|e〉σ̂ + 〈g|x̂A|e〉∗σ̂†

]
. (431)

Performing the rotating-wave approximation to neglect terms such as â(k)σ̂, and defining the couplings

g(k) = −e
√

c|k|
4π~ε0S

〈g|x̂A|e〉e−ikz0 , (432)

which we assume to be real for simplicity, in particular setting z0 = 0 and taking 〈g|x̂A|e〉 ∈ R, we obtain

ĤLM = i~
∫

R
dkg(k)

[
â†(k)σ̂ − â(k)σ̂†

]
. (433)

The final Hamiltonian is then given by Ĥ = ĤA + ĤL + ĤLM, where ĤL is given in Eq. (429) and ĤA = ~εσ̂z/2 is
the atomic Hamiltonian within the two-level approximation.

Note that this simple model leads to an unphysical situation in which the coupling g(k) increases arbitrarily with
the light frequency, diverging for |k| → ∞. Of course, in reality this is not the case: the coupling remains close to
g(ε/c) in all the relevant frequency interval around the atomic transition ε, and includes a natural cut off for large and

small frequencies that is not captured with the simple dipole Hamiltonian eÊ(z0) · r̂A (e.g., for really large frequencies
such as X rays the wavelength enters atomic scales, so the point-like approximation for the atom breaks down). In
any case, let us proceed with the expressions we have but keeping this issue in mind.

In the following we will find a master equation for the reduced atomic state ρ̂A. If we perform a frequency-
independent approximation g(k) = g(ε/c) ≡

√
γc/2π for the coupling (the factor 2 in the denominator comes from

the fact that now for each frequency ~c|k| we have two modes with opposite wave vectors ±|k| that contribute to the
decay, while the factor c appears because we are labeling the modes by the wave vector instead of the frequency),
we can proceed just like we did with the open cavity, finding exactly the same results at each step with the obvious
replacements (ωc → ε, â→ σ̂,...), obtaining the master equation

∂tρ̂A =

[
ĤA + Ĥinj(t)

i~
, ρ̂A

]
+ (n̄+ 1)γ

(
2σ̂ρ̂Aσ̂

† − σ̂†σ̂ρ̂A − ρ̂Aσ̂
†σ̂
)

+ n̄γ
(
2σ̂†ρ̂Aσ̂ − σ̂σ̂†ρ̂A − ρ̂Aσ̂σ̂

†) , (434)

where in this case

Ĥinj(t) = i~
(
A(t)σ̂†e−iωLt −A∗(t)σ̂eiωLt

)
, (435)

is the Hamiltonian related to the coherent contribution (laser) of the external fields. Just as in the case of the cavity, if
the injection is composed of multiple monochromatic components with wave vectors {k`}`=1,2,...,L and corresponding
frequencies ω` = c|k`|, we have

A(t) =

L∑

`=1

E`e−iω`t, (436)

where in this case the injection rates E` can be easily related the power Pinj,` (averaged over an optical cycle) of each
wave vector component by

E` = −i
e

~
〈e|x̂A|g〉

√
Pinj,`

2ε0cS
ei(k`z0+φ`), (437)

where φ` is the electric field’s phase of the corresponding component, and we assume that the spectral separation
between the different components is larger than γ, but are still close enough to drive the same atomic transition.
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This expression is easily proven by noting that the injection Hamiltonian simply corresponds to the interaction of
the atomic dipole with the classical part of the electric field, that is, the semiclassical Rabi Hamiltoinan Ĥinj(t) =
eE(z0) · r̂A. On the other hand, for each wave vector component, the electric field was shown in (412a) to be written

as E (z0, t) =
∑L
`=1 ex

√
Pinj,`/cε0S cos(ω`t− k`z0 − φ`), which substituted in the previous expression for Ĥinj(t), and

after performing the rotating-wave approximation, leads to (435) and (437).
In order to interpret this master equation and its effect on the dynamics of the atom, let us next focus on the specific

situation of an atom in the electromagnetic vacuum, that is, at zero temperature (n̄ = 0) and with no laser light
shinned on it (A = 0). Following what we saw in Section III B, we write the atomic state in terms of its (complex)
Bloch vector components bz(t) = 〈σ̂z〉(t) and b(t) = 〈σ̂〉(t) as

ρ̂A(t) =
1

2

(
Î + bz(t)σ̂z + 2b∗(t)σ̂ + 2b(t)σ̂†

)
.

The complex Bloch equations are easily found from (399) and (434) as

∂tb = ∂t〈σ̂〉 = −i
ε

2
〈[σ̂, σ̂z]〉+ γ

〈[
σ̂†, σ̂

]
σ̂
〉

= −iε 〈σ̂〉+ γ 〈σ̂zσ̂〉 = −(γ + iε) 〈σ̂〉 = −(γ + iε)b, (438a)

∂tbz = ∂t〈σ̂z〉 = γ
(〈[

σ̂†, σ̂z
]
σ̂
〉

+
〈
σ̂† [σ̂z, σ̂]

〉)
= −4γ

〈
σ̂†σ̂

〉
= −2γ (bz + 1) , (438b)

where we have used σ̂zσ̂ = −σ̂ and σ̂z = 2σ̂†σ̂ − 1, leading to the solutions

b(t) = b(0)e−(γ+iε)t −→
γt→∞

0, (439a)

bz(t) = [bz(0) + 1] e−2γt − 1 −→
γt→∞

−1, (439b)

corresponding to the ground state. Hence, no matter the initial state of the atom, it eventually emits a photon and
ends up in the ground state. We call this effect spontaneous emission: the electromagnetic vacuum fluctuations trigger
emission of the atomic excitation as a photon, which gets lost in the continuum of modes and never comes back to the
atom (shortly we will see this even more explicitly). It’s interesting to consider the case in which the atom is initially
in the excited state, bz(0) = 1 and b(0) = 0. In this case the state can be written as

ρ̂A(t) = e−2γt|e〉〈e|+
(
1− e−2γt

)
|g〉〈g|, (440)

showing that starting in the excited state it decays to the ground state by going through all possible mixed states of
them (e.g., reaching the maximally mixed state at time tMM = ln(2)/2γ). This shows that except at the initial and
final states of the evolution, the atom becomes correlated with the electromagnetic field. This is a direct evidence of
something that we mentioned right before performing the Born approximation in Eq. (377): even though we assume
that the state can be approximately factorized as ρ̂A(t) ⊗k |0〉〈0| in the dynamical equation of the reduced atomic
state, the resulting equation still keeps track (to some degree) of the effect that correlations have on the dynamics of
the system.

In order to get a deeper understanding of how the correlation comes into this scenario, we proceed now to solve
analytically the full dynamical problem including both the atom and the field. This is possible because, just as in
the Jaynes-Cummings model, the interaction Hamiltonian (433) conserves the total number of excitations, as first
identified by Wigner and Weisskopf, from whom the upcoming derivation takes the name. Starting with the field in
vacuum and the atom in the excited state, we can only reach states with one photon and the atom in the ground
state, that is, we are bound to the single-excitation subspace spanned by {|0, e〉, â†(k)|0, g〉}k∈R. Let us then expand
the state at any as

|ψ(t)〉 = α(t)e−iεt/2|0, e〉+

∫ +∞

−∞
dkβ(k; t)e−i(c|k|−ε/2)tâ†(k)|0, g〉, (441)

where α(t) and β(k; t) are complex expansion coefficients. Let us next consider the Schrödinger equation i~∂t|ψ(t)〉 =

Ĥ|ψ(t)〉, where we remind that the Hamiltonian is given by , where the first term is the atomic Hamiltonian ... while
the other two are provided in Eqs. (429) and (433). Projecting the Schrödinger equation onto44 |e, 0〉 or â†(k)|g, 0〉,

44 In order to evaluate the action of the Hamiltonian onto the state, simply use the commutation relations (428) to bring annihilation
operators to the right when needed, and use the property â(k)|0〉 = 0. The projections are then found from 〈0, a|0, a′〉 = δaa′ ,
〈0, a|â†(k)|0, a′〉 = 0 = 〈0, a|â(k)|0, a′〉, and 〈0, a|â(k)â†(k′)|0, a′〉 = δaa′δ(k − k′).
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we obtain

α̇ = −
∫ +∞

−∞
dkg(k)e−i(c|k|−ε)tβ(k), (442a)

β̇(k) = g(k)ei(c|k|−ε)tα. (442b)

We proceed by formally integrating the second equation as

β(k; t) =

∫ t

0

dt′g(k)ei(c|k|−ε)t′α(t′), (443)

where we already took β(k; 0) = 0 as the initial condition. Inserted in the first equation, and performing the
integration-variable change t′ = t− τ , leads to

α̇ = −
∫ t

0

dτα(t− τ)

∫ +∞

−∞
dkg2(k)e−i(c|k|−ε)τ

︸ ︷︷ ︸
C∗(τ)eiετ

. (444)

The function C(τ) will be shown in the next section to play a fundamental role in the Markovian properties of the
dynamics. For now, however, let’s simply evaluate it under the same approximations that we used to derive the
master equation above: the flat form of the coupling, g(k) =

√
γc/2π, and extending the lower integration limit of

the frequency integrals to −∞. We then obtain

C∗(τ) ≈ γc

2π

∫ +∞

−∞
dke−ic|k|τ =

γc

π

∫ +∞

0

dke−ickτ ≈ γ

π

∫ +∞

−∞
dωe−ickτ = 2γδ(τ), (445)

where we have made the variable change ω = ck in the second to last step, and extended the lower integration limit.
Inserting this expression into (444) and using the property (341) of the Dirac delta function, we then get

α̇ = −γα ⇒ α(t) = e−γt, (446)

where we have used the initial condition α(0) = 1. We can now come back to (443) and find

β(k; t) =

√
γc

2π

∫ t

0

dt′e−[γ−i(c|k|−ε)]t′ =

√
γc

2π

1− e−[γ−i(c|k|−ε)]t

γ − i(c|k| − ε) . (447)

Hence, the probability of finding a photon with wave vector k at time t is given by

|β(k; t)|2 =
γc

2π

1 + e−2γt − 2e−γt cos[(c|k| − ε)t]
γ2 + (c|k| − ε)2

, (448)

which depends only on the frequency c|k| and not the propagation direction, as expected (there are no preferred
directions in free space). Moreover, it is interesting to remark that asymptotically, this probability has a Lorentzian
shape centered around the atomic resonance as a function of the frequency,

lim
γt→∞

|β(k; t)|2 =
γc/2π

γ2 + (c|k| − ε)2
. (449)

Hence, the atom can only emit photons with frequencies close to its resonance, similarly to how we saw that the cavity
can only be excited by lasers close to one of its resonances. Finally, note that

∫ +∞

−∞
dk|β(k; t)|2 =

2

c

∫ +∞

0

dω|β(ω/c; t)|2 ≈ γ

π

∫ +∞

−∞
dω

1 + e−2γt − 2e−γt cos[(ω − ε)t]
γ2 + (ω − ε)2

= 1− e−2γt = 1− |α(t)|2,
(450)

which is further prove of the consistency of the various approximations we have used, since this relation must be
satisfied at all times (unitary evolution must keep the state normalized).

Hence, we see that starting from the excited state with no photons, we end up with the atom in the ground state
and a single photon distributed among the electromagnetic frequencies following a Lorentzian distribution. In order
for the photon to not be able to be reabsorbed by the atom, it is crucial to have a continuum of modes. If instead
we would have a discrete set, the dynamics would reveal revivals of the atomic population. The extreme example is
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be that in which all modes can be ignored but one, obtaining then a Jaynes-Cummings model with perfectly periodic
quantum Rabi oscillations. A (sufficiently) larger number of modes would make the population collapse, and then
revive in some fashion that would depend on the specific relation between the frequencies of the mode.

Interestingly, at intermediate times, we have a superposition between the excitation being in the atom or the field,
leading to an entangled state of these. Moreover, using the relations

〈0|ψ(t)〉 = α(t)e−iεt|e〉, 〈0|â(k)|ψ(t)〉 = β(k; t)e−i(c|k|−ε)t|g〉, (451)

we obtain the following reduced atomic state

ρ̂A(t) = trL {|ψ(t)〉〈ψ(t)|} = 〈0|ψ(t)〉〈ψ(t)|0〉+

∫ ∞

−∞
dk〈0|â(k)|ψ(t)〉〈ψ(t)|â†(k)|0〉 (452)

= |α(t)|2|e〉〈e|+
[∫ +∞

−∞
dk|β(k; t)|2

]
|g〉〈g|,

which leads precisely to the state (440) obtained with the master equation. Hence, we see that the origin of the mixed
atomic state is in quantum correlations (entanglement) of the system (atom) with the environment (field).

3. Frequency-dependent coupling: Markov approximation and the Lamb shift

While the frequency-independent approximation for the coupling simplifies things immensely, there are systems in
which it is not possible to do it. Hence, it is interesting to consider how to proceed when the frequency dependence
of the coupling cannot be ignored. Moreover, as we are about to see, a very important effect is found when going
beyond such a raw approximation: the Lamb shift, whose experimental observation in 1947 played a major role in
the theoretical development quantum electrodynamics (and renormalization in particular).

Let us, for simplicity, consider zero temperature for the electromagnetic field (hence all the modes are in vacuum
initially), and laser ignore the injection, which we know we can add at the end as Hamiltonian (435) in any case. All
the way up to the Born and non-backaction approximations, we proceed in the same way as before. In particular, we
obtain

∂tρ̂A,I(t) = − 1

~2

∫ t

0

dτtrL{[ĤI(t), [ĤI(t− τ), ρ̂A,I(t− τ)
⊗

∀k
|0〉〈0|]]}, (453)

where ρ̂A,I(t) = trL{ρ̂I(t)} is the reduced atomic state in the interaction picture, ρ̂I(t) = Û†c (t)ρ̂(t)Ûc(t) is the
transformed state of the whole system, and we define the change of picture through the unitary transformation is

Ûc(t) = eĤ0/i~, with Ĥ0 = ĤA + ĤL, leading to the interaction picture Hamiltonian

ĤI(t) = Û†c (t)
[
Ĥ0 + ĤLM

]
Ûc(t)− Ĥ0 = i~

∫ +∞

−∞
dkg(|k|)

[
â†(k)σ̂ei(c|k|−ε)t − â(k)σ̂†e−i(c|k|−ε)t

]
, (454)

where we remark that the coupling depends solely on the magnitude of the wave vector and not on its sign, since the
atom doesn’t have a preferred orientation.

Out of the 16 terms appearing in this expression when expanding the commutators and the products, only the
terms proportional to trL{â(k)â†(k′)

⊗
∀k |0〉〈0|} = δ(k − k′) are nonzero. This leaves us with

∂tρ̂A,I(t) =

∫ t

0

dτ

∫ +∞

−∞
dkg2(|k|)

[
σ̂ρ̂A,I(t− τ)σ̂†ei(c|k|−ε)τ − ρ̂A,I(t− τ)σ̂†σ̂ei(c|k|−ε)τ + H.c.

]
(455)

=

∫ t

0

dτe−iετC(τ)
[
σ̂ρ̂A,I(t− τ)σ̂† − ρ̂A,I(t− τ)σ̂†σ̂ + H.c.

]
,

where we have combined all the terms under the wave-vector integral into the so-called environmental correlation
function (note the usual change of variable in the integral, ω = c|k|)

C(τ) =

∫ +∞

0

dω
2

c
g2(ω/c)
︸ ︷︷ ︸

G(ω)

eiωτ . (456)
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This function contains all the information about the environment, and its decay determines how far into the past
the dynamics of the atom can see. While we have found this expression for our particular problem, it can be shown
that even for completely general problems, such a correlation function appears and can be written as half the Fourier
transform of the so-called environmental spectral density, G(ω), which in our case takes the specific form written above.
When the spectral density is taken as constant G(ω) = γ/π, we are left with integrals of the type C(τ) ∝

∫∞
0
dωeiωτ ,

which are proportional to δ(τ) when we extend the lower integration limit to −∞. This would set τ = 0 in Eq. (455),
and lead to the master equation (434) that we analyzed in the previous section. However, when we cannot make this
approximation, we need to proceed in a different way.

In situations where C(τ) is known and tractable analytically, one can try using Laplace transform techniques to
solve the remaining time non-local equation. However, in most situations this is not the case, and we are forced to
perform approximations. The most common one is the so-called Markov approximation, in which we assume that
the evolution of the state is independent of its history, that is, we set ρ̂A,I(t − τ) to ρ̂A,I(t) in the integral. Let
us understand the conditions under which this approximation holds. First, note that since we are working in the
interaction picture, changes in the state are fully due to the interaction, that is, they are expected to occur at a rate
of order πG(ε). On the other hand, while the correlation function C(τ) will not be a delta function, we still expect
it to decay with τ , quite fast if G(ω) varies slowly with ω. Hence, if the decay rate of C(τ) is larger than πG(ε), one
can assume45 that ρ̂A,I(t− τ) is approximately equal to ρ̂A,I(t) in (455).

Let us assume that the required conditions are met, and perform the Markov approximation on (??), obtaining

∂tρ̂A,I = Γ(t)
(
σ̂ρ̂A,Iσ̂

† − ρ̂A,Iσ̂
†σ̂
)

+ H.c., (457)

with

Γ(t) =

∫ t

0

dτ

∫ +∞

0

dωG(ω)ei(ω−ε)τ . (458)

If Γ(t) was real, this would be exactly the same master equation as (434), just with a modified time-dependent rate
Γ(t) instead of γ. However, as we will see shortly, this parameter is complex in general. Actually, for short times,
there is no way of evaluating the integrals without the specific form of the coupling. However, for long times we prove
at the end of the section that

lim
t→∞

Γ(t) = πG(ε)︸ ︷︷ ︸
γ

+ iP
∫ +∞

0

dω
G(ω)

ω − ε , (459)

where P
∫

refers to the integral’s Cauchy principal value46. Hence, in the long time limit the real part provides the
same result as we found with the frequency-independent approximation, but an imaginary part also appears. Plugging
this result (459) into (457), we get the asymptotic master equation

∂tρ̂A,I(t) = −i
∆ε

2
[σ̂z, ρ̂A,I] + γ

(
2σ̂ρ̂A,Iσ̂

† − ρ̂A,Iσ̂
†σ̂ + σ̂ρ̂A,Iσ̂

† − σ̂†σ̂ρ̂A,I

)
, (460)

where we have used σ̂z = 2σ̂†σ̂ − 1 in the commutator term, and we have defined

∆ε = −P
∫ +∞

0

dω
G(ω)

ω − ε , (461)

which provides a contribution to the atomic transition frequency known as the Lamb shift.
It’s interesting to try to calculate this shift, or at least understand its order of magnitude relative to the decay rate

γ. The problem is that the unphysical coupling (432) leads to a spectral density G(ω) ∝ ω, which makes the integral
diverge (and this is even worse in 2D and 3D, where G(ω) ∼ ω2 and ω3). A serious calculation of the Lamb shift would
require the use of relativistic quantum electrodynamics and renormalization. However, in our weakly (logarithmically)
divergent 1D case we can make a rough estimation of ∆ε by perform a frequency-independent approximation for the

45 Interestingly, note that when for long times we expect ρ̂A,I(t) to reach a stationary state, this approximation becomes exact for any
finite decay rate of C(τ). Hence, even in situations where the Markov approximation is not valid for the dynamics, one can still use it
to derive a reduced steady-state equation for stationary state of the system.

46 Given a function f(x) that diverges at some point x0 (trivially extensible to multiple poles), the Cauchy principal value of the integral∫ b
a dxf(x) with a < x0 < b is defined as P

∫
R dxf(x) = limε→0

[∫ x0−ε
a dxf(x) +

∫ b
x0+ε dxf(x)

]
. In other words, we perform the integral,

but skipping the poles.
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coupling, G(ω) = γ/π, and introducing a cutoff in the integral up to some frequency ε+ Λ that we will choose later.
We then obtain

∆ε = −γ
π

lim
ε→0

[∫ ε−ε

0

dω

ω − ε +

∫ ε+Λ

ε+ε

dω

ω − ε

]
= −γ

π
lim
ε→0

[log(−ε)− log(−ε) + log(Λ)− log(ε)]︸ ︷︷ ︸
log(Λ/ε)

= −γ
π

log
Λ

ε
. (462)

Hence, we find a logarithmic divergence, which suggests that the Lamb shift is of the same order as the decay rate γ.
Indeed, let us consider physical cutoffs. Of course, Λ� ε. However, it feels that taking a cutoff beyond the energies
where electron-positron pair production makes little sense, which is on the order of 1MeV. On the other hand, we can
estimate the transition frequency of the atom by considering, for example, the one between the two lowest lying energy
eigenstates of Hydrogen that we discussed in Chapter III A. We obtain a transition on the order of the Rydberg energy,
which means 13eV. Hence, in this situation we obtain π−1 log(Λ/ε) ∼ 3.5. Even for transitions between hyperfine
levels (usually on the order of 10−6 times that of between states with different principal atomic quantum number), the
logarithmic dependence would still keep this number on a similar order of magnitude. Hence, our rough estimation
tells us that the Lamb shift and the decay rate are on the same order, which is indeed in agreement with experimental
observations. Note, however, that while the decay rate is easy to spot (just wait for the atom to decay!), the Lamb
shift is a tiny correction to the transition frequency ε, and requires very well designed and sensitive experiments to
measure it.

Let us finally prove (459)... soon.
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VI. ANALYZING THE EMISSION FROM OPEN SYSTEMS

In the previous chapter we have introduced the model for two prototypical open quantum optical systems: open
cavities and radiating atoms. The tools develop there allowed us to evaluate the state (mixed, in general) of the cavity
modes and the atoms. However, usually one is more interested in the properties of the light radiated by these systems,
since this is the one that we can measure easily and use for applications. This chapter is devoted to this issue. We
will first learn how to easily relate the field coming out of the system (cavity or atom) with system operators that we
know how to characterize via the master or quantum Langevin equations. Next we will comment on the usual way
in which this output field is measured and characterized through specific observables and correlation functions with
strong physical meaning.

A. Output fields

1. The output field from a cavity

Let us start by discussing the output field associated with one mode of an open cavity. It is convenient to work
in the Heisenberg picture for the upcoming calculations. Using the expression of the vector potential outside the
resonator (333), we see that the part of the field coming out from the cavity (hence propagating along the positive z
direction) can be written as

Â
(+)
out (z, t) = −iex

∫ ∞

0

dω

√
~

4πcε0Sω
b̂(ω; t)eiω(z−L)/c, (463)

where the operator b̂(ω; t) is given by (339) in terms of the initial operators b̂0(ω) and the intracavity mode â. Now,
given that only the frequencies around the cavity resonance contribute to the dynamics as we argued all along the
notes, we can replace the slowly varying function of the frequency 1/

√
ω by its value at ωc, as well as extending the

lower integration limit to −∞, arriving to

Â
(+)
out (z, t) = −iex

√
~

4πcε0Sωc

∫ ∞

−∞
dωb̂(ω; t)eiω(z−L)/c. (464)

Introducing the solution (339) for b̂(ω; t) in this equation and defining the retarded time tR = t − (z − L)/c, we can
write the output field as

Â
(+)
out (z, t) = −iex

√
~

4πcε0Sωc

[∫ ∞

−∞
dωb̂0(ω)e−iωtR

︸ ︷︷ ︸
−
√

2πâin(tR)

+

√
γ

π

∫ t

0

dt′â(t′)
∫ ∞

−∞
dωeiω(t′−tR)

︸ ︷︷ ︸
2πδ(t′−tR)

]
= −iex

√
~

2cε0Sωc
b̂out(tR),

(465)

where we have defined the output operator

b̂out(t) =
√

2γâ(t)− b̂in(t). (466)

The field coming out from the cavity is therefore a superposition of the intracavity field leaking through the partially
transmitting mirror and the part of the input field which is reflected, just as expected by the classical boundary
conditions at the mirror (Fresnel relations), see Fig. 15. In this context, we denote (466) by the input-output relation.

A note on the interpretation of n̂out(t) = b̂†out(t)b̂out(t). It is not difficult to show that the power coming out of the
cavity is essentially given by ~ωc〈n̂out(t)〉. Hence, we can interpret n̂out(t) as the operator associated to the number
of photons per unit time that come out of the cavity. Indeed, we will show in the next section that the output
annihilation and creation operators satisfy canonical commutation relations in time, that is,

[b̂out(t), b̂
†
out(t

′)] = δ(t− t′), [b̂out(t), b̂out(t
′)] = 0, (467)

reinforcing the interpretation of n̂out(t) as a number operator per unit time. Note that, similarly, we could interpret

n̂in(t) = b̂†in(t)b̂in(t) as the operator associated to the number of photons per unit time impinging the cavity.
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2. Alternative form of the output operator and causality

Let us now find an alternative form for the output operator, one that will allow us to prove that the output operators
satisfy the canonical commutation relations in time of Eq. (484), as well as proving that this theory of inputs and
outputs satisfies the expected causality

[ĉ(t), b̂in(t′)] = 0 if t′ > t, (468a)

[ĉ(t), b̂out(t
′)] = 0 if t′ < t, (468b)

where ĉ(t) is any intracavity operator. These simply state that the physics inside the cavity cannot depend on a
future input that hasn’t yet arrived, while the output cannot depend on intracavity processes yet to come. This will
turn out to be very relevant when discussing the detection and characterization of the output field later.

We start by solving again formally the Heisenberg equation (338b) for the external operators b̂(ω; t), but now in

terms of a final condition b̂(ω;T ) ≡ b̂T (ω) at some long time T > t (backwards integration). Using (251) we easily
obtain

b̂(ω; t) = b̂T (ω)e−iω(t−T ) −
√
γ

π

∫ T

t

dt′â(t′)e−iω(t−t′). (469)

Performing a frequency integral, we obtain

∫ +∞

−∞
dωb̂(ω; t) =

∫ +∞

−∞
dωb̂T (ω)e−iω(t−T ) −

√
γ

π

∫ T

t

dt′â(t′)
∫ +∞

−∞
dωeiω(t′−t)

︸ ︷︷ ︸
2πδ(t′−t)

=

∫ +∞

−∞
dωb̂T (ω)e−iω(t−T ) −√γπâ(t).

(470)

On the other hand, using the formal solution (339) in terms of the initial condition b̂(ω; 0) = b̂0(ω) at time 0 < t
(forward integration), we obtain

∫ +∞

−∞
dωb̂(ω; t) =

∫ +∞

−∞
dωb̂0(ω)e−iωt

︸ ︷︷ ︸
−
√

2πb̂in(t)

+

√
γ

π

∫ t

0

dt′â(t′)
∫ +∞

−∞
dωeiω(t′−t)

︸ ︷︷ ︸
2πδ(t′−t)

= −
√

2πb̂in(t) +
√
γπâ(t). (471)

Combining Eqs. (470) and (471), we obtain

1√
2π

∫ +∞

−∞
dωb̂T (ω)e−iω(t−T ) =

√
2γâ(t)− b̂in(t). (472)

Thus, comparing this equation with (466), we obtain an alternative form of the output operator

b̂out(t) =
1√
2π

∫ +∞

−∞
dωb̂T (ω)e−iω(t−T ), (473)

in terms of the external field at a later time T . This allows us to prove the canonical commutation relations in
time of Eq. (484) in a straightforward manner, simply using the equal-time canonical commutation relations in

frequency of the external bosonic operators, particularized to the final time, that is, [b̂T (ω), b̂†T (ω′)] = δ(ω − ω′) and

[b̂T (ω), b̂T (ω′)] = 0.
In order to discuss causality, it is interesting to write the quantum Langevin equation for the intracavity operator

in terms of the output operator. To this aim, we simply insert b̂in(t) =
√

2γâ(t) − b̂out(t) in the quantum Langevin
equation (344), leading to

∂tâ = (γ − iωc) â−
√

2γb̂out(t), (474)

where it is interesting to note that the damping term −γâ has turned into an amplification term γâ. This is natural
once we realize that, for consistency with (469), this equation must be solved backwards in time starting from a final
condition â(T ). It is then common to call (357) and (474) the forward and backwards quantum Langevin equations,
respectively.
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With this at hand, we are in conditions to talk about causality in this input-output theory. In particular, note that

since the quantum Langevin equations are local in time, intracavity operators can only depend on b̂in(t′) at times

t′ ≤ t, and on b̂out(t
′) at times t′ ≥ t. Hence, since both the input and output operators commute at different times,

we see that a generic intracavity operator ĉ(t), which is therefore a function of â(t) and â†(t), commutes with b̂in(t′)
for t′ > t, and with b̂out(t

′) when t′ < t. This proves Eqs. (468).

We can go even further, noting that when t′ > t we can use the input-output relation to write [ĉ(t), b̂out(t
′)] =

[ĉ(t),
√

2γâ(t′) − b̂in(t′)] =
√

2γ[ĉ(t), â(t′)]. Similarly, when t′ < t we have [ĉ(t), b̂in(t′)] = [ĉ(t),
√

2γâ(t′) − b̂out(t
′)] =√

2γ[ĉ(t), â(t′)]. In addition, when t′ = t we simply use (471), together with the fact that external operators commute

with intracavity operators at equal times, obtaining [ĉ(t), b̂in(t)] =
√
γ/2[ĉ(t), â(t)] −

∫ +∞
−∞ dω[ĉ(t), b̂(ω; t)]/

√
2π =√

γ/2[ĉ(t), â(t)]. And then, using the input-output relation (466), [ĉ(t), b̂out(t)] =
√

2γ[ĉ(t), â(t)] − [ĉ(t), b̂in(t)] =√
γ/2[ĉ(t), â(t)]. Putting everything together, we can rewrite all commutators in terms of intracavity operators only,

[ĉ(t), âin(t′)] =





√
2γ[ĉ(t), â(t′)] for t > t′√
γ/2[ĉ(t), â(t)] for t = t′

0 for t < t′
, (475)

and

[ĉ(t), âout(t
′)] =





0 for t > t′√
γ/2[ĉ(t), â(t)] for t = t′√
2γ[ĉ(t), â(t′)] for t ≤ t′

. (476)

3. The output field radiated by an atom

Let us now do a similar procedure for the field radiated by a two-level atom. In this case, there is a subtlety related
to the fact that the atom radiates in all directions, whereas the cavity emits radiation along a well defined optical axis
defined by the partially transmitting mirror. Usually, one doesn’t have access to all this emitted light, but only to
part of it (this is evident in 3D, we cannot put detectors filling the whole space!). In our 1D model, we then assume
that we have access only to light radiated towards the right (this will allow us to understand the effect that missing
part of the emitted has on the detection), whose corresponding electric field we can write, using (430), as

Ê
(+)
out (z, t) = iex

∫ +∞

0

dk

√
~ck

4πε0S
â(k, t)eikz ≈ iex

√
~ε

4πε0S

∫ +∞

0

dkâ(k, t)eikz, (477)

where we have again used the fact that
√
ck is a slowly varying function of k, so we can approximate it by its value√

ε at the atomic resonance ε. Following the same procedure as with the field coming out of the cavity, we next use
the Heisenberg equations of motion of the field operators to relate â(k, t) with the fields at the initial time â(k, 0),
and with the atomic operator σ̂(t). Reminding the Hamiltonians of the field and the atom-field interaction, (429) and
(433), respectively, we obtain (for k > 0)

∂tâ(k) = −icka(k) +

√
γc

2π
σ̂ ⇒ â(k, t) = â0(k)e−ickt +

√
γc

2π

∫ t

0

dt′eick(t′−t)σ̂(t′), (478)

where we have made the frequency-independent approximation for the atom-field coupling and defined â0(k) = â(k, 0),
the annihilation operators at the initial time. Introducing this in the radiated field (477) we obtain

Ê
(+)
out (z, t) = iex

√
~ε

4πε0S

∫ +∞

0

dk

[
â0(k)e−icktR +

√
γc

2π

∫ t

0

dt′eick(t′−tR)σ̂(t′)

]
. (479)

Next we perform the same approximations as before. First, we extend the lower integration limit to−∞, understanding
that the negative values of k do not refer to modes propagating to the left, but to fictitious modes with negative
frequency propagating to the right. As usual, this is a convenient mathematical trick which does not affect the
physics because only modes with frequencies around the atomic transition contribute. Defining the input operator

b̂in(t) = −
√

c

2π

∫ +∞

−∞
dkâ0(k)e−ickt, (480)
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which, just as the one defined for the open cavity, satisfies canonical commutation relations in time (343) and the
statistical properties (356) for thermal fields, we then obtain

Ê
(+)
out (z, t) = iex

√
~ε

4πε0S

[∫ +∞

−∞
dkâ0(k)e−icktR

︸ ︷︷ ︸
−
√

2π/câin(tR)

+

√
γc

2π

∫ t

0

dt′σ̂(t′)
∫ +∞

−∞
dkeick(t′−tR)

︸ ︷︷ ︸
2πδ(t′−tR)/c

]
= iex

√
~ε

2cε0S
b̂out(tR), (481)

with

b̂out(t) =
√
γσ̂(t)− b̂in(t). (482)

This result is similar to the one for the field leaking out of the cavity except for one subtle issue: while in both cases
γ denotes the damping rate appearing in master or quantum Langevin equations, in the case of the cavity we have
a
√

2γâ contribution to the output field, see (466), while in the case of the atom we have
√
γσ̂. This

√
2 mismatch

comes from the fact that we are considering only half of the radiation emitted by the atom, so this output operator
contains only half of the field lost from the atom. This can have enormous consequences for the detection and use of
certain quantum properties of the output field, as we shall see.

B. Observing the output: photodetection, correlation functions, and the quantum regression theorem

1. Photodetection and correlation functions

Let us now move on to the characterization of the output field. The traditional way of analyzing optical fields is by
using photodetectors, whose principle of action we pass to describe now. As we will see with the example of homodyne
detection later, any other measurement technique aimed at characterizing optical fields makes use of photodetectors
in one way or another.

Photodetection is based on the photoelectric effect or variations of it, see Fig. ToDo. The idea is that when the
light beam that we want to detect impinges the detector, photons are able to release some of its bound electrons,
which are accelerated towards a series of metallic plates at increasing positive voltages, releasing then more electrons
which contribute to generate a measurable electric pulse. Each photon is then capable of releasing one electron which
eventually produces a single pulse, named photopulse. The combination of all the generated photopulses leads to a
macroscopic current j(t), which is a classical random47 signal that we can monitor and process.

Though not trivially (see [5, 60] and references therein), when measuring the field radiated by an open system,
it is possible to show that the moments of this current are related to moments of the number operator n̂out(t) =

b̂†out(t)b̂out(t) by

j(t1)j(t2)...j(tN ) ∝ 〈: n̂out(t1)n̂out(t2)...n̂out(tN ) :〉, (483)

where the double dots denote normal ordering48 of the operators. Hence, the quantum statistics of the number of
photons coming out of the system per unit time are imprinted in the stochastic fluctuations of the photocurrent.

Let us for the upcoming discussions introduce a nomenclature that will gather the open cavity and radiating atom.
We will refer to the cavity mode or the atom as the system. We will introduce an operator ŝ which will denote
the annihilation operator â or the raising operator σ̂ depending on the context. On the other hand, we will call
environment to the field outside the cavity and the field surrounding the atom, and we will introduce a rate κ which
equals 2γ for the cavity case and γ for the atomic case, so that the input-output relation takes the general form

b̂out(t) =
√
κŝ(t)− b̂in. (484)

Moreover, for reasons that will be obvious shortly, it is convenient to work with an output operator from which we
remove the coherent part of the input operator, that is,

âout(t) =
√
κŝ(t)− âin = b̂out(t) + 〈b̂in(t)〉. (485)

47 It is random, because the exact number of electrons ripped out during the amplification stage, as well as the exact time when the
photoelectron and photopulse are generated, are all random, in the sense that fluctuate from realization to realization.

48 Annihilation operators are moved to the right and creation operators to the left as if they would commute. For example,

〈: n̂out(t1)n̂out(t2) :〉 = 〈b̂†out(t1)b̂†out(t2)b̂out(t2)b̂out(t1)〉.
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Making use of lasers mixed with the output field and several detectors, it is then clear that the most general quantity
that we can observe takes the form

G
(N,M)
out (t1, t2, ..., tN+M ) = 〈â†out(t1)â†out(t2)...â†out(tN )âout(tN+1)...âout(tN+M−1)âout(tN+M )〉. (486)

We call these the field correlation functions, which were introduced by Glauber in his seminal 1963 papers [63–
65] in order to produce a definitive quantum-mechanical explanation of the coherence properties of lasers, masers,
and thermal sources (the last ones corresponding to the famous experiments of Hanbury-Brown and Twiss [69]).
Without loss of generality, we can assume time-ordering in this expression, that is, t1 < t2 < ... < tN−1 and
tN+M < tN+M−1 < ... < tN+1, because output operators at different times commute. This will turn out to be very
useful for reasons that we explain next.

Note that, while we have defined correlation functions in terms of the output operator because it is the one usually
measured, the dynamics is usually solved for operators of the system by using the master or quantum Langevin
equations. Hence, it is interesting to rewrite the correlation functions in terms of system operators. In general,

the best we can do is using (485) to write G
(N)
out (t1, t2, ..., t2N ) in terms of correlation functions of system and input

operators. However, in the particular case in which the environment is at zero temperature, this connection is
straightforward. In particular, reminding that [ŝ(t), âin(t′)] = 0 when t < t′ (causality) and that operators are time
ordered, we can bring all the input annihilation operators to the right and input creation operators to the left, and
annihilate vacuum, so that the only remaining correlation function is the one involving system operators,

G(N,M)(t1, t2, ..., tN+M ) = 〈ŝ†(t1)ŝ†(t2)...ŝ†(tN )ŝ(tN+1)...ŝ(tN+M−1)ŝ(tN+M )〉, (487)

and we obtain

G
(N,M)
out (t1, t2, ..., tN+M ) = κ(N+M)/2G(N,M)(t1, t2, ..., tN+M ). (488)

Finally, it is interesting to consider normalized versions of the correlation functions. In particular, given the
interpretation of n̂out(t) as the number of output photons per unit time, it is obvious that the absolute value of
a given correlation function will be larger the larger the emission of the system is, as we will see through specific
examples. Hence, in order to compare the properties of sources that emit at different rates, we introduce

g
(N)
out (t1, t2, ..., t2N ) =

G
(N,N)
out (t1, t2, ..., t2N )√

G
(1,1)
out (t1, t1)G

(1,1)
out (t2, t2)...G

(1,1)
out (t2N , t2N )

. (489)

Of course, we can also define the same type of normalized correlation function for the system

g(N)(t1, t2, ..., t2N ) =
G(N,N)(t1, t2, ..., t2N )√

G(1,1)(t1, t1)G(1,1)(t2, t2)...G(1,1)(t2N , t2N )
. (490)

Note that whenever (488) holds, these two normalized correlation functions coincide. Note also that G
(1)
out(t, t) =

〈n̂out(t)〉 is nothing but the average photon number radiated per unit time, and hence the normalization factors simply
help bringing to the same value correlation functions of sources with different emission rates but same qualitative

properties otherwise. For example, we shall see shortly that systems emitting coherent light will all have g
(N)
out = 1,

irrespective of how much light they emit.

2. Quantum regression theorem

Let us now focus on the correlation functions of the system (487). In particular, we consider two-time correlators
of various types, which are the most important for our purposes and in typical experiments, as we will see. Given
three system operators {Â, B̂, Ĉ}, we will focus on the correlation function 〈Â(t)B̂(t′)Ĉ(t)〉. The aim of this section
is to relate this Heisenberg picture expression to a Schrödinger picture one. This is known as the quantum regression
theorem, and, while it might sound like a trivial exercise, we will see that it provides a route towards efficient and
simple ways towards the evaluation of such correlation functions, as well as towards their interpretation.

In order to make the notation lighter, we will not make an explicit distinction between Heisenberg or Schrödinger
operators, instead the picture will be evident from the time dependence of the operators: time-dependent states must
be understood as Schrödinger picture, while time-independent ones as Heisenberg picture; similarly, operators (other
than the state) must be understood as Heisenberg picture or Schrödinger picture depending on whether they are
explicitly time dependent or not, respectively.
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With this in mind, consider an open system evolving according to a master equation with a general time-dependent
Lindbladian L(t), where we denote the time-dependence as a superscript for later convenience. The quantum regression
theorem reads then

〈Â(t)B̂(t+ τ)Ĉ(t)〉 = tr
{
B̂U (τ)[Ĉρ̂(t)Â]

}
, (491)

where

U (τ) = 1 +

∞∑

n=1

1

(i~)n

∫ τ

0

dt1

∫ t1

0

dt2...

∫ tn−1

0

dtnL(t1)L(t2)...L(tn) = T
{
e
∫ τ
0
dtL(t)

}
, (492)

is the time-evolution superoperator associated to the master evolution induced by the master equation, and T is the
time-ordering symbol, which in this case orders superoperators in chronological order

T
{
L(t)L(t′)

}
=

{
L(t)L(t′) for t > t′

L(t′)L(t) for t < t′
. (493)

Note that in the case of a time-independent Lindbladian, the time-evolution superoperator simply reads

U (τ) = eLτ . (494)

The quantum regression theorem is very suggestive, and allows for an interesting interpretation of the two-time
correlation function: at time t, operators Ĉ and Â effect a change on the state, which then evolves for a time τ ; this
leads to an unnormalized state, which we then use to evaluate the expectation value of B̂.

Before we prove the theorem, it is important to remark that the quantum regression theorem can be adapted to any
intermediate picture we choose to work on. That is, if we work in a picture defined by some unitary transformation

Ûc(t), where the transformed state ρ̂I(t) = Û†c (t)ρ̂(t)Ûc(t) evolves according to a master equation ∂tρ̂I = L(t)
I [ρ̂I], with

L(t)
I obtained from L(t) as explained in Section V A 6, we can turn () into

〈Â(t)B̂(t+ τ)Ĉ(t)〉 = tr
{
B̂IU (τ)

I [ĈIρ̂I(t)ÂI]
}
, (495)

where ÂI(t) = Û†c (t)ÂÛc(t) is an intermediate-picture operator (similarly for B̂ and Ĉ), and U (τ)
I = T

{
e
∫ τ
0
dtL(t)

I

}
.

This is a useful expression, as it allows us to evaluate the correlation function in the most convenient picture, for
example, one in which the Lindbladian is time-independent, and the system reaches a time-independent (stationary)
asymptotic state limt→∞ ρ̂I(t) = ρ̄I. Under such circumstances, we obtained the steady-state correlation functions

lim
t→∞
〈Â(t)B̂(t+ τ)Ĉ(t)〉 = tr

{
B̂Ie
LIτ [ĈIρ̄IÂI]

}
, (496)

which will be the expression that we will use the most, since this is the typical object that experiments are interested
in.

Let us now pass to prove the quantum regression theorem. In order to do this, let us introduce some notation.
First, we denote the time-evolution operator of the whole universe (system and environment) by ÛSE(t). Similarly, we
denote by ρ̂SE the state of the whole universe, while ρ̂E is the reduced state of the environment (taken as a thermal
state within the Born approximation in our examples), leaving the name ρ̂ for the state of the system. Consequently,
we will denote the trace over the whole universe by trSE, over the environment by trE, and over the system simply
by tr. Consider then an operator Ŵ acting on the whole universe. Within the framework introduced in the previous
chapter (Born-Markov, non-backaction, and Markov approximations), it is clear that we can make the following
approximation for the reduced dynamics

trE

{
ÛSE(τ)Ŵ Û†SE(τ)

}
= U (τ)[trE{Ŵ}], (497)

which is just the integral form of the master equation. Keeping this in mind, it is then straightforward to prove the
quantum regression theorem as

〈Â(t)B̂(t+ τ)Ĉ(t)〉 = trSE

{
ρ̂SEÛ

†
SE(t)ÂÛSE(t)Û†SE(t+ τ)B̂ÛSE(t+ τ)Û†SE(t)ĈÛSE(t)

}

= trSE

{
B̂ÛSE(τ)Ĉρ̂SE(t)ÂÛ†SE(τ)

}
≈ tr

{
B̂U (τ)[trE{Ĉρ̂SE(t)Â}]

}
, (498)



100

where in the first step we just written the Heisenberg evolution of the operators explicitly, in the second step we have

used the cyclic property of the trace and the composition property of the time-evolution operator, Û†SE(t2)ÛSE(t1) =

Û†SE(t2 − t1), and in the final step we have applied (497). The proof is completed by noting that trE{Ĉρ̂SE(t)Â} =

ĈtrE{ρ̂SE(t)}Â = Ĉρ̂(t)Â, since Â and Ĉ act as the identity on the Hilbert space of the environment (hence, Â ⊗ Î
would be a more rigorous notation, which we avoid when there is no room for confusion). This is easily proven by

representing the state in a basis {|eS
m〉 ⊗ |eE

n〉}n=1,...,dE

m=1,...,dS
of the full universe

trE{Ĉρ̂SE(t)Â} = trE

{
Ĉ ⊗ Î

(
dS∑

mm′=1

dE∑

nn′=1

ρmm′;nn′(t)|eS
m〉〈eS

m′ | ⊗ |eE
n〉〈eE

n′ |
)
Â⊗ Î

}
(499)

trE

{(
dS∑

mm′=1

dE∑

nn′=1

ρmm′;nn′(t)Ĉ|eS
m〉〈eS

m′ |Â⊗ |eE
n〉〈eE

n′ |
)}

=

dS∑

mm′=1

dE∑

lnn′=1

ρmm′;nn′(t)Ĉ|eS
m〉〈eS

m′ |Â 〈eE
l |eE

n〉︸ ︷︷ ︸
δln

〈eE
n′ |eE

l 〉︸ ︷︷ ︸
δln′

= Ĉ

[
dS∑

mm′=1

(
dE∑

l=1

ρmm′;ll′(t)

)
|eS
m〉〈eS

m′ |
]

︸ ︷︷ ︸
trE{ρ̂SE(t)}

Â.

As a final remark, note that this proof and the quantum regression theorem can be generalized to higher-order
correlators with not too much effort. In particular, it’s easy to prove, along the lines of the proof in Eqs. (498), the
following connection between multi-time correlation functions in the Heisenberg and Shcrödinger pictures

〈Â0(t0)Â1(t1)...Ân(tn)Ĉn(tn)...Ĉ1(t1)Ĉ0(t0)〉 (500)

= tr
{
ÂnĈnU (tn−tn−1)

[
Ĉn−1U (tn−1−tn−2)

[
...Ĉ1U (t1−t0)

[
Ĉ0ρ̂(t0)Â0

]
Â1...

]
Ân−1

]}
,

where t0 < t1 < ... < tn. This is the most general type of multi-time correlation function that one can consider. Of
course, this expression can also be written with all the operators, the state, and the time-evolution superoperator
written in any intermediate picture, as we did in Eq. (495).

3. Quantum regression formula

We can use the quantum regression theorem to develop a way of finding the correlation functions from the evo-
lution equations of expectation values of system operators. In particular, consider a closed set of system operators
{B̂j}j=1,2,...,L, ‘closed’ in the sense that their expectation values evolve according to a closed linear system

∂τ 〈B̂(τ)〉 = M(τ)〈B̂(τ)〉, (501)

where B̂ = (B̂1, B̂2, ..., B̂L)T , M(τ) is some L × L matrix (generically time dependent), and we denote the time by
τ for later convenience. Note that, for a Hilbert space of dimension d, this is always possible with L ∼ d2 in the
worst case (number of elements of the density operator). But, of course, the method will only be practical (either
analytically or numerically) when L is small enough, either naturally, or by doing some approximate truncation to
the most relevant operators. We will see examples of this shortly, but as a generic one, we already saw in the previous
chapter that the first and second order moments of bosonic modes form a closed set of linear equations when the
master equation is quadratic in annihilation and creation operators (Gaussian dynamics).

Next, we prove that the two-time correlators 〈Â(t)B̂j(t + τ)Ĉ(t)〉 at a given time t satisfy the same equations of
motion as the expectation values, that is,

∂τ 〈Â(t)B̂(t+ τ)Ĉ(t)〉 = M(τ)〈Â(t)B̂(t+ τ)Ĉ(t)〉, (502)

with the difference that now the initial condition is given by 〈Â(t)B̂(t)Ĉ(t)〉 = tr
{
ÂB̂Ĉρ̂(t)

}
. This expression, known

as the quantum regression formula, allows us to find any desired two-time correlator by solving a linear system, which
we will to be highly practical.
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Let us now pass to prove (502). It follows easily by rewriting the left-hand-side and right-hand-side of (501) in the
Schrödinger picture as

∂τ tr
{

B̂ρ̂(τ)
}

= tr
{

B̂∂τU (τ)[ρ̂]
}

= tr
{

B̂L(τ)U (τ) [ρ̂]
}
, (503a)

M(τ)〈B̂(τ)〉 = M(τ)tr
{

B̂ρ̂(τ)
}

= M(τ)tr
{

B̂U (τ)[ρ̂]
}
. (503b)

. Note that this expression holds for any choice of initial-condition operator ρ̂, and therefore the relation between
the upper and lower lines in the previous equations must be a property of the set B̂ and the Lindblad superoperator
alone. It is not even required that ρ̂ is Hermitian, positive, or even normalized. In other words, the relation

∂τ tr
{

B̂U (τ)Ŝ
}

= M(τ)tr
{

B̂U (τ)[Ŝ]
}
, (504)

must hold for any system operator Ŝ (as long as the operator inside the trace remains in the trace class, of course).

Choosing Ŝ = Âρ̂(t)Ĉ, we then obtain

∂τ tr{B̂U (τ)[Âρ̂(t)Ĉ]} = M(τ)tr{B̂U (τ)[Âρ̂(t)Ĉ]}, (505)

which using the quantum regression theorem (491) leads to the desired expression (502).

4. Interpretation of the photodetection two-time correlation function

Before we move on to examples, it is interesting to provide an interpretation for the two-time correlators in a
physical situation. In particular, we consider the two-time correlator associated with the photocurrent obtained by
direct photodetection of the output field in the stationary limit t→∞. This is the simplest dynamical object that one
can study for a source after it reaches its asymptotic state, and we will see shortly that it has a clear and interesting
physical interpretation. According to (483), the corresponding correlation function is

lim
t→∞

j(t)j(t+ τ) ∝ lim
t→∞
〈ŝ†(t)ŝ†(t+ τ)ŝ(t+ τ)ŝ(t)〉 = lim

t→∞
G(2,2)(t, t+ τ, t+ τ, t) ≡ Ḡ(2)(τ), (506)

where we have assumed τ ≥ 0 for definiteness, a vacuum state for the environment so we can use (488), and we
introduce the notation Ḡ(2)(τ) for this correlation function because we will use it a lot in what follows. Note that this

has exactly the form given in (498) and (502), with Â = ŝ†, B̂ = ŝ†ŝ, and Ĉ = ŝ.
The interpretation of this correlation function follows straightforwardly from the atomic case, for which ŝ = σ̂ =

|g〉〈e|, and considering a time-independent Lindbladian, so the system reaches a stationary state asymptotically. Using
the quantum regression theorem (496), we can write the correlation function as

Ḡ(2)(τ) = tr

{
σ̂†σ̂︸︷︷︸
|e〉〈e|

eLτ [σ̂ρ̄σ̂†]︸ ︷︷ ︸
|g〉〈e|ρ̄|e〉〈g|

}
= p̄e × 〈e|

(
eLτ [|g〉〈g|]

)
|e〉︸ ︷︷ ︸

pe(τ)||ψ(0)〉=|g〉

= p̄e × pe(τ)||ψ(0)〉=|g〉 . (507)

Where p̄e = 〈e|ρ̄|e〉 is the probability of finding the atom in the excited state once its state has reached its asymptotic
limit, while pe(τ)||ψ(0)〉=|g〉 is the probability of finding the atom excited at time τ , starting from the ground state

at time 0, since eLτ [|g〉〈g|] is the state evolved during a time τ from the ground state. Now, when the atom is
in the ground state, the probability of recording a photopulse in the detector is clearly zero. Hence, assuming a
perfect photodetector that turns all photons into photopulses without errors, the probability of being excited is
equivalent to the probability of recording a click! in the photodetector (after which the atom must be in the ground
state according to collapse axiom of quantum mechanics). Therefore, the two-time correlation function (506) arising
naturally from direct photodetection must be interpreted as the probability of getting two consecutive photodetection
events separated by a time interval τ . In other words, this correlation function provides the waiting statistics for the
arrival of photons to the photodetector. Hence, we will call coincidence correlation function to (506).

This interpretation is easily generalized to higher-order correlation functions. In particular, consider the multi-time
correlation function

lim
t→∞

j(t)j(t+ τ1)...j(t+ τN−1) ∝ lim
t→∞
〈ŝ†(t)ŝ†(t+ τ1)...ŝ†(t+ τN−1)ŝ(t+ τN−1)...ŝ(t+ τ1)ŝ(t)〉 (508)

= lim
t→∞

G(N,N)(t, t+ τ1, ..., , t+ τN−1, t+ τN−1, ..., t+ τ1, t) ≡ Ḡ(N)(τ1, ..., τN−1),
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where we have assumed τ1 ≤ τ2 ≤ ... ≤ τN−1 for definiteness. Particularizing this expression again to the atomic case
with a time-independent Lindbladian, and using the multi-time form of the quantum regression theorem of Eq. (500),
it’s easy to find

Ḡ(N)(τ1, τ2, ..., τN−1) = p̄e × pe(τ1)||ψ(0)〉=|g〉 × pe(τ2 − τ1)||ψ(0)〉=|g〉 × ...× pe(τN−1 − τN−2)||ψ(0)〉=|g〉 , (509)

which is then interpreted as the probability of getting N consecutive photodetection events separated by time intervals
{τj − τj−1}j=1,2,...,N−1 (with τ0 = 0), once the atom has reached its asymptotic state.

C. Open cavity: coherent sources and photon bunching

As a first example we consider the light emitted by an empty, monochromatically-driven cavity. We saw in Section
V A 6 that the corresponding master equation, in a picture rotating at the laser frequency, is given by

∂tρ̂I =
[
i∆â†â+ E â† − E∗â, ρ̂I

]
+ (n̄+ 1)γ

(
2âρ̂Iâ

† − â†âρ̂I − ρ̂Iâ
†â
)

+ n̄γ
(
2â†ρ̂Iâ− ââ†ρ̂I − ρ̂Iââ

†) ≡ LI[ρ̂I], (510)

which has a time-independent Lindbladian LI. On the other hand, note that the interaction-picture annihilation
operators read as âI(t) = Û†c (t)âÛc(t) = e−iωLtâ, so that using Eq. (496), the coincidence correlation function (506)
can be written as

Ḡ(2)(τ) = tr
{
â†I âIe

LIτ [âIρ̄Iâ
†
I ]
}

= tr
{
N̂eLIτ [âρ̄Iâ

†]
}
, (511)

where we remind that ρ̄I = limt→∞ ρ̃(t) is the stationary state in the rotating picture, that is, that satisfying LI[ρ̄I] = 0.

As we saw in Section V A 6, the stationary state is the displaced thermal state, ρ̄I = D̂(ᾱ)ρ̂th(n̄)D̂†(ᾱ) with
ᾱ = E/(γ − i∆). It is interesting though, to consider separately the case in which the environment is at zero
temperature (n̄ = 0), and the case in which the driving is zero (E = 0).

1. Zero temperature: Poissonian light

In the n̄ = 0 case, the steady state is coherent ρ̄ = |ᾱ〉〈ᾱ| and we thus easily find

Ḡ(2)(τ) = tr

{
N̂eLIτ [â|ᾱ〉〈ᾱ|â†︸ ︷︷ ︸]

|ᾱ|2|ᾱ〉〈ᾱ|

}
= |ᾱ|2tr

{
â†â eLIτ [|ᾱ〉〈ᾱ|]︸ ︷︷ ︸

|ᾱ〉〈ᾱ|︸ ︷︷ ︸
by definition

of steady state

}
= |ᾱ|2〈ᾱ|N̂ |ᾱ〉 = |ᾱ|4. (512)

We observe that the probability of getting two consecutive clicks in the photodetector is independent of their time
delay. This means that the photodetection events are statistically independent: photons arrive to the detector
at random times, with no correlation whatsoever. Indeed, this is consistent with the fact that the photon number
probability distribution is Poissonian for a coherent state, since this distribution is the one corresponding to statistically
independent events. On the other hand, we have limt→∞G(1,1)(t, t) = limt→∞〈N̂(t)〉 = 〈ᾱ|N̂ |ᾱ〉 = |ᾱ|2, leading to a
normalized correlation function

ḡ(2)(τ) ≡ lim
t→∞

g(2)(t, t+ τ, t+ τ, t) =
Ḡ(2)(τ)

[limt→∞〈â†(t)â(t)〉]2
= 1. (513)

Moreover, the generalization of this calculation to higher-order correlators is straightforward, and leads to the result
Ḡ(N)(τ1, ..., τN−1) = |ᾱ|2N , so that

ḡ(N)(τ1, ..., τN−1) ≡ lim
t→∞

g(N)(t, t+ τ1, ..., t+ τN−1, t+ τN−1, ..., t+ τ1, t) = 1. (514)

This value of 1 for the normalized photodetection correlation functions is not unique to coherent states, but, more
generally, it is characteristic of sources whose steady-state number distribution is Poissonian. This is easy to prove as
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follows. First, note that the most general state whose photon-number distribution is Poissonian must be necessarily
written as a mixture of coherent states with the same amplitude α but arbitrary phases, say

ρ̂Poisson =

∫ 2π

0

dφP (φ)|αeiφ〉〈αeiφ|, with P (φ) > 0 ∀φ and

∫ 2π

0

dφP (φ) = 1. (515)

Note that the a mixture of K coherent states with phases {φk}k=1,2,...,K is obtained setting P (φ) =
∑K
k=1 wkδ(φ−φk),

with wk > 0∀k and
∑K
k=1 wk = 1. Indeed, note that the photon number distribution 〈n|ρ̂Poisson|n〉 = exp(−α2)α2n/n!

is Poissonian for any choice of P (φ). This is obviously not the case for any other type of state. Using the Schrödinger-
picture expression (500) for the Ḡ(N)(τ1, ..., τN−1) correlation function (508), assuming that the stationary state of
the system has the form (515), so that limt→∞ ρ̂(t) = ρ̂Poisson with L[ρ̂Poisson] = 0, it is then immediate to obtain

Ḡ(N)(τ1, ..., τN−1) = α2N for any choice of P (φ), which together with limt→∞G(1,1)(t, t) = tr{N̂ ρ̂Poisson} = α2, leads
to (514).

2. Non-driven cavity: thermal light and bunching

Let us now move on to the E = 0 case, such that the steady state of the cavity is thermal, ρ̄ = ρ̂th(n̄) with
limt→∞G(1)(t, t) = tr

{
â†âρ̂th(n̄)

}
= n̄. Note that without driving, the master equation is time-independent in the

original picture, so there is no need to refer everything to a rotating picture.
This case provides a perfect example for the use the quantum regression formula. In particular, note that the

expectation value of the photon number satisfies the evolution equation

∂t
〈
â†â
〉

= −2γ
〈
â†â
〉

+ 2n̄γ, (516)

as we proved in (402). We can rewrite this equation in the form (501) by choosing B̂1 = â†â and B̂2 = n̄ (constant),
which form then a closed set with

M =

(
−2γ 2γ

0 0

)
. (517)

Therefore, according to the quantum regression formula (502) with Â = â† and Ĉ = â, we get

∂τ

(
〈â†(t)â†(t+ τ)â(t+ τ)â(t)〉

n̄〈â†(t)â(t)〉

)
=M

(
〈â†(t)â†(t+ τ)â(t+ τ)â(t)〉

n̄〈â†(t)â(t)〉

)
, (518)

which taking the t→∞ limit, leads to

∂τ

(
Ḡ(2)(τ)
n̄2

)
=M

(
Ḡ(2)(τ)
n̄2

)
⇒ dḠ(2)

dτ
= −2γḠ(2) + 2n̄2γ. (519)

Using (251), we obtain the solution

Ḡ(2)(τ) = e−2γτ Ḡ(2)(0) + n̄2
(
1− e−2γτ

)
. (520)

The initial condition of this expression is given by

Ḡ(2)(0) = tr
{
â†2â2ρ̂th(n̄)

}
=
∣∣tr
{
â2ρ̄th(n̄)

}∣∣2
︸ ︷︷ ︸

0

+2 tr
{
â†âρ̄th(n̄)

}2

︸ ︷︷ ︸
n̄2

= 2n̄2, (521)

where we have used the fact that the thermal state is Gaussian, and hence it satisfies the Gaussian moment theorem
(139), which we conveniently generalize here as follows. Consider any set of operators {L̂1, L̂2, ..., L̂N}, all linear in

annihilation and creation operators. Then, defining the fluctuation operators δL̂j = L̂j−〈L̂j〉, Gaussian states satisfy

〈δL̂1δL̂2...δL̂N 〉 =





0 for odd N∑
{j1, ..., jN} ∈ all
(N − 1)!!pairings

〈δL̂j1δL̂j2〉...〈δL̂jN−1
δL̂jN 〉 for even N . (522)
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Noting that 〈â〉 for the thermal state, this version of the Gaussian-moment theorem leads directly to (521). Inserting
then the latter in (520), we obtain the normalized coincidence correlation function

ḡ(2)(τ) =
Ḡ(2)(τ)

n̄2
= 1 + e−2γτ . (523)

Interestingly, in this case ḡ(2)(τ) starts at 2 for τ = 0 and decays monotonically to 1 as time goes by. In other words,
it is more likely to detect two photons at the same time, than spaced in time: photons arrive in bunches. We then
call this phenomenon bunching.

D. Resonance fluorescence and antibunching

For the next example, let us discuss now the properties of the light radiated by a driven two-level atom, a problem
known as resonance fluorescence. The general master equation of this problem is given by Eq. (434), but here we
will focus on the zero-temperature case (n̄ = 0) for simplicity, and assume the driving to be monochromatic, that is
A(t) = Ee−iωLt.

Let us start by moving to a picture rotating at the laser frequency, where the Hamiltonian becomes time independent.
This Hamiltonian is defined the transformation operator Ûc(t) = e−iωLtσ̂z/2, leading to an interaction-picture lowering

operator σ̂I(t) = Û†c (t)σ̂Ûc(t) = e−iωLtσ̂, and keeping σ̂z invariant. The transformed state ρ̂I(t) = Û†c (t)ρ̂(t)Ûc(t)
evolves then according to the master equation

∂tρ̂I =

[
i
∆

2
σ̂z + E σ̂† − E∗σ̂, ρ̂I

]
+ γ

(
2σ̂ρ̂Iσ̂

† − σ̂†σ̂ρ̂I − ρ̂Iσ̂
†σ̂
)

= LI[ρ̂I], (524)

where ∆ = ωL − ε.
In order to find the coincidence correlation function, we could proceed by showing that the operators {σ̂x, σ̂y, σ̂z, Î}

form a closed set (Bloch equations), applying then the quantum regression formula similarly to how we did in the
previous example. However, in the atomic case we have an easier route based on (507): we only need to evaluate the
evolution of the excited-state probability. We will then follow this route.

We start by writing down the Bloch equations. Using the same notation as in Sec. V A 3 for expectation values in
the interaction picture, that is, b̃(t) = 〈σ̂〉I = tr {σ̂ρ̂I(t)}, and noting that bz(t) = tr {σ̂z ρ̂(t)} = tr {σ̂z ρ̂I(t)}, we can
use the general expression (399) to find

∂tb̃ = i
∆

2
〈[σ̂, σ̂z]〉I + E

〈[
σ̂, σ̂†

]〉
I

+ γ
〈[
σ̂†, σ̂

]
σ̂
〉

I
= −Ebz − (γ − i∆)b̃, (525a)

∂tbz = E
〈[
σ̂z, σ̂

†]〉
I
− E∗ 〈[σ̂z, σ̂]〉I + γ

(〈[
σ̂†, σ̂z

]
σ̂
〉

I
+
〈
σ̂† [σ̂z, σ̂]

〉
I

)
= 4Re{E∗b̃} − 4γbz − 4γ. (525b)

Since we are ultimately interested in the excited-state population, it is best to write this equations in terms of it
already. Using pe(t) = [1 + bz(t)]/2, we obtain

∂tb̃ = −(γ − i∆)b̃− 2Epe + E , (526a)

∂tpe = 2Re{E∗b̃} − 4γpe. (526b)

Before solving the full dynamics, it is interesting to evaluate the asymptotic state predicted by these equations.
Since the Lindbladian is time independent, we expect a such state to be stationary. Then, we simply set the derivatives
to zero, and solve the remaining linear system in a straightforward manner (just write b̃ in terms of pe from the first
equation, and substitute it in the second equation). Introducing the parameter P = |E|2/(γ2 + ∆2), we obtain

p̄e ≡ lim
t→∞

pe(t) =
P

2(1 + P )
and lim

t→∞
b̃(t) =

√
P

1 + P
ei(arg{E}+arg{γ+i∆}). (527)

This shows that the atom remains in the ground state when the driving rate is negligible with respect to the damping
rate or the detuning (P � 1), while in the limit where it dominates (P � 1), it can only bring half the population
to the excited state49. This is interesting because it tells us that just through driving, it is impossible to fully invert
the steady-state population of an atom, so more ingenious ways are required.

49 Why only half? Since |E| dominates, the atom starts performing perfect Rabi oscillations between the ground and excited states.
However, on a much longer time scale, dissipation kicks in, and the corresponding noise starts shifting randomly the phase of the
oscillations, until eventually they average out to half the population on each state.
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Let us now move on to the coincidence correlation function (507), focusing on the normalized form

ḡ(2)(τ) =
pe(τ)||ψ(0)〉I=|g〉

p̄e
, (528)

where we have taken into account that limt→∞〈σ̂†(t)σ̂(t)〉 = tr{σ̂†σ̂ρ̄} = p̄e for the normalization. There are very
interesting things that we can see already in this expression without the need to evaluate it at all times. First, note
that ḡ(2)(τ → ∞) = 1, while ḡ(2)(τ = 0) = 0, since the probability of being in the excited state at time zero when
starting from the ground state vanishes. Hence, we see that the probability of obtaining two simultaneous photons is
identically zero, while the photodetection events become independent for long times. This is a phenomenon known as
antibunching, and it is rooted in the quantization of the atom: once it decays, it requires some time to get re-excited
(we call it reloading time), which means that it can emit only one photon at a time.

Let us now find the full time evolution of the coincidence correlation function. This analytically difficult in the
general case, but quite easy in the resonant case, ∆ = 0, which we consider next. Taking the derivative of Eq. (526b),

and using also Eq. (526a) to write b̃ and ∂tb̃ as a function of pe and ∂tpe, it is straightforward to find

p̈e + 5γṗe + 4γ2(1 + P )pe = 2γ2P. (529)

Together with the initial conditions pe(0) = 0 = ṗe(0), this is a second order differential equation with constant
coefficients that is easily solved, leading to

ḡ(2)(τ) = 1− e−5γτ/2

[
cosh(rγτ/2)− 5 sinh(rγτ/2)

r

]
, (530)

where we have defined r =
√

9− 16P . We show this function in Fig. soon, for different values of P . As expected,
the function starts at 0 and goes to 1 for long times. For intermediate times, the behavior depends on P . The most
interesting case occurs under strong driving conditions, that is, P � 1 or, equivalently, |E| � γ. In this case, r ≈ 4i|E|
becomes imaginary, and leads to

ḡ(2)(τ) ≈ 1− e−5γτ/2 cos(2|E|τ). (531)

This result is very much connected to Rabi oscillations, which are clearly visible for several cycles, until dissipation
washes them out. Hence, in order to measure Rabi oscillations, it is not required to initialize the atom in the ground
state and monitoring the populations. Instead, we can simply let the strongly-driven atom relax to its asymptotic
state, and then check the Rabi oscillations in the delay between photodetection events.

E. Homodyne detection and output squeezing

We have seen that direct photodetection provides normally-ordered moments of the output number operator.
Hence, in loose terms, direct photodetection allows to measure only the number operator and related photon counting
statistics. However, we can design clever measurement schemes involving different sources and photodetectors such
that the moments of the combined photocurrents give us access to the moments of diffferent observables of the
output light. As a most relevant example, in this section we study homodyne detection. As we will see, this type
of measurement will allow us to determine the statistics of the quadratures of the field. We will also apply it to one
specific source, the so-called below-threshold optical parametric oscillator, which can be modeled as an open cavity
whose intracavity mode is fed via down-conversion in a nonlinear medium.

1. Homodyne detection and the squeezing spectrum

The scheme for homodyne detection is shown in Fig. ToDo. The output field of the source that we want to
characterize is mixed in a balanced beam splitter with a strong laser field (dubbed local oscillator); the two fields
emerging from the beam splitter are photodetected and their photocurrents are subtracted, leading to the so-called
homodyne photocurrent jH(t). In the following we show that the stochastic correlation functions of this photocurrent
are proportional to normally-ordered correlation functions of output quadratures.

We start by modeling the local oscillator field. We assume that it is the output of a monochromatic coherent source
(that is, a source whose asymptotic state is coherent). This is indeed the commonly used model of a laser50. We write

50 However, as we shall see in a later chapter, lasers are a bit more subtle, and this model only holds under some specific conditions.
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the vector potential of the corresponding output field as

Â
(+)
LO (z, t) = ex

√
~

2cε0SωLO
âLO(t), (532)

characterized by the correlation functions

〈â†LO(t1)...â†LO(tN )âLO(tN+1)...âLO(tN+M )〉 = eiωLO(t1+...+tN−tN+1−...−tN+M )|αLO|N+MeiφLO(M−N), (533)

where ωLO is the frequency of the coherent source (laser frequency) and αLO = |αLO|eiφLO is a complex amplitude
(specifically, if we denote by |β̄e−iωLOt〉 the amplitude of the asymptotic coherent state reached by the cavity associated

to this source, with decay rate Γ, then αLO =
√

2Γβ̄, as we have seen in previous results). We assume that both of
this quantities are controllable in experiments.

Let us also note that, obviously, these local oscillator operators commute with those of the source at all times,
since they act on different Hilbert spaces and do not interact. Moreover, since they are generated from independent
sources, the states of the output field we want to study and the local oscillator fields are not correlated, meaning that
the expectation value of the product of any output operator B̂out(t) of the relevant source with any local oscillator

operator B̂LO(t′) factorizes as 〈B̂out(t)B̂LO(t′)〉 = 〈B̂out(t)〉〈B̂LO(t′)〉.
Let us now consider the fields emerging from the beam splitter. Considering a balanced beam splitter (50%

transmission and reflection), these fields are just the sum and difference of the fields entering its input ports. We
denote them by

Â± (z, t) =
1√
2

[
Âout (z, t)± ÂLO (z, t)

]
. (534)

Obviously, in order for the local oscillator to have any effect on the source that we want to characterize, ωLO must
be close to the central frequency of the light emitted by that source (in particular, usually in experiments one makes
them match). Under such circumstances, we can write the these fields in the usual form

Â
(+)
± (z, t) ≈ ex

√
~

2cε0SωLO
â±(tR), (535)

with

â±(t) =
1√
2

[âout (t)± âLO (t)] . (536)

Let us write the number operators associated to any of these fields as

n̂±(t) = â†±(t)â±(t) =
1

2

[
n̂out(t) + n̂LO(t)± ĥ(t)

]
, (537)

where we have defined the operator

ĥ(t) = â†LO(t)âout(t) + âLO(t)â†out(t). (538)

Note that, using (533), it is simple to show that

〈: ĥ(t1)ĥ(t2)...ĥ(tN ) :〉 = |αLO|N 〈: X̃φLO

out (t1)X̃φLO

out (t2)...X̃φLO

out (tN ) :〉, (539)

where we have defined slowly-varying quadratures of the output field

X̃φ
out(t) = eiωLOt−iφâout(t) + e−iωLOt+iφâ†out(t). (540)

We call them ’slowly varying’ because the factors e±iωLOt cancel the fast oscillations of the output operators. Hence,
we see two things. First, the detection scheme is only sensitive to the slowly-varying envelopes of the field (this is
quite common to all measurement schemes: resolving optical oscillations is hard and only reserved to very specific

state-of-the-art techniques). Second, we see that the operator ĥ encodes the information about the statistics of the
output quadratures. Essentially, the rest of the steps in the detection scheme are designed to remove all information
but the one corresponding to this operator, as we see next by analyzing the homodyne photocurrent, for what we
need one more result from photodetection theory.
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Similarly to the case of direct photodetection, it is possible to prove (though not trivially) that the cross correlation
between two photocurrents is related to quantum cross correlation functions between their corresponding detected
photon number operators,

jm(t)jm′(t′) ∝ 〈: n̂m(t)n̂m′(t
′) :〉. (541)

This is indeed natural, because we expect two photodetection signals to be statistically independent only when the
underlaying measured fields are.

We can now proceed to evaluate the first and second order stochastic correlation functions of the homodyne
photocurrent jH(t) = j+(t)− j−(t). We obtain

jH(t) = j+(t) + j−(t) ∝ 〈n̂+(t)〉 − 〈n̂−(t)〉, (542a)

jH(t)jH(t′) = j+(t)j+(t′) + j−(t)j−(t′)− j+(t)j−(t′)− j−(t)j+(t′) (542b)

∝ 〈: n̂+(t)n̂+(t′) :〉+ 〈: n̂−(t)n̂−(t′) :〉 − 〈: n̂+(t)n̂−(t′) :〉 − 〈: n̂−(t)n̂+(t′) :〉.

Expanding each term using (537) and (533), it is then straightforward to obtain

jH(t) ∝ |αLO|〈X̃φLO

out (t)〉, (543a)

jH(t)jH(t′) ∝ |αLO|2〈: X̃φLO

out (t)X̃φLO

out (t′) :〉, (543b)

which is precisely the result we advanced above.
It is usual to work with photocurrent fluctuations δjH(t) = jH(t) − jH(t), since in quantum mechanics we are

usually interested in how noise is distributed around the average value of an observable, as we have discussed before.
The expressions above allow us to write then

δjH(t)δjH(t′) ∝ |αLO|2〈: δX̃φLO

out (t)δX̃φLO

out (t′) :〉. (544)

Before moving on to an example where homodyne detection plays an important role, it is important to point
out that most photodetectors do not allow to measure instantaneous photocurrents (some state-of-the-art ones do,
though). In particular, a more detailed model of the photodetection process for common photodetectors [60] would

show that the variance of the photocurrent, δj2
H(t) in this case, is infinite at all times, meaning that the instantaneous

signal jH(t) is completely hidden by a massive noise wall. Therefore, most experiments deal with a different quantity,
namely the power spectrum, given by

1

T

∫ T

0

dt

∫ T

0

dt′ cos[Ω(t− t′)]δjH(t)δjH(t′), (545)

where T is the detection time and Ω is commonly known as the noise or detection frequency. The massive instantaneous
noise is now confined to the spectral region Ω ∈ [0,∼ T−1], and hence one gets a sensible signal for noise frequencies
outside that region.

Consider a source that reaches a stationary state in which limt→∞ δjH(t)δjH(t+ τ) is a function only of |τ |, which
is the most common case. If we also consider sufficiently long detection times, it is then simple to prove that the
previous expression can be written as the simple Fourier transform

∫ +∞

−∞
dτe−iΩτ lim

t→∞
δjH(t)δjH(t+ τ). (546)

Related to the power spectrum of the homodyne photocurrent, we then define in quantum optics the so-called quadra-
ture noise spectrum, given by

V φ(Ω) =

∫ +∞

−∞
dτe−iΩτ lim

t→∞
〈δX̃φ

out(t)δX̃
φ
out(t+ τ)〉, (547)

which is the usual object measured in an experiment involving homodyne detection. Note that we have assumed
that the two-time correlation function of the quadrature depends only on |τ |, as it is usually the case in stationary
quantum optical problems; if that’s not the case, then the simple Fourier integral must be replaced by the more
general integral (545). Using the commutation relations of the output operators (484), we can write the quadrature

product in normal order as δX̃φ
out(t)δX̃

φ
out(t

′) = δ(t− t′)+ : δX̃φ
out(t)δX̃

φ
out(t

′) :. Using then the input-output relations
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under the assumption of a zero-temperature environment (so that the terms with input operators vanish), we then
obtain the quadrature noise spectrum in terms of system correlation functions,

V φ(Ω) = 1 + κ

∫ +∞

−∞
dτe−iΩτ lim

t→∞
〈: δX̃φ(t)δX̃φ(t+ τ) :〉

︸ ︷︷ ︸
Sφ(Ω)

, (548)

where we have defined the slowly-varying quadratures of the system

X̃φ(t) = eiωLOt−iφŝ(t) + e−iωLOt+iφŝ†(t). (549)

The normally-ordered part of the noise spectrum, Sφ(Ω), is known as squeezing spectrum.
Finally, let us discuss the concept of squeezing in the output light of an open system. As explained in Section II I,

some of the most common applications of light are sensing or communication. In both cases, a signal is encoded as a
low-frequency (compared to optical frequencies) modulation of some quadrature. This signal would then appear as a
peak at the corresponding frequency in the power spectrum of a homodyne signal, or, equivalently, in the quadrature
noise spectrum. On the other hand, note that for a vacuum or coherent stationary state of the system we get
V φLO(Ω) = 1 for all noise frequencies Ω and all local oscillator’s phases φLO. This then sets a base value that limits
the signal-to-noise ratio with which we will be able to observe the peak (see Fig. ToDoa). We call this the shot noise.
Therefore, in order to increase the signal-to-noise ratio it is desirable to work with states that have V φLO(Ω) < 1 for
some values of the noise frequency and the local oscillator’s phase (see Fig. ToDob). This is what we call squeezed
states in the context of the light radiated by a open systems.

It’s interesting to point out that, similarly to the position and momentum of a single harmonic oscillator, we can
derive a sort of uncertainty relation between the noise spectra of orthogonal quadratures, namely

V φ(Ω)V φ+π/2(Ω) ≥ 1. (550)

Hence, the squeezing of an output quadrature must be accompanied by the antisqueezing of its canonical conjugate.
Let us prove this relation... soon.

Next we proceed to put all this in action with a paradigmatic example: the optical parametric oscillator.

2. Squeezing from the optical parametric oscillator

Consider an open cavity at zero temperature containing a dielectric medium with second order nonlinearity such as
the one we studied in Section IV C. Such system is known as optical parametric oscillator (we will fully understand the
reason for the name in a chapter to come), and we now show now that it allows for the generation of highly-squeezed
output light.

We worked out the previous examples through different approaches in the Schrödinger picture. Hence, in order to
show a different method, we work in the Heisenberg picture in this case. We then consider the quantum Langevin
equations (357) for the cavity mode, using

Ĥintra(t) = i
~g
2

(eiω2tâ†2 − eiω2tâ†2)

as the intracavity Hamiltonian, corresponding to down-conversion under the parametric approximation. Note that,
for convenience, we have chosen a different phase for the pump compared to the Hamiltonian of Eq. (310). The
quantum Langevin equation then becomes

∂tâ = −(γ + iω0)â+ geiω2tâ† +
√

2γâin(t). (551)

In order to turn the equation into a time-independent one, we define the slowly-varying operator51 ã(t) = eiω2t/2â(t),
which evolves according to the equation

∂tã = −(γ + i∆)ã+ gã† +
√

2γãin(t), (552)

51 Equivalent to moving to a picture rotating at half the pump frequency.
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where ∆ = ω0 − ω2/2 and ãin(t) = eiω2t/2âin(t) is a slowly-varying input operator, which satisfies the same statistical
properties (356) and commutation relations (484) as the original one. It is also interesting to note that if we use
a local oscillator of frequency ωLO = ω2/2, then the slowly-varying quadratures of the system (549) can be written
directly in terms of the slowly-varying operators as

X̃φ(t) = e−iφã(t) + eiφã†(t). (553)

In order to simplify the problem and avoid spurious technical details, we consider the resonant case, ∆ = 0. In such
case, the position X̃0 ≡ X̃ and momentum X̃π/2 ≡ P̃ quadratures obey independent equations that can be easily
treated. In particular, simply adding and subtracting (552) and it’s Hermitian conjugate, we find

∂tX̃ = −(γ − g)X̃ +
√

2γX̃in(t), (554a)

∂tP̃ = −(γ + g)P̃ +
√

2γP̃in(t), (554b)

where we have defined the input quadratures X̃φ
in(t) = e−iφãin(t) + eiφã†in(t), which satisfy the statistical properties

〈X̃φ
in(t)〉 = 0, (555a)

〈X̃φ
in(t)X̃φ′

in (t′)〉 = ei(φ′−φ)δ(t− t′). (555b)

These equations are readily solved using (251) as usual, obtaining

X̃(t) = X̃(0)e−(γ−g)t +
√

2γ

∫ t

0

dt′e−(γ−g)(t−t′)X̃in(t′), (556a)

P̃ (t) = P̃ (0)e−(γ+g)t +
√

2γ

∫ t

0

dt′e−(γ+g)(t−t′)P̃in(t′). (556b)

Interestingly, we see that when g < γ (damping dominates over down conversion) the initial condition is washed out
for long times, and the cavity mode reaches a stationary state as usual. However, when g > γ the position quadrature
increases exponentially with time, showing that we enter a special regime where, apparently, no stationary state is
reached. We will see in one of the next chapters that what happens is that the parametric approximation breaks down
for g ≥ γ, and we have to consider pump depletion. Hence, in what follows we focus on the g < γ regime, known as
below-threshold regime for reasons that will become obvious along the next chapters. In this regime, we can write the
asymptotic solution as

lim
t→∞

X̃(t) =
√

2γ lim
t→∞

∫ t

0

dτe−(γ−g)τ X̃in(t− τ), (557a)

lim
t→∞

P̃ (t) =
√

2γ lim
t→∞

∫ t

0

dτe−(γ+g)τ P̃in(t− τ). (557b)

Before commenting on the squeezing properties of the output field, it is interesting to understand the type of
asymptotic state reached by the intracavity mode. Since the quantum Langevin equations are linear, we know that
the state will be Gaussian, and hence we only need to find the asymptotic mean vector and covariance matrix as
usual. Using the statistical properties of the input quadratures (555), we get

lim
t→∞
〈X̃(t)〉 = 0 = lim

t→∞
〈P̃ (t)〉, (558a)

lim
t→∞
〈X̃2(t)〉 = 2γ lim

t→∞

∫ t

0

dτ

∫ t

0

dτ ′e−(γ−g)(τ+τ ′)〈X̃in(t− τ)X̃in(t− τ ′)〉︸ ︷︷ ︸
δ(τ−τ ′)

= 2γ lim
t→∞

∫ t

0

dτe−2(γ−g)τ =
γ

γ − g ,

(558b)

lim
t→∞
〈P̃ 2(t)〉 = 2γ lim

t→∞

∫ t

0

dτ

∫ t

0

dτ ′e−(γ+g)(τ+τ ′)〈P̃in(t− τ)P̃in(t− τ ′)〉︸ ︷︷ ︸
δ(τ−τ ′)

= 2γ lim
t→∞

∫ t

0

dτe−2(γ+g)τ =
γ

γ + g
,

(558c)

lim
t→∞

〈(
X̃(t)P̃ (t)

)(s)
〉

= 2γ lim
t→∞

∫ t

0

dτ

∫ t

0

dτ ′e−(γ−g)τ−(γ+g)τ ′
(
〈X̃in(t− τ)P̃in(t− τ ′)〉︸ ︷︷ ︸

iδ(τ−τ ′)

+ 〈P̃in(t− τ ′)X̃in(t− τ)〉︸ ︷︷ ︸
−iδ(τ−τ ′)

)
= 0,

(558d)
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, where we remind that (X̃P̃ )(s) = (X̃P̃+X̃P̃ )/2 denotes symmetrization. This expressions lead to a (rotating-picture)
Gaussian state with zero mean and covariance matrix

lim
t→∞

V (t) =

(
(1− σ)−1 0

0 (1 + σ)−1

)
. (559)

Here we have defined the parameter σ = g/γ, which determines the distance to threshold. For σ = 0 (no pump) we
then obtain a vacuum state as expected. On the other hand, as the threshold condition σ = 1 is approached, the
momentum quadrature gets more and more squeezed until its variance reaches half the value found in vacuum (50%

of quantum noise reduction), that is, ∆P̃ 2 → 0.5. At the same time, the position quadrature gets antisqueezed, but

far more dramatically as threshold is approached, where ∆X̃ →∞. Hence, the down-converted mode is in a squeezed
state for σ > 0, but not a minimum-uncertainty one, since ∆X̃∆P̃ > 1.

We are now in conditions of evaluating the noise spectrum of the output field. In this case, instead of using the
normally ordered expression (548), the calculation is easier if we use the general definition (547) together with the
input-output relations (466), which allow us to write

X̃φ
out(t) =

√
2γX̃φ(t)− X̃φ

in(t). (560)

In addition, we will combine the position and momentum solutions (557) in the single expression

lim
t→∞

X̃ϕ(t) =
√

2γ lim
t→∞

∫ t

0

dτ ′e−λϕτ
′
X̃ϕ

in(t− τ ′), ϕ = 0,
π

2
. (561)

where λ0 = γ − g and λπ/2 = γ + g. Let us start by evaluating the asymptotic two-time correlation functions of the
output quadratures, which can be written as the t→∞ limit of

〈X̃ϕ
out(t)X̃

ϕ
out(t+ τ)〉 =

[
2γ〈X̃ϕ(t)X̃ϕ(t+ τ)〉 −

√
2γ〈X̃ϕ(t)X̃ϕ

in(t+ τ) + X̃ϕ
in(t)X̃ϕ(t+ τ)〉+ 〈X̃ϕ

in(t)X̃ϕ
in(t+ τ)〉

]
.

(562)
We evaluate the different terms for the position and momentum quadratures by using (561) and (555). For the terms
involving the input quadrature we get

〈X̃ϕ
in(t)X̃ϕ

in(t+ τ)〉 = δ(τ) ∀(ϕ, t), (563a)

lim
t→∞
〈X̃ϕ(t)X̃ϕ

in(t+ τ)〉 =
√

2γ lim
t→∞

∫ t

0

dτ ′e−λϕτ
′〈X̃ϕ

in(t− τ ′)X̃ϕ
in(t+ τ)〉︸ ︷︷ ︸

δ(τ+τ ′)

=





√
2γeλϕτ τ < 0√
γ/2 τ = 0
0 τ > 0

, (563b)

lim
t→∞
〈X̃ϕ

in(t)X̃ϕ(t+ τ)〉 =
√

2γ lim
t→∞

∫ t

0

dτ ′e−λϕτ
′〈X̃ϕ

in(t)X̃ϕ
in(t+ τ − τ ′)〉︸ ︷︷ ︸
δ(τ−τ ′)

=





0 τ < 0√
γ/2 τ = 0√

2γe−λϕτ τ > 0
. (563c)

On the other hand, the term involving only intracavity quadratures requires a bit more attention

〈X̃ϕ(t)X̃ϕ(t+ τ)〉 = 2γ lim
t→∞

∫ t

0

dτ1

∫ t+τ

0

dτ2e
−λϕ(τ1+τ2)〈X̃ϕ

in(t− τ1)X̃ϕ
in(t+ τ − τ2)〉︸ ︷︷ ︸

δ(τ1+τ−τ2)

. (564)

Since the domain of integration of τ2 is different than that of τ1, we have to be careful with the application of the
delta function, which provides the condition τ1 = τ2 − τ only as long as the domains of both sides of the expression
overlap (otherwise gives a zero). When τ > 0, the domain of τ2 is larger than the domain of τ1 (see Fig. ToDoa).
In particular, the condition τ1 = τ2 − τ cannot be satisfied when τ2 ∈ [0, τ [ since τ1 ∈ [0, t]. Hence we integrate only
over the latter domain

〈X̃ϕ(t)X̃ϕ(t+ τ)〉 = 2γ lim
t→∞

∫ t

0

dτ1e
−2λϕτ1−λϕτ = 2γ lim

t→∞
1− e−2λϕt

2λϕ
e−λϕτ =

γ

λϕ
e−λϕτ . (565)

On the other hand, when τ < 0, the domain of τ1 is larger than that of τ2 (see Fig. ToDoa). Now the condition
τ1 = τ2 − τ = τ2 + |τ | cannot be satisfied when τ1 ∈ [0, |τ |[ since τ2 ∈ [0, t− |τ |]. Hence, in this case we integrate over
the domain of τ2

〈X̃ϕ(t)X̃ϕ(t+ τ)〉 = 2γ lim
t→∞

∫ t+τ

0

dτ2e
−2λϕτ2+λϕτ = 2γ lim

t→∞
1− e−2λϕ(t+τ)

2λϕ
eλϕτ =

γ

λϕ
eλϕτ . (566)
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Therefore, putting both results together, we obtain

〈X̃ϕ(t)X̃ϕ(t+ τ)〉 =
γ

λϕ
e−λϕ|τ |. (567)

Combining (563) and (567), we write the asymptotic two-time correlation function of the output quadratures (562)
as

lim
t→∞
〈X̃ϕ

out(t)X̃
ϕ
out(t+ τ)〉 = 2γ

(
γ

λϕ
− 1

)
e−λϕ|τ | + δ(τ). (568)

Note that this function is independent of t and it is symmetric in τ . Therefore, we can use the Fourier-transform
expression (547) of the quadrature noise spectrum, obtaining

V ϕ(Ω) =

∫ +∞

−∞
dτe−iΩτ

[
2γ

(
γ

λϕ
− 1

)
e−λϕ|τ | + δ(τ)

]
(569)

= 1 + 2γ

(
γ

λϕ
− 1

)[∫ 0

−∞
dτe(λϕ−iΩ)τ +

∫ +∞

0

dτe−(λϕ+iΩ)τ

]

= 1 + 2γ

(
γ

λϕ
− 1

)(
1

λϕ − iΩ
+

1

λϕ + iΩ

)
= 1 +

4γ (γ − λϕ)

λ2
ϕ + Ω2

.

Hence, introducing again the parameter σ = g/γ, we finally get the quadrature noise spectrum of the position and
momentum quadratures

V 0(Ω) = 1 +
4σ

(1− σ)2 + (Ω/γ)2
, (570a)

V π/2(Ω) = 1− 4σ

(1 + σ)2 + (Ω/γ)2
. (570b)

For σ = 0 both spectra are equal to 1 for all noise frequencies Ω, which is consistent with the fact that the intracavity
mode is in vacuum. On the other hand, for any other value of σ we get V π/2(Ω) < 1 and V 0(Ω) > 1, showing
that the output field is in a momentum-squeezed state. However, contrary to the intracavity field, as the threshold
σ = 1 is approached, the squeezing of the output field becomes perfect at zero noise frequency, V π/2(Ω = 0) → 0.
Moreover, again in contrast to the intracavity field, the output field is in a minimum uncertainty state, as we see that
V 0(Ω)V π/2(Ω) = 1 ∀(Ω, σ). Finally, note that the shape of the spectra is Lorentzian, with a width given by the
cavity decay rate, which sets the spectral bandwidth around which we can expect quantum noise reduction.

Let us conclude by pointing out that these devices, optical parametric oscillators, are the ones currently used
in quantum optics and quantum information experiments for the production of the highest quality squeezed light,
reaching impressive squeezing levels (the current record standing at 97% of quantum noise reduction [70]).
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VII. ELIMINATION OF SPURIOUS DEGREES OF FREEDOM: EFFECTIVE MODELS

Strictly speaking, all the models that we have used so far (and essentially all the models used in quantum optics,
condensed matter, atomic physics, etc...) are effective, in the sense that they do not describe all their fundamental
constituents and elementary interactions, but rather consider a few relevant degrees of freedom that emerge from
them. While these relevant degrees of freedom appear very natural in many situations, it is interesting to understand
more deeply the reasons under which they emerge, and design systematic ways of deriving the corresponding effective
models.

We have already seen a few situations leading to effective models. First, when describing an atom, we implicitly
assumed that the strong force confining quarks inside protons and neutrons, and even the strong nuclear force binding
the nucleons into atomic nuclei, are so large compared with the frequencies and the powers of common lasers, that
we can simply take the whole nuclei as a single particle. This is an example of strongly correlated systems in which
many degrees of freedom merge into just a few effective ones. We went through another example when discussing
open systems and the master equation in particular: the environment (external field) was so large as compared with
the system (atom or cavity mode), that the latter had little-to-none effect on the former. Moreover, the dynamics of
the environment occur on a much faster time scale than that of the system, as shown by the fact that environmental
correlation functions decayed instantaneously within the Markov approximation. Hence, in such situations, one can
find an effective description for the dynamics of the system, for which the environment is essentially frozen in some
fixed state.

Hence, we see that the concept of effective theories is rooted at the heart of quantum optics, or more generally,
quantum mechanics at low energies. Moreover, in recent decades we have stopped looking at effective theories as some
kind of natural phenomena, but rather as something that we can exploit to engineer desired (effective) models in our
experimental systems.

In this section we are going to analyze this scenario, showing systematic methods for the derivation of effective
models both for closed and open systems. We apply these methods to two very relevant examples: the engineering of
effective motional potentials and zero-temperature effective environments for an atom via its coupling to light.

A. Elimination in closed systems

There are many methods designed to find effective Hamiltonians in closed systems. Some of them are quite general,
while others are more applied to particular scenarios. Which one of them is better, actually depends on the specific
problem. However, there are two methods which have found a wide range of applicability. The first one, which we
introduce next, is based on projector operators, and works very well when we can identify the sector of the Hilbert
space we are interested in and captures most (ideally all) the system excitations. The second one, known as Schrieffer-
Wolff or Frölich transformation, is essentially equivalent to Hamiltonian-eigensystem perturbation theory, but leading
to explicit and simple expressions for the different perturbation terms directly in the Hamiltonian (not shown yet
in the notes).

1. Projection operators method

With full generality, consider a closed system evolving according to a Hamiltonian Ĥ, that is, its state |ψ(t)〉
satisfies the Schrödinger equation i~∂t|ψ(t)〉 = Ĥ|ψ(t)〉. The idea of the method relies on the fact that we can divide
the Hilbert space into a relevant sector (whose effective dynamics we want to describe) and an irrelevant one (whose

dynamics is trivial, typically because it stays unpopulated). We then define the projector operator P̂ = P̂ 2, which

projects onto the relevant subspace, and its complement Q̂ = 1 − P̂ . Applying this projectors onto the Schrödinger
equation, we get the equations

i~∂tP̂ |ψ(t)〉 = P̂ Ĥ(P̂ + Q̂︸ ︷︷ ︸
1

)|ψ(t)〉 = P̂ ĤP̂ |ψ(t)〉+ P̂ ĤQ̂|ψ(t)〉, (571a)

i~∂tQ̂|ψ(t)〉 = Q̂Ĥ(P̂ + Q̂︸ ︷︷ ︸
1

)|ψ(t)〉 = Q̂ĤQ̂|ψ(t)〉+ Q̂ĤP̂ |ψ(t)〉. (571b)
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which are two coupled equations for the projections P̂ |ψ(t)〉 and Q̂|ψ(t)〉. We can formally solve the second equation52,
obtaining

Q̂|ψ(t)〉 =
1

i~
eQ̂Ĥt/i~Q̂|ψ(0)〉+

∫ t

0

dt′

i~
eQ̂Ĥ(t−t′)/i~Q̂ĤP̂ |ψ(t′)〉. (573)

Naturally, we assume that the system is in the relevant subspace initially, so that Q̂|ψ(0)〉 = 0. Hence, substituting
this formal solution into the first equation, we obtain

i~∂tP̂ |ψ(t)〉 = P̂ ĤP̂ |ψ(t)〉+

∫ t

0

dτ

i~
P̂ ĤeQ̂Ĥτ/i~Q̂ĤP̂ |ψ(t− τ)〉, (574)

where we have made the integration variable change t′ = t − τ . We can rewrite this expression as an effective

Schrödinger equation on the relevant part of the state, P̂ |ψ(t)〉. In particular, we know that |ψ(t−τ)〉 = e−Ĥτ/i~|ψ(t)〉,
which allows us to write

i~∂tP̂ |ψ(t)〉 = P̂ ĤP̂ |ψ(t)〉+

∫ t

0

dτ

i~
P̂ ĤeQ̂Ĥτ/i~Q̂ĤP̂ e−Ĥτ/i~|ψ(t)〉, (575)

= P̂ ĤP̂ |ψ(t)〉+

∫ t

0

dτ

i~
P̂ ĤeQ̂Ĥτ/i~Q̂ĤP̂ e−Ĥτ/i~(P̂ + Q̂︸ ︷︷ ︸

1

)|ψ(t)〉.

Reintroducing (573) and iterating this process, we then obtain i~∂tP̂ |ψ(t)〉 = Ĥeff(t)P̂ |ψ(t)〉, with an effective Hamil-
tonian given by

Ĥeff(t) =

∞∑

n=0

P̂ Ĥ

[∫ t

0

dτ

i~
eQ̂Ĥτ/i~Q̂ĤP̂ e−Ĥτ/i~

]n
P̂ . (576)

There are three interesting things to note about this expression. First, it is not Hermitian. This seems to be at odds
with the fact that we take it as an effective Hamiltonian. In fact, this is telling us that, in general, one cannot simply
write the effective dynamics of a closed system as another closed system, but rather as an open system, that is, as a
mixed state evolving according to a master equation. In fact, we already saw examples of this in Chapter V, where
we started from a system+environment model described by a Hamiltonian, but ended up with a master equation
for the system, not with an effective Hamiltonian. However, in many situations it indeed occurs that (576) becomes
approximately Hermitian under the physical conditions we work on, as we will see in the example we treat in the
next section. In general terms, we can expect this to happen when the dynamics and physical conditions do not allow
excitations of the system to leak out from the relevant subspace, which is clearly not the case for the open systems
considered in Chapter V.

The second interesting thing is that (576) seems to be time-dependent. Hence, it looks like the effective Hamiltonian
is time dependent, even if the original Hamiltonian wasn’t. However, in most situations one can show that the time-
dependent terms are negligible within rotating-wave like approximations. This will again become clear with the
example of the next section.

The final and most interesting thing to note is that, in general we can decompose the Hamiltonian as Ĥ = Ĥ0 + Ĥ1.
Ĥ0 is denoted by free Hamiltonian and contains all the terms that do not connect the relevant and irrelevant subspaces,
that is, P̂ Ĥ0Q̂ = 0 = Q̂Ĥ0P̂ . On the other hand, Ĥ1 is denoted by interaction Hamiltonian and gathers the rest of the
terms. Note that we can even assume without loss of generality that P̂ Ĥ1P̂ = 0, that is, the interaction Hamiltonian
does not connect states within the relevant subspace. It is always possible to ensure such a property, for if that’s not
the case, we just need to redefine the interaction and free Hamiltonians as Ĥ1 − P̂ Ĥ1P̂ and Ĥ0 + P̂ Ĥ1P̂ , which we
can do because Q̂(P̂ Ĥ1P̂ )P̂ = 0 = P̂ (P̂ Ĥ1P̂ )Q̂. Effective theories are meaningful whenever one can treat Ĥ1 as a

perturbation with respect to Ĥ0. Hence, we don’t need to consider the full effective Hamiltonian (576), but rather
terms up to a desired order in the interaction.

52 Note that it’s formally like (251), but with operators. With full generality, consider the equation ∂t|ψ〉 = V̂ |ψ〉 + |χ(t)〉. The solution

is found following similar steps as with (251). First we make the change |Ψ(t)〉 = e−V̂ t|ψ(t)〉, so that ∂t|Ψ〉 = e−V̂ t(∂t|ψ〉 − V̂ |ψ〉) =

e−V̂ t|χ(t)〉 ⇒ |Ψ(t)〉 = |Ψ(t0)〉+
∫ t
t0
dt′e−V̂ t

′ |χ(t′)〉. Then, undoing the variable change as |ψ(t)〉 = eV̂ t|Ψ(t)〉, we find

|ψ(t)〉 = eV̂ (t−t0)|ψ(t0)〉+

∫ t

t0

dt′eV̂ (t−t′)|χ(t′)〉. (572)
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Terms of order larger than two require a Dyson expansion of the exponentials, which is not difficult, but rather
cumbersome. Let us then consider here terms up to second order, which we find just by taking up n = 1 in the sum,
and replacing Ĥ by Ĥ0 in the exponentials, obtaining

Ĥeff(t) = P̂ ĤP̂ +

∫ t

0

dτ

i~
P̂ ĤeQ̂Ĥ0τ/i~Q̂ĤP̂ e−Ĥ0τ/i~P̂ . (577)

This expression can be simplified even further by using [P̂ , Ĥ0] = 0 = [Q̂, Ĥ0], which follows directly from 0 =

P̂ Ĥ0Q̂ − Q̂Ĥ0P̂ = P̂ Ĥ0(1̂ − P̂ ) − (1̂ − P̂ )Ĥ0P̂ = [P̂ , Ĥ0]. This ensures that the relevant subspace can be chosen as

a subset of the eigenspace of the free Hamiltonian. Using this property, we can then move Q̂ down from the first
exponential as

eQ̂Ĥ0τ/i~ =

∞∑

k=0

1

k!

( τ
i~

)k
Q̂Ĥ0Q̂Ĥ0...Q̂Ĥ0︸ ︷︷ ︸

k times

=

∞∑

k=0

1

k!

( τ
i~

)k
Q̂k︸︷︷︸
Q̂

Ĥk
0 = Q̂eĤ0τ/i~, (578)

leading to

Ĥeff(t) = P̂ ĤP̂ +

∫ t

0

dτ

i~
P̂ ĤQ̂eĤ0τ/i~Q̂ĤP̂ e−Ĥ0τ/i~P̂ . (579)

Using next P̂ ĤP̂ = P̂ Ĥ0P̂ , P̂ ĤQ̂ = P̂ Ĥ1Q̂ = P̂ ĤAB(1− P̂ ) = P̂ ĤAB , and similarly Q̂ĤP̂ = ĤABP̂ , we obtain the
final form of the effective Hamiltonian up to second order in the interaction

Ĥeff(t) = P̂ Ĥ0P̂ +

∫ t

0

dτ

i~
P̂ Ĥ1H̃1(t)P̂ , (580)

where

H̃1(τ) = eĤ0τ/i~Ĥ1e
−Ĥ0τ/i~. (581)

This is a very simple expression whose use we put in practice next with an important example.

2. Optical motional potential on an atom

Let us now consider a particular example: an atom whose center of mass is free to move, interacts with a classical
optical field very far detuned from the atomic transition. At a first sight, it might seem like nothing will happen,
since the field is far detuned. However, we will see that a perturbative effective motional potential with the shape of
the intensity of the optical beam is generated on the atomic motion.

The problem is defined by two degrees of freedom. First, the center-of-mass motion, whose position and momentum
operators we denote, respectively, by ẑ and p̂ (as usual, we stick to the quasi-1D model we have been using), and
evolves according to the Hamiltonian p̂2/2m, where m is the mass of the atom. The other degree of freedom refers
to the relative atomic coordinate (sometimes denoted by internal or electronic degree of freedom), which we treat in
the usual way defined in Chapter III within the two-level approximation, evolving according to the the Hamiltonian
~εσ̂z/2. We connect these two degrees of freedom by using a laser whose power we allow to vary spatially, leading
to an interaction Hamiltonian ~

[
Ω∗(ẑ)eiωLtσ̂ + Ω(ẑ)e−iωLtσ̂

]
/2 within the rotating-wave approximation. Moving to

a picture rotating at the laser frequency as usual, we then obtain the time-independent Hamiltonian

Ĥ =
p̂2

2m
+

~∆

2
σ̂z

︸ ︷︷ ︸
Ĥ0

+
~
2

[
Ω∗(ẑ)σ̂ + Ω(ẑ)σ̂†

]
︸ ︷︷ ︸

Ĥ1

, (582)

where we have defined the detuning as ∆ = ε − ωL. We are interested in the effective dynamics of the system when
the laser is far off resonance, that is, |∆| � |Ω|. As we learned in previous chapters, we don’t expect anything to
happen to the internal dynamics of the atom. In particular, initializing the atom in the ground state, we expect it to
remain in that state, and hence we define the projector P̂ = |g〉〈g|, which acts as the identity in the motional space.
We will show, however, that some nontrivial effective dynamics will be induced in the center of mass motion of the
atom.
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Let us first note that P̂ Ĥ1P̂ ∝ 〈g|Ĥ1|g〉 = 0 in this case. On the other hand, defining the kinetic evolution operator

K̂(τ) = exp
(
−ip̂2τ/2m~

)
, we can write

H̃1(τ) =
~
2

[
K̂(τ)Ω∗(ẑ)K̂†(τ)σ̂ei∆τ + K̂(τ)Ω(ẑ)K̂†(τ)σ̂†e−i∆τ

]
, (583)

and hence

〈g|Ĥ1H̃1(τ)|g〉 =
~2

4
e−i∆τΩ∗(ẑ)K̂(τ)Ω(ẑ)K̂†(τ), (584)

where we have used σ̂2 = 0 = 〈g|σ̂†σ̂|g〉 and 〈g|σ̂σ̂†|g〉 = 1. We then write the effective Hamiltonian (580) as

Ĥeff(t) =

[
−~∆

2︸ ︷︷ ︸
~∆
2 〈g|σ̂z|g〉

+
p̂2

2m
− i~

4

∫ t

0

dτe−i∆τΩ∗(ẑ)K̂(τ)Ω(ẑ)K̂†(τ)

]
|g〉〈g|. (585)

We finally assume that the atoms have been cooled down, so their kinetic energy is small in the sense 〈p̂2〉/2m� ~|∆|.
We can then neglect the kinetic evolution inside the integral under a rotating-wave approximation, finally obtaining

Ĥeff(t) ≈
[
−~∆

2
+

p̂2

2m
− ~|Ω(ẑ)|2

4∆

(
1− e−i∆t

)]
|g〉〈g| ≈

[
−~∆

2
+

p̂2

2m
− ~|Ω(ẑ)|2

4∆

]
|g〉〈g|, (586)

where in the last step we have have dropped out the e−i∆t term, again within a rotating-wave approximation, since
|Ω(ẑ)| � |∆|. Hence, we see that the laser induces an effective potential Vopt(ẑ) = −~|Ω(ẑ)|2/4∆ on the atom’s
motion, which is known as optical potential. Alternatively, this effect can be understood as an energy shift Vopt(ẑ) of
the ground-state energy, a phenomenon known as AC Stark shift, which occurs even when the atom’s center of mass
is fixed. Hence, even though the laser is not capable of transferring population from the ground to the excited state,
it has a perturbative effect on the atomic energy levels in the form of a shift (it can be easily proven that the excited
state feels an opposite AC Stark shift −Vopt).

B. Elimination in open systems

1. Projection superoperators method

Let us now generalize the previous methods for obtaining effective models to open systems. The same kind of
general principles can be applied to the von Neumann or master equations. Here, we focus on the generalization
of the projector-operator method. Consider hence a system whose state ρ̂ evolves according to a master equation
∂tρ̂ = L[ρ̂], with a time-independent Liouvillian for simplicity as usual. Let us define a projector superoperator
P = P2, as well as its complement Q = 1−P. In this case, it is more difficult to interpret such objects, since they do
not directly project in the Hilbert space, but in the space of operators. Sometimes, though, their action is similar to
the one of the projector operators that we encounter in the previous section: they simply divides the Hilbert space
in relevant states and irrelevant states. However, since now we are dealing with mixed states, in general we need to
do that by defining a set of relevant and irrelevant (density) operators. In any case, the meaning of these projection
superoperators will become clearer through examples later. Acting on the master equation with this projectors, we
then find

∂tP[ρ̂] = PL (P +Q)︸ ︷︷ ︸
1

[ρ̂] = PLP[ρ̂] + PLQ[ρ̂], (587a)

∂tQ[ρ̂] = QL (P +Q)︸ ︷︷ ︸
1

[ρ̂] = QLQ[ρ̂] +QLP[ρ̂]. (587b)

Our goal is finding an effective evolution equation for the relevant part of the state P[ρ̂]. For that, we simply integrate
formally the second equation53, obtaining

Q[ρ̂(t)] = eQLtQ[ρ̂(0)] +

∫ t

0

dt′eQL(t−t′)QLP[ρ̂(t′)]. (589)

53 We simply need to generalize (572) by interpreting operators as vectors in the space of operators, and superoperators as operators acting
on such space. Hence, the solution to ∂tρ̂ =M[ρ̂] + χ̂(t) is easily found as

ρ̂(t) = eM(t−t0)[ρ̂(t0)] +

∫ t

t0

dt′eM(t−t′)[χ̂(t′)]. (588)
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The first term depends on the initial condition and can be eliminated under either one of the following physical
assumptions: either the initial state belongs already to the relevant subspace, or we are interested in the asymptotic
dynamics only, which should not depend on the initial condition for well-behaved open systems, as we have seen in
previous chapters. Hence, substituting this expression into the first equation we obtain

∂tP[ρ̂] = PLP[ρ̂] +

∫ t

0

dτPLeQLτQLP[ρ̂(t− τ)], (590)

where we made the integration variable change τ = t − t′. Up to here, the derivation has followed exactly the same
steps as with the closed system, just with the obvious generalizations. To continue the equivalence, we would now
need to write the state ρ̂(t − τ) as ρ̂(t) evolved backwards during a time τ . While for closed systems this is useful
because the time-evolution is very simple, for open systems it doesn’t really leads us to a practical form of the effective
Liouvillian. Hence, it is better to proceed for now with this time-nonlocal equation.

Similarly to the closed system, we now expand the Liouvillian as L = L0 + L1. The first term, denoted by free
Liouvillian, contains only terms that do not connect the relevant and irrelevant subspaces, that is, PL0Q = 0 = QL0P.
The second term, denoted by interaction Liouvillian, contains the rest of terms, and we can assume that PL1P = 0
with full generality, following the arguments given for closed systems. Just as with the latter, also for open systems
effective theories only make sense as long as the interaction Liouvillian can be treated as a perturbation. We then
truncate to second order in L1 and follow similar steps as we did for the closed case, obtaining the effective (time-
nonlocal) master equation

∂tP[ρ̂] ≈ PL0P[ρ̂] +

∫ t

0

dτPL1e
L0τL1P[ρ̂(t− τ)]. (591)

In order to proceed forward, we consider now one specific situation that it’s usually the most interesting one in open
quantum optical settings. We consider a bipartite scenario consisting on a system and an environment with Hilbert
spaces HS and HE respectively, so that the total Hilbert space is H = HS ⊗HE. The notation already suggests that
we will treat the case in which the environment remains essentially frozen from the point of view of the system, so
that we can find an effective master equation for the latter in a similar way how we did it in Chapter V. However,
in contrast to that chapter, we will not assume here that the environment is a huge system, but rather study the
conditions under which such effective theory can be developed. Indeed, we will see that even when the environment
is ‘small’, one can still use it to induce effective dynamics on the system as long as it satisfies certain conditions (e.g.,
couple weakly to the system and decay much faster than it).

Let us then write the free Liouvillian as L0 = LS + LE, where LS acts nontrivially only onto system operators
and LE onto environment operators, so that [LS,LE] = 0. As the reference state for the environment we take its
asymptotic state ρ̄E, defined by LE[ρ̄E] = 0. Consequently, we take as the relevant subspace the one defined by density
operators that match this reference one for the environment, leading to a projector superoperator P defined by the
following action on any operator Ŷ :

P[Ŷ ] = trE{Ŷ } ⊗ ρ̄E. (592)

Denoting the system’s state by ρ̂S = trE{ρ̂}, we then rewrite the effective master equation (591) as

∂tρ̂S ≈ LS[ρ̂S] +

∫ t

0

dτtrE

{
L1e

L0τL1[ρ̂S(t− τ)⊗ ρ̄E]
}
, (593)

where we have performed a trace over the environment. In order to simplify further, we need to give a form to
the interaction. Usually, we are interested in cases in which the system and the environment are connected by a
Hamiltonian, say Ĥ1. We will assume this in the following, although the next steps are easily generalizable to any
other situation. Moreover, we assume that the interaction admits some kind of polynomial expansion in terms of
products of system and environment operators, that is

Ĥ1/~ =

M∑

m=1

gmŜm ⊗ Êm, (594)

where we note that Ĥ1 = Ĥ†1 imposes a restriction on the set of operators, that is, each product must either be
Hermitian or have its Hermitian-conjugate counterpart in the set. The interaction Liouvillian acts then as

L1[Ŷ ] =

[
Ĥ1

i~
, Ŷ

]
= −i

M∑

m=1

gm[Ŝm ⊗ Êm, Ŷ ], (595)
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which introduced in (593) leads to

trE
{
L1e

L0τL1[ρ̂S(t− τ)⊗ ρ̄E]
}

=

M∑

m,n=1

gmgn

(
trE

{
Êne

LEτ
[
ρ̄EÊm

]}
Ŝne

LSτ
[
ρ̂S(t− τ)Ŝm

]
(596)

− trE

{
Êne

LEτ
[
Êmρ̄E

]}
Ŝne

LSτ
[
Ŝmρ̂S(t− τ)

])
+ H.c..

Invoking now the quantum regression theorem (496), we see that the terms involving traces over the environment are
nothing but asymptotic two-time correlators that we denote by

trE

{
Êne

LEτ
[
ρ̄EÊm

]}
= lim
t→∞
〈Êm(t)Ên(t+ τ)〉E = Cmn(τ), (597a)

trE

{
Êne

LEτ
[
Êmρ̄E

]}
= lim
t→∞
〈Ên(t+ τ)Êm(t)〉E = Knm(τ), (597b)

where the subscript ‘E’ in the expectation value denotes that it is related to the free-environment Liouvillian, not
to the whole Liouvillian. Note that Knm(τ) = limt→∞〈Ên(t)Êm(t − τ)〉E = Cnm(−τ), which is sometimes useful.
Inserting these correlators in the previous expression, we get to

trE

{
L1e

L0τL1[ρ̂S(t− τ)⊗ ρ̄E]
}
≈

M∑

m,n=1

gmgn

(
Cmn(τ)Ŝne

LSτ
[
ρ̂S(t− τ)Ŝm

]
−Knm(τ)Ŝne

LSτ
[
Ŝmρ̂S(t− τ)

])
+H.c..

(598)
We arrive then to the crucial assumption that will allow us to find a time-local effective master equation for the

system: we assume that the correlation functions Cmn(τ) and Knm(τ) are either zero or decay as a function of τ , at

a much faster rate than any process affecting the system, except for some Hamiltonian term that we denote by ĤS.
Typically ĤS corresponds to some Hamiltonian terms of LS. On the other hand, we must check this approximation
carefully, estimating the rate of the processes taken into account both LS and the final effective Liouvillian, in a
self-consistent manner. This will become clear in the example of the next section. Applied to the previous expression,
this approximation amounts to

ρ̂S(t− τ) ≈ e−ĤSτ/i~ρ̂S(t)eĤSτ/i~, (599a)

eLSτ [Ŝ] ≈ eĤSτ/i~Ŝe−ĤSτ/i~, (599b)

where Ŝ can be any system operators, finally obtaining the effective time-local master equation

∂tρ̂S ≈ LS[ρ̂S] +

M∑

m,n=1

gmgn

∫ t

0

dτ
[
Cmn(τ)Ŝnρ̂S(t)S̃m(τ)−Knm(τ)ŜnS̃m(τ)ρ̂S(t)

]
+ H.c., (600)

with S̃(τ) = eĤSτ/i~Ŝe−ĤSτ/i~.
Note that, in general, the effective master equation is time dependent, even if we started with a time-independent

problem. However, in most situations the time-dependent terms can be neglected by using either one of the following
two arguments: either a rotating-wave approximation naturally arising from the fact that the interaction Liouvillian
is small (similarly to the effective Hamiltonian of the previous section); or the fact that we are interested in the
asymptotic limit, where the time dependent terms have already died off. This, and all the other steps of the procedure,
will become clear with the example that we analyze next.

2. Cooling and Purcell enhancement of the atomic decay

Consider the following scenario. We have a two-level atom at a much higher temperature than we’d like, meaning
that it is described by a master equation (434) with a relatively large n̄, and radiating equally in all spatial directions
(further, we assume that it is not driven, E = 0). We now show how to cool down the atom effectively just by
(strongly54) coupling it to an open cavity at zero temperature, which will also have the effect of directing most of the
atomic spontaneous emission towards the direction defined by the cavity.

54 This refers to the strong coupling regime, which in this context is defined as that in which the coupling between light and matter exceeds
the atomic spontaneous emission rate. The term ultrastrong coupling regime is reserved for when the coupling reaches the atomic
transition energies, which has become available in recent implementations based on superconducting circuits.
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Consider then the Jaynes-Cummings Hamiltonian (259). We will work in a picture rotating at the atomic frequency

both for the atom and the cavity mode, defined by the transformation operator Ûc(t) = eĤct/i~ with Ĥc = ~ε(â†â+
σ̂z/2). Defining the detuning ∆ = ω−ε, and including the interaction of the cavity and the atom with their respective

environments, the transformed state ρ̃(t) = Û†c (t)ρ̂(t)Ûc(t) evolves according to the master equation

dρ̃

dt
= −i

[
∆â†â, ρ̃

]
+ κDa[ρ̃]︸ ︷︷ ︸

LE[ρ̃]

+ γ(n̄+ 1)Dσ[ρ̃] + γn̄Dσ† [ρ̃]︸ ︷︷ ︸
LS[ρ̃]

−i

[
g(âσ† + â†σ̂)︸ ︷︷ ︸

Ĥ1/~

, ρ̃

]

︸ ︷︷ ︸
L1

. (601)

Note that we have chosen a different phase for the coupling constant g with respect to (259), which means that in
this case we take the dipole matrix element 〈g|x̂A|e〉 as purely imaginary. This will simplify the upcoming derivations
but makes no fundamental difference for the results we will find. Note also that we have denoted the cavity decay
rate by κ.

Let us first argue qualitatively how these equations predict that the atom will get cooled down. Set ∆ = 0 for
simplicity, and imagine that before the interaction is switched on, we have the atom in equilibrium thermal state,
and the cavity empty. Starting in such state, once we switch on the interaction, what will happen is that the â†σ̂
Jaynes-Cummings Hamiltonian will destroy an atomic excitation and create a photon in the cavity. Now, if κ � g,
the photon will leave the cavity before the atom can reabsorb it. On the other hand, the environment will try to
bring the atom to the thermal state, but if g � γ, then we expect the Jaynes-Cummings interaction to transfer any
atomic excitation to the cavity before the atom can equilibrate with its environment. Hence, provided the hierarchy
κ� g � γ is satisfied, the atom will be effectively decoupled from its thermal environment, and loosing all excitations
through the cavity.

Let us prove rigorously that the physical picture explained above is correct. Note that vacuum is the stationary
state associated to the free optical problem, ρ̄E = |0〉〈0|. This implies that PL1P = 0, since, acting on any general

operator Ŷ , we obtain

PL1P[Ŷ ] = PL1

[
trE{Ŷ } ⊗ |0〉〈0|

]
= −ig

[
〈0|â|0〉︸ ︷︷ ︸

0

σ† + 〈0|â†|0〉︸ ︷︷ ︸
0

σ̂, trE{Ŷ }
]
⊗ |0〉〈0|. (602)

The interaction Hamiltonian can be written as (594) with the choices g1 = g2 = g, Ê1 = â = Ê†2, and Ŝ2 = σ̂ = Ŝ†1.
In order to evaluate the correlation functions (597), the easiest in this case is to resort to the quantum regression
formula (502). In order to lighten up the notation, let us not write tildes on top of the expectation values taken with

respect the rotating-picture state, that is, we simply denote tr{B̂ρ̃} by 〈B̂〉. The annihilation operator form a closed
set by itself,

d〈â(τ)〉E
dτ

= tr{âLE[ρ̃]} = −(κ+ i∆)〈â(τ)〉E ⇒
{
〈â(τ)〉E = 〈â(0)〉Ee−(κ+i∆)τ

〈â†(τ)〉E = 〈â†(0)〉Ee−(κ−i∆)τ , (603)

so that for any two environment operators Â and Ĉ, the quantum regression formula (502) tells us that (τ > 0)

lim
t→∞
〈Ĉ(t)â(t+ τ)D̂(t)〉E = 〈0|ĈâD̂|0〉Ee−(κ+i∆)τ , (604a)

lim
t→∞
〈Ĉ(t)â†(t+ τ)D̂(t)〉E = 〈0|Ĉâ†D̂|0〉Ee−(κ−i∆)τ . (604b)

Applying these expressions to the relevant correlators, we then get

Cmn(τ) = e−(κ+i∆)τδm1δn2, (605a)

Knm(τ) = e−(κ−i∆)τδn1δm2, (605b)

both of which decay at rate κ. Before substituting these expressions onto the effective master equation (600), note

that in this case S̃m(τ) = Ŝm, since there is no free atomic Hamiltonian in the picture we are working in. Remember
that it is important to come back and check this approximation at the end. Taking also into account that

∫ t

0

e−(κ±i∆)τ =
1− e−(κ±i∆)t

κ± i∆
, (606)
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and assuming that we are only interested in times t� κ−1, we obtain the effective master equation

∂tρ̃S ≈ LS[ρ̃S] +
g2

κ+ i∆
σ̂ρ̃Sσ̂

† − g2

κ− i∆
σ̂†σ̂ρ̃S + H.c. (607)

= −i
g2∆

κ2 + ∆2
︸ ︷︷ ︸

∆ε

[σ̂†σ̂, ρ̃S] +

(
g2κ

κ2 + ∆2
+ γ(n̄+ 1)

)

︸ ︷︷ ︸
Γ−

Dσ[ρ̃S] + γn̄︸︷︷︸
Γ+

Dσ† [ρ̃S].

The notation stresses that ∆ε is an atomic energy shift, Γ− the rate of loss of atomic excitations, and Γ+ the rate
of incoherent gain of atomic excitations. We can come back to the Schrödinger picture and write it in the even more
suggestive form

∂tρ̂S = −i

[
ε+ ∆ε

2
σ̂z, ρ̂S

]
+ Γeff(n̄eff + 1)Dσ[ρ̂S] + Γeffn̄effDσ† [ρ̂S], (608)

with

Γeff = Γ− − Γ+ = γ

[
1 +

g2/κγ

1 + (∆/κ)2

]
, (609a)

n̄eff =
Γ+

Γ− − Γ+
=

n̄

1 + g2/κγ
1+(∆/κ)2

. (609b)

This form shows that the atom feels now a different effective thermal environment, with effective thermal excitations
n̄eff and effective rate Γeff. It is common to define the cooperativity C = g2/κγ. Whenever this is large enough, in
particular C � {n̄, 1, 1 + (∆/κ)2}, we obtain n̄eff � 1, which is exactly what we wanted: an effective temperature
close to zero. Moreover, note that Γeff is the sum of two terms. The first one, γ, is related to losses of the atom to
its original environment. On the other hand, the second term γC/[1 + (∆/κ)2] comes from losses through the optical
mode into the environment of the cavity, that is, emission radiated through the partially transmitting mirror. Hence,
together with cooling, we find that the emission gets redirected mostly in the direction defined by the cavity. This
phenomenon is known as Purcell effect.

Finally, we need to be careful and check self-consistently that all the required approximations are satisfied in the
limit of large cooperativity that we want to work with. In particular, in this case we essentially care about two
approximations. First, we need the interaction term to be much smaller than the free term so that our perturbation
theory makes sense. Since the dominant scale of the free terms is κ, we then require κ � g. Next, we need to make
sure that the incoherent rate of evolution of the atom is much smaller than the correlation time of the environment,
which is κ as well according to (605). This means that we require κ� Γeff < γC = g2/κ, a condition that is always
satisfied since κ� g is already assumed. Related to this, there is also one subtle condition: since we have neglected
the evolution provided by the effective energy shift in (608), we also require κ� ∆ε. This condition is always satisfied,
as can be easily argued by inspecting the limits |∆| � κ and |∆| � κ. However, note that when |∆| � |κ|, the
large cooperativity condition (∆/κ)2 � C = g2/κγ can only be achieved by increasing the coupling g with respect
to the atomic spontaneous emission rate γ, which becomes unfeasible experimentally beyond some limit. In any case,
while there is no fundamental problem with this cooling method, it is indeed very impractical, because the large
cooperativity limit requires g/γ � n̄(κ/g), which is beyond what can be accomplished experimentally, except in some
special platforms (certainly not atoms and light).

Appendix A: Review of classical mechanics, Hilbert spaces, and quantum mechanics

The purpose of this appendix is introducing the fundamental principles of quantum mechanics as are used through-
out the lectures. The quantum framework is far from being intuitive, but somehow feels reasonable (and even
inevitable) once one understands the context in which it was created, specifically: (i) the theories that were used to
describe physical systems prior to its development, (ii) the experiments which did not fit in this context, and (iii)
the mathematical language that accommodates the new quantum formulation of physical phenomena. We will then
briefly review these context prior to introducing and discussing the principles conforming the quantum-mechanical
framework.
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1. Classical mechanics

In this section we go through a brief introduction to classical mechanics55, with emphasis in analyzing the Hamil-
tonian formalism and how it treats observable magnitudes. We will see that a proper understanding of this formalism
will make the transition to quantum mechanics more natural.

a. The Lagrangian formalism

In classical mechanics the state of a system is specified by the position of its constituent particles at all times,
rj(t) = [xj(t), yj(t), zj(t)] with j = 1, 2, ..., N , being N the number of particles. Defining the kinetic momentum of
the particles as Pj = mj ṙj (mj is the mass of particle j), the evolution of the system is found from a set of initial

positions and velocities by solving the Newton equations of motion Ṗj = Fj , being Fj the forces acting onto particle
j.

Most physical systems have further constraints that have to fulfill (for example, the distance between the particles
of a rigid body cannot change with time, that is, |rj − rl| = const), and therefore the positions {rj}j=1,...,N are no
longer independent, which makes Newton equations hard to solve. This calls for a new simpler theoretical framework:
the so-called analytical mechanics. In the following we review this framework, but assuming, for simplicity, that the
constrains are holonomic56 and scleronomous57, meaning that they can always be written in the form f(r1, ..., rN ) = 0.

In analytical mechanics the state of the system at any time is specified by a vector q(t) = [q1(t), q2(t), ..., qn(t)]. n is
the number of degrees of freedom of the system (the total number of coordinates, 3N , minus the number of constraints),
and the qj ’s are called the generalized coordinates of the system, which are compatible with the constraints and related
to the usual coordinates of the particles through some smooth functions q({rj}j=1,...,N )⇔ {rj(q)}j=1,...,N . The space
formed by the generalized coordinates is called coordinate space, and q(t) describes a trajectory on it.

The basic object in analytical mechanics is the Lagrangian, L[q(t), q̇(t), t], which is a function of the generalized
coordinates and velocities, and can even have some explicit time dependence. In general, the Lagrangian must be
built based on general principles like symmetries. However, if the forces acting on the particles of the system are
conservative, that is, Fj = ∇jV [{rl}l=1,...,N ] = (∂xjV, ∂yjV, ∂zjV ) for some potential V [{rl}l=1,...,N ], one can choose

a Lagrangian with the simple form L = T (q̇,q) − V (q), being T (q̇,q) =
∑N
j=1mj ṙ

2
j (q)/2 the kinetic energy of the

system and V (q) = V [{rl(q)}l=1,...,n]. The dynamical equations of the system are then formulated as a variational
principle on the action

S =

∫ t2

t1

dtL[q(t), q̇(t), t], (A1)

by asking the trajectory of the system q(t) between two fixed points q(t1) and q(t2) to be such that the action is an
extremal, δS = 0. From this principle, it is straightforward to arrive to the well known Euler-Lagrange equations

∂L

∂qj
− d

dt

∂L

∂q̇j
= 0, (A2)

which are a set of second order differential equations for the generalized coordinates q, and together with the conditions
q(t1) and q(t2) provide the trajectory q(t).

b. The Hamiltonian formalism

As we have seen, the Euler-Lagrange equations are a set of second order differential equations which allows us to
find the trajectory q(t) in coordinate space. We could reduce the order of the differential equations by taking the
velocities q̇ as dynamical variables, arriving then to a set of 2n first-order differential equations. This is, however,
a very näıve way of reducing the order, which leads to a non-symmetric system of equations for q and q̇. In this
section we review Hamilton’s approach to analytical mechanics, which leads to a symmetric-like first-order system of
equations, and will play a major role in understanding the transition from classical to quantum mechanics.

55 For a deeper reading I recommend Goldstein’s book [22], as well as Greiner’s books [23, 24], or the one of Hand and Finch [25].
56 A constrain is holonomic when it can be written as f(r1, ..., rN , t) = 0. Nonholonomic constrains correspond, for example, to the

boundary imposed by a wall that particles cannot cross, which is usually expressed in terms of inequalities [22], and require a much
more careful treatment.

57 A constrain is called scleronomous when the it does not depend explicitly on time. Time-dependent constrains are called rheonomous
and correspond, for example, to a situation in which the motion of the particles is restricted to a moving surface or curve [22].
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Instead of using the velocities, the Hamiltonian formalism considers the generalized momenta

pj =
∂L

∂q̇j
, (A3)

as the dynamical variables. Note that this definition establishes a relation between these generalized momenta and
the velocities q̇(q,p) ⇔ p(q, q̇). Note also that when the usual Cartesian coordinates of the system’s particles are
taken as the generalized coordinates, these momenta coincide with those of Newton’s approach.

The theory is then built in terms of a new object called the Hamiltonian, which is defined as a Legendre transform
of the Lagrangian,

H(q,p) = pq̇(q,p)− L[q, q̇(q,p), t], (A4)

and coincides with the total energy58 for conservative systems with scleronomous constrains, that is, H(q,p) =
T (q,p) + V (q), with T (q,p) = T [q, q̇(q,p)]. Differentiating this expression and using the Euler-Lagrange equations
(or using again the variational principle on the action), it is then straightforward to obtain the equations of motion
for the generalized coordinates and momenta (the canonical equations),

q̇j =
∂H

∂pj
and ṗj = −∂H

∂qj
, (A5)

which together with some initial conditions {q(t0),p(t0)} allow us to find the trajectory {q(t),p(t)} in the space
formed by the generalized coordinates and momenta, which is known as phase space.

Another important object in the Hamiltonian formalism is the Poisson bracket. Given two functions of the coordi-
nates and momenta F (q,p) and G(q,p), their Poisson bracket is defined as

{F,G} =
n∑

j=1

∂F

∂qj

∂G

∂pj
− ∂F

∂pj

∂G

∂qj
. (A6)

The importance of this object is reflected in the fact that the evolution equation of any quantity g(q,p, t) can be
written as

dg

dt
= {g,H}+

∂g

∂t
, (A7)

and hence, if the quantity does not depend explicitly on time and its Poisson bracket with the Hamiltonian is zero, it
is a constant of motion.

Of particular importance for the transition to quantum mechanics are the canonical Poisson brackets, that is, the
Poisson brackets of the coordinates and momenta,

{qj , pl} = δjl, {qj , ql} = {pj , pl} = 0, (A8)

which define the mathematical structure of phase space.

c. Observables and their mathematical structure

In this last section concerning classical mechanics we will discuss about the mathematical structure in which
observables are embedded within the Hamiltonian formalism. We will see that the mathematical objects corresponding
to physical observables form a well defined mathematical structure, a real Lie algebra. Moreover, the position and
momentum will be shown to be the generators of a particular Lie group, the Heisenberg group. Understanding this
internal structure of classical observables will give us the chance to introduce the quantum description of observables
in a reasonable way. Let us start by defining the concept of Lie algebra.

A real Lie algebra is a real vector space59 L equipped with an additional operation, the Lie product, which takes
two vectors f and g from L, to generate another vector also in L denoted by60 {f, g}. This operation must satisfy
the following properties:

58 The general conditions under which the Hamiltonian coincides with the system’s energy can be found in [22].
59 The concept of complex vector space is defined in the next section. The definition of a real vector space is the same, but replacing by

real numbers the complex numbers that appear in the definitions there.
60 Note that we are using the same notation for the general definition of the Lie product and for the Poisson bracket, which are a particular

case of Lie product as we will learn shortly.
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1. {f, g + h} = {f, g}+ {f, h} (linearity)

2. {f, f} = 0
together

=⇒
with 1

{f, g} = −{g, f} (anticommutativity)

3. {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0 (Jacobi identity)

Hence, in essence a real Lie algebra is a vector space equipped with a linear, non-commutative, non-associative
product. They have been a subject of study for many years, and now we know a lot about the properties of these
mathematical structures. They appear in many branches of physics and geometry, specially connected to continuous
symmetry transformations, whose associated mathematical structures are actually called Lie groups. In particular, it
is possible to show that given any Lie group with p parameters (like, e.g., the three-parameter groups of translations
or rotations in real space), any transformation onto the system in which it is acting can be generated from a set of p
elements of a Lie algebra {g1, g2, ..., gp}, called the generators of the Lie group, which satisfy some particular relations

{gj , gk} =

p∑

l=1

cjklgl. (A9)

These relations are called the algebra-group relations, and the structure constants cjkl are characteristic of the partic-
ular Lie group (for example, the generators of translations and rotations in real space are the momenta and angular
momenta, respectively, and the corresponding structure constants are cjkl = 0 for the translation group and cjkl = εjkl
for the rotation group61).

Coming back to the Hamiltonian formalism, we start by noting that observables, being measurable quantities, must
be given by continuous, real functions in phase space. Hence they form a real vector space with respect to the usual
addition of functions and multiplication of a function by a real number. It also appeared naturally in the formalism a
linear, non-commutative, non-associative operation between phase-space functions, the Poisson bracket, which applied
to real functions gives another real function. It is easy to see that the Poisson bracket satisfies all the requirements
of a Lie product, and hence, observables form a Lie algebra within the Hamiltonian formalism.

Moreover, the fundamental Poisson brackets (A8) show that the generalized coordinates q and momenta p, together
with the identity in phase space, satisfy particular algebra-group relations, namely62 {qj , pk} = δjk1 and {qj , 1} =
{pj , 1} = {1, 1} = 0, and hence can be seen as the generators of a Lie group. This group is known as the Heisenberg
group, and was introduced by Weyl when trying to prove the equivalence between the Schrödinger and Heisenberg
pictures of quantum mechanics (about which we will learn later). It was later shown to have connections with the
symplectic group, which is the basis of many physical theories. Note that we could have taken the Poisson brackets
between the angular momenta associated to the possible rotations in the system of particles (which are certainly far
more intuitive transformations than the one related to the Heisenberg group) as the fundamental ones. However,
we have chosen the Lie algebra associated to the Heisenberg group just because it deals directly with position and
momenta, allowing for a simpler connection to quantum mechanics.

Therefore, we arrive to the main conclusion of this review in classical mechanics:

dThe mathematical framework of Hamiltonian mechanics associates physical observables with elements of a Lie
algebra, being the phase-space coordinates themselves the generators of the Heisenberg group.c

Maintaining this structure for observables will help us introducing the laws of quantum mechanics in a coherent
way.

2. The mathematical language of quantum mechanics

Just as classical mechanics is formulated in terms of the mathematical language of differential calculus and its
extensions, quantum mechanics takes linear algebra (and Hilbert spaces in particular) as its fundamental grammar.
In this section we will review the concept of Hilbert space, and discuss the properties of some operators which play
important roles in the formalism of quantum optics.

61 εj1j2...jM with all the subindices going from 1 to M is the Levi-Civita symbol in dimension M , which has ε12...M = 1 and is completely
antisymmetric, that is, changes its sign after permutation of any pair of indices.

62 Ordering the generators as {q,p, 1}, the structure constants associated to this algebra-group relations are explicitly

cjkl =

{
Ωjkδl,2n+1 j, k = 1, 2, ..., 2n

0 j = 2n+ 1 or k = 2n+ 1
, (A10)

being Ω =

(
0n×n In×n
−In×n 0n×n

)
, with In×n and 0n×n the n× n identity and null matrices, respectively.



123

a. Finite-dimensional Hilbert spaces

In essence, a Hilbert space is a complex vector space in which an inner product is defined. Let us define first these
terms as we use them in these lectures.

A complex vector space is a set V, whose elements will be called vectors or kets and will be denoted by {|a〉, |b〉, |c〉, ...}
(a, b, and c may correspond to any suitable label), in which the following two operations are defined: the vector addi-
tion, which takes two vectors |a〉 and |b〉 and creates a new vector inside V denoted by |a〉+ |b〉; and the multiplication
by a scalar, which takes a complex number α ∈ C (in this section Greek letters will represent complex numbers) and
a vector |a〉 to generate a new vector in V denoted by α|a〉.

The following additional properties must be satisfied:

1. The vector addition is commutative and associative, that is, |a〉+|b〉 = |b〉+|a〉 and (|a〉+|b〉)+|c〉 = |a〉+(|b〉+|c〉)
2. There exists a null vector |null〉 such that |a〉+ |null〉 = |a〉
3. α(|a〉+ |b〉) = α|a〉+ α|b〉
4. (α+ β)|a〉 = α|a〉+ β|a〉
5. (αβ)|a〉 = α(β|a〉)
6. 1|a〉 = |a〉

From these properties it can be proved that the null vector is unique, and can be built from any vector |a〉 as 0|a〉;
hence, in the following we denote it simply by |null〉 ≡ 0. It is also readily proved that any vector |a〉 has a unique
antivector |−a〉 such that |a〉+ |−a〉 = 0, which is given by (−1)|a〉 or simply −|a〉.

An inner product is an additional operation defined in the complex vector space V, which takes two vectors |a〉 and
|b〉 and associates them with a complex number. It will be denoted by 〈a|b〉 or sometimes also by (|a〉, |b〉), and must
satisfy the following properties:

1. 〈a|a〉 > 0 if |a〉 6= 0

2. 〈a|b〉 = 〈b|a〉∗

3. (|a〉, α|b〉) = α〈a|b〉
4. (|a〉, |b〉+ |c〉) = 〈a|b〉+ 〈a|c〉

The following additional properties can be proved from these ones:

• 〈null|null〉 = 0

• (α|a〉, |b〉) = α∗〈a|b〉
• (|a〉+ |b〉, |c〉) = 〈a|c〉+ 〈b|c〉
• |〈a|b〉|2 ≤ 〈a|a〉〈b|b〉 (Cauchy-Schwarz)

Note that for any vector |a〉, one can define the object 〈a| ≡ (|a〉, ·), which will be called a dual vector or a bra, and
which takes a vector |b〉 to generate the complex number (|a〉, |b〉) ∈ C. It can be proved that the set formed by all
the dual vectors corresponding to the elements in V is also a vector space, which will be called the dual space and
will be denoted by V+. Within this picture, the inner product can be seen as an operation which takes a bra 〈a| and
a ket |b〉 to generate the complex number 〈a|b〉, a bracket. This whole bra-c-ket notation is due to Dirac [26].

In the following we assume that any time a bra 〈a| is applied to a ket |b〉, the complex number 〈a|b〉 is formed, so
that objects like |b〉〈a| generate kets when applied to kets from the left, (|b〉〈a|)|c〉 = (〈a|c〉)|b〉, and bras when applied
to bras from the right, 〈c|(|b〉〈a|) = (〈c|b〉)〈a|. Technically, |b〉〈a| is called an outer product.

A vector space equipped with an inner product is called a Euclidean space [27]. In the following we give some
important definitions and properties which are needed in order to understand the concept of Hilbert space:

• The vectors {|a1〉, |a2〉, ..., |am〉} are said to be linearly independent if the relation α1|a1〉+α2|a2〉+...+αm|am〉 = 0
is satisfied only for α1 = α2 = ... = αm = 0, as otherwise one of them can be written as a linear combination of
the rest.

• The dimension of the vector space is defined as the maximum number of linearly independent vectors that can
be found in the space, and can be finite or infinite.
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• If the dimension of a Euclidean space is d < ∞, it is always possible to build a set of d orthonormal vectors
E = {|ej〉}j=1,2,..,d satisfying 〈ej |el〉 = δjl, such that any other vector |a〉 can be written as a linear superposition

of them, that is, |a〉 =
∑d
j=1 aj |ej〉, being the aj ’s some complex numbers. This set is called an orthonormal

basis of the Euclidean space V, and the coefficients aj of the expansion can be found as aj = 〈ej |a〉. The column
formed with the expansion coefficients, which is denoted by col(a1, a2, ..., ad), is called a representation of the
vector |a〉 in the basis E.

Note that the set E+ = {〈ej |}j=1,2,..,d is an orthonormal basis in the dual space V+, so that any bra 〈a| can be

expanded then as 〈a| =
∑d
j=1 a

∗
j 〈ej |. The representation of the bra 〈a| in the basis E corresponds to the row

formed by its expansion coefficients, and is denoted by (a∗1, a
∗
2, ..., a

∗
n). Note that if the representation of |a〉 is

seen as a d× 1 matrix, the representation of 〈a| can be obtained as its 1× d conjugate-transpose matrix.

Note finally that the inner product of two vectors |a〉 and |b〉 reads 〈a|b〉 =
∑d
j=1 a

∗
j bj when represented in the

same basis, which is the matrix product of the representations of 〈a| and |b〉.
For finite dimension, a Euclidean space is a Hilbert space. However, in most applications of quantum mechanics one
has to deal with infinite-dimensional vector spaces. We will treat them after the following section.

b. Linear operators in finite dimensions

We now discuss the concept of linear operator, as well as analyze the properties of some important classes of
operators. Only finite-dimensional Hilbert spaces are considered in this section, and we will generalize the discussion
to infinite-dimensional Hilbert spaces in the next section.

We are interested in maps L̂ (operators are denoted by a ‘hat’ throughout the monograph) which associate to any

vector |a〉 of a Hilbert space H another vector denoted by L̂|a〉 in the same Hilbert space. If the map satisfies

L̂(α|a〉+ β|b〉) = αL̂|a〉+ βL̂|b〉, (A11)

then it is called a linear operator. For our purposes this is the only class of interesting operators, and hence we will
simply call them operators in the following.

Before discussing the properties of some important classes of operators, we need some definitions:

• Given an orthonormal basis E = {|ej〉}j=1,2,..,d in a Hilbert space H with dimension d <∞, any operator L̂ has

a matrix representation. While bras and kets are represented by d× 1 and 1× d matrices (rows and columns),

respectively, an operator L̂ is represented by a d × d matrix with elements Ljl = (|ej〉, L̂|el〉) ≡ 〈ej |L̂|el〉.
An operator L̂ can then be expanded in terms of the basis E as L̂ =

∑d
j,l=1 Ljl|ej〉〈el|. It follows that the

representation of the vector |b〉 = L̂|a〉 is just the matrix multiplication of the representation of L̂ by the

representation of |a〉, that is, bj =
∑d
l=1 Ljlal.

• The addition and multiplication of two operators L̂ and K̂, denoted by L̂ + K̂ and L̂K̂, respectively, are
defined by their action onto any vector |a〉: (L̂ + K̂)|a〉 = L̂|a〉 + K̂|a〉 and L̂K̂|a〉 = L̂(K̂|a〉). It follows that
the representation of the addition and the product are, respectively, the sum and the multiplication of the

corresponding matrices, that is, (L̂+ K̂)jl = Ljl +Kjl and (L̂K̂)jl =
∑d
k=1 LjkKkl.

• Note that while the addition is commutative, the product is not in general. This leads us to the notion of
commutator, defined for two operators L̂ and K̂ as [L̂, K̂] = L̂K̂ − K̂L̂. When [L̂, K̂] = 0, we say that the
operators commute.

• Given an operator L̂, its trace is defined as the sum of the diagonal elements of its matrix representation, that

is, tr{L̂} =
∑d
j=1 Ljj . It may seem that this definition is basis-dependent, as in general the elements Ljj are

different in different bases. However, we will see later that the trace is invariant under any change of basis.

The trace has two important properties. It is linear and cyclic, that is, given two operators L̂ and K̂, tr{L̂+K̂} =

tr{L̂}+ tr{K̂} and tr{L̂K̂} = tr{K̂L̂}, as is trivially proved.

• Given an operator L̂, we define its determinant as the determinant of its matrix representation, that is, det{L̂} =∑d
j1,j2,...,jd=1 εj1j2...jdL1j1L2j2 ...Ldjd . Just as the trace, we will see that it does not depend on the basis used to

represent the operator.

The determinant is a multiplicative map, that is, given two operators L̂ and K̂, the determinant of the product
is the product of the determinants, det{L̂K̂} = det{L̂}det{K̂}.
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• We say that a vector |l〉 is an eigenvector of an operator L̂ if there exists a λ ∈ C (called its associated eigenvalue)

such that L̂|l〉 = λ|l〉. The set of all the eigenvalues of an operator is called its spectrum.

We can pass now to describe some classes of operators which play important roles in quantum mechanics.

The identity operator. The identity operator, denoted by Î, is defined as the operator which maps any vector
onto itself. Its representation in any basis is then Ijl = δjl, so that it can be expanded as

Î =

d∑

j=1

|ej〉〈ej |. (A12)

This expression is known as the completeness relation of the basis E; alternatively, it is said that the set E forms a
resolution of the identity.

Note that the expansion of a vector |a〉 and its dual 〈a| in the basis E is obtained just by application of the

completeness relation from the left and the right, respectively. Similarly, the expansion of an operator L̂ is obtained
by application of the completeness relation both from the right and the left at the same time.

The inverse of an operator. The inverse of an operator L̂, denoted by L̂−1, is defined as that satisfying
L̂−1L̂ = L̂L̂−1 = Î. Not every operator has an inverse. An inverse exists if and only if the operator does not have a
zero eigenvalue, or, equivalently, when det{L̂} 6= 0.

An operator function. Consider a real, analytic function f(x) which can be expanded in powers of x as f(x) =∑∞
m=0 fmx

m. Given an operator L̂, we define the operator function f̂(L̂) =
∑∞
m=0 fmL̂

m, where L̂m means the

product of L̂ with itself m times.

The adjoint of an operator. Given an operator L̂, we define its adjoint, and denote it by L̂†, as that satisfying
(|a〉, L̂|b〉) = (L̂†|a〉, |b〉) for any two vectors |a〉 and |b〉. Note that the representation of L̂† corresponds to the conjugate

transpose of the matrix representing L̂, that is, (L̂†)jl = L∗lj . Note also that the adjoint of a product of two operators

K̂ and L̂ is given by (K̂L̂)† = L̂†K̂†.

Self-adjoint operators. We say that Ĥ is a self-adjoint when it coincides with its adjoint, that is, Ĥ = Ĥ†. A
property of major importance for the construction of the laws of quantum mechanics is that the spectrum {hj}j=1,2,...,d

of a self-adjoint operator is real. Moreover, its associated eigenvectors63 {|hj〉}j=1,2,...,d form an orthonormal basis of

the Hilbert space.

The representation of any operator function f̂(Ĥ) in the eigenbasis of Ĥ is then [f̂(Ĥ)]jl = f(hj)δjl, from which it
follows

f̂(Ĥ) =

d∑

j=1

f(hj)|hj〉〈hj |. (A13)

This result is known as the spectral theorem.

Unitary operators. We say that Û is a unitary operator when Û† = Û−1. The interest of this class of operators is
that they preserve inner products, that is, for any two vectors |a〉 and |b〉 the inner product (Û |a〉, Û |b〉) coincides with
〈a|b〉. Moreover, it is possible to show that given two orthonormal bases E = {|ej〉}j=1,2,..,d and E′ = {|e′j〉}j=1,2,..,d,

there exists a unique unitary matrix Û which connects them as {|e′j〉 = Û |ej〉}j=1,2,..,d, and then any basis of the
Hilbert space is unique up to a unitary transformation.

We can now prove that both the trace and the determinant of an operator are basis-independent. Let us denote
by tr{L̂}E the trace of an operator L̂ in the basis E. The trace of this operator in the transformed basis can

be written then as tr{L̂}E′ = tr{Û†L̂Û}E , which, using the cyclic property of the trace and the unitarity of Û ,

is rewritten as tr{Û Û†L̂}E = tr{L̂}E , proving that the trace is equal in both bases. Similarly, in the case of

63 For simplicity, we will assume that the spectrum of any operator is non-degenerate, that is, all the eigenvectors possess a distinctive
eigenvalue.
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the determinant we have det{L̂}E′ = det{Û†L̂Û}E , which using the multiplicative property of the determinant is

rewritten as det{Û†}Edet{L̂}Edet{Û}E = det{L̂}E , where we have used det{Û†}Edet{Û}E = 1 as follows from

Û†Û = Î.
Note finally that a unitary operator Û can always be written as the complex exponential a self-adjoint operator Ĥ,

that is, Û = exp(iĤ).

Projection operators. In general, any self-adjoint operator P̂ satisfying P̂ 2 = P̂ is called a projector. We are
interested only on those projectors which can be written as the outer product of a vector |a〉 with itself, that is,

rank-1 projectors64 P̂a = |a〉〈a|. When applied to a vector |b〉, this gets projected along the ‘direction’ of |a〉 as

P̂a|b〉 = 〈a|b〉 |a〉.
Note that given an orthonormal basis E, we can use the projectors P̂j = |ej〉〈ej | to extract the components of

a vector |a〉 as P̂j |a〉 = aj |ej〉. Note also that the completeness and orthonormality of the basis E implies that∑d
j=1 P̂j = Î and P̂jP̂l = δjlP̂j , respectively.

Density operators. A self-adjoint operator ρ̂ is called a density operator when it has unit trace and it is positive
semidefinite, that is, 〈a|ρ̂|a〉 ≥ 0 for any vector |a〉.

The interesting property of density operators is that they ‘contain’ probability distributions in the diagonal of its
representation. To see this just note that given an orthonormal basis E, the self-adjointness and positivity of ρ̂ ensure
that all its diagonal elements {ρjj}j=1,2,...,d are either positive or zero, that is, ρjj ≥ 0 ∀j, while the unit trace makes

them satisfy
∑d
j=1 ρjj = 1. Hence, the diagonal elements of a density operator have all the properties required by a

probability distribution.

c. Generalization to infinite dimensions

Unfortunately, not all the previous concepts and objects that we have introduced for the finite-dimensional case are
trivially generalized to infinite dimensions. In this section we discuss this generalization.

The first problem that we meet when dealing with infinite-dimensional Euclidean spaces is that the existence of a
basis {|ej〉}j=1,2,... in which any other vector can be represented as |a〉 =

∑∞
j=1 aj |ej〉 is not granted, because not all

infinite sequences converge. The class of infinite-dimensional Euclidean spaces in which these infinite but countable
bases exist are called separable Hilbert spaces, and are the ones relevant for the quantum description of physical
systems.

The conditions that ensure that an infinite-dimensional Euclidean space is indeed a Hilbert space65 can be found
in, for example, reference [27]. Here we just want to stress that, quite intuitively, any infinite-dimensional Hilbert
space66 is isomorphic to the space called l2(∞), which is formed by the column vectors |a〉 = col(a1, a2, ...) where the
set {aj ∈ C}j=1,2,... satisfies the restriction

∑∞
j=1 |aj |2 <∞, and has the operations |a〉+ |b〉 = col(a1 + b1, a2 + b2, ...),

α|a〉 = col(αa1, αa2, ...), and 〈a|b〉 =
∑∞
j=1 a

∗
j bj .

Most of the previous definitions are directly generalized to Hilbert spaces by taking d→∞ (dual space, representa-
tions, operators,...). However, there is one crucial property of self-adjoint operators which does not hold in this case:
its eigenvectors may not form an orthonormal basis in the Hilbert space. The remainder of this section is devoted to
deal with this problem.

Just as in finite dimension, given an infinite-dimensional Hilbert space H, we say that one of its vectors |d〉 is an

eigenvector of the self-adjoint operator Ĥ if Ĥ|d〉 = δ|d〉, where δ ∈ R is called its associated eigenvalue. Nevertheless,
it can happen in infinite-dimensional spaces that some vector |c〉 not contained in H also satisfies the condition

Ĥ|c〉 = χ|c〉, in which case we call it a generalized eigenvector, being χ its generalized eigenvalue67. The set of all the

64 The term “rank” refers to the number of non-zero eigenvalues.
65 From now on we will assume that all the Hilbert spaces we refer to are “separable”, even if we don’t write it explicitly.
66 An example of infinite-dimensional complex Hilbert space consists in the vector space formed by the complex functions of real variable,

say |f〉 = f(x) with x ∈ R, with integrable square, that is∫
R
dx|f(x)|2 <∞, (A14)

together with the inner product

〈g|f〉 =

∫
R
dxg∗(x)f(x). (A15)

This Hilbert space is usually denoted by L2(x).
67 In L2(x) we have two simple examples of self-adjoint operators with eigenvectors not contained in L2(x): the so-called X̂ (position) and

P̂ (momentum), which, given an arbitrary vector |f〉 = f(x), act as X̂|f〉 = xf(x) and P̂ |f〉 = −i∂xf , respectively. This is simple to
see, as the equations

xfX(x) = XfX(x) and − i∂xfP (x) = PfP (x), (A16)

have
fX(x) = δ(x−X) and fP (x) = exp(iPx), (A17)

as solutions, which are not square-integrable, and hence do not belong to L2(x).
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eigenvalues of the self-adjoint operator is called its discrete (or point) spectrum and it is a countable set, while the set
of all its generalized eigenvalues is called its continuous spectrum and it is uncountable, that is, forms a continuous
set [27] (see also [28]).

In this lectures we only deal with two extreme cases: either the observable, say Ĥ, has a pure discrete spectrum
{hj}j=1,2,...; or the observable, say X̂, has a pure continuous spectrum {x}x∈R. It can be shown that in the first case
the eigenvectors of the observable form an orthonormal basis of the Hilbert space, so that we can build a resolution
of the identity as Î =

∑∞
j=1 |hj〉〈hj |, and proceed along the lines of the previous sections.

In the second case, the set of generalized eigenvectors cannot form a basis of the Hilbert space in the strict sense,
as they do not form a countable set and do not even belong to the Hilbert space. Fortunately, there are still ways
to treat the generalized eigenvectors of X̂ ‘as if’ they were a basis of the Hilbert space. The idea was introduced
by Dirac [26], who realized that normalizing the generalized eigenvectors as68 〈x|y〉 = δ(x − y), one can define the
following integral operator

Îc =

∫

R
dx|x〉〈x|, (A19)

which acts as the identity onto the generalized eigenvectors, that is, Îc|y〉 = |y〉. It is then conjectured that Îc coincides

with the identity in H, so that any other vector |a〉 or operator L̂ defined in the Hilbert space can be expanded as

|a〉 =

∫

R
dxa(x)|x〉 and L̂ =

∫

R2

dxdyL(x, y)|x〉〈y|, (A20)

where the elements a(x) = 〈x|a〉 and L(x, y) = 〈x|L̂|y〉 of these continuous representations form complex functions
defined in R and R2, respectively. From now on, we will call continuous basis to the set {|x〉}x∈R.

Dirac introduced this continuous representation as a ‘limit to the continuum’ of the countable case. Even though
this approach was very intuitive, it lacked mathematical rigor. Some decades after Dirac’s proposal, Gel’fand showed
how to generalize the concept of Hilbert space to include these generalized representations in full mathematical rigor
[29]. The generalized spaces are called rigged Hilbert spaces (in which the algebra of Hilbert spaces joins forces with
the theory of continuous probability distributions), and working on them it is possible to show that given any self-
adjoint operator, one can use its eigenvectors and generalized eigenvectors to expand any vector of the Hilbert space,
just as we did above. In other words, within the framework of rigged Hilbert spaces, one can prove the identity Îc = Î
rigorously.

Note finally that given two vectors |a〉 and |b〉 of the Hilbert space, and a continuous basis {|x〉}x∈R, we can use
their generalized representations to write their inner product as

〈a|b〉 =

∫

R
dxa∗(x)b(x). (A21)

It is also easily proved that the trace of any operator L̂ can be evaluated from its continuous representation on
{|x〉}x∈R as

tr{L̂} =

∫

R
dxL(x, x). (A22)

This has important consequences for the properties of density operators, say ρ̂ for the discussion which follows. We
explained at the end of the last section that when represented on an orthonormal basis of the Hilbert space, its
diagonal elements (which are real owed to its self-adjointness) can be seen as a probability distribution, because they
satisfy

∑∞
j=1 ρjj = 1 and ρjj ≥ 0 ∀j. Similarly, because of its unit trace and positivity, the diagonal elements of its

continuous representation satisfy
∫
R dxρ(x, x) = 1 and ρ(x, x) ≥ 0 ∀x, and hence, the real function ρ(x, x) can be

seen as a probability density function.

d. Composite Hilbert spaces

In many moments of this lectures, we will find the need to associate a Hilbert space to a composite system, the
Hilbert spaces of whose parts we know. In this section we show how to build a Hilbert space H starting from a set of
Hilbert spaces {HA,HB ,HC , ...}.

68 δ(x) is the so-called Dirac delta distribution which is defined by the conditions∫ x2

x1

dxδ(x− y) =

{
1 if y ∈ [x1, x2]
0 if y /∈ [x1, x2]

. (A18)
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Let us start with only two Hilbert spaces HA and HB with dimensions dA and dB , respectively (which might be
infinite); the generalization to an arbitrary number of Hilbert spaces is straightforward. Consider a vector space V
with dimension dim(V) = dA× dB . We define a map called the tensor product which associates to any pair of vectors
|a〉 ∈ HA and |b〉 ∈ HB a vector in V which we denote by |a〉⊗ |b〉 ∈ V. This tensor product must satisfy the following
properties:

1. (|a〉+ |b〉)⊗ |c〉 = |a〉 ⊗ |c〉+ |b〉 ⊗ |c〉
2. |a〉 ⊗ (|b〉+ |c〉) = |a〉 ⊗ |b〉+ |a〉 ⊗ |c〉
3. (α|a〉)⊗ |b〉 = |a〉 ⊗ (α|b〉)

If we endorse the vector space V with the inner product (|a〉 ⊗ |b〉, |c〉 ⊗ |d〉) = 〈a|c〉〈b|d〉, it is easy to show it becomes
a Hilbert space, which in the following will be denoted by H = HA ⊗ HB . Given the bases EA = {|eAj 〉}j=1,2,...,dA

and EB = {|eBj 〉}j=1,2,...,dB of the Hilbert spaces HA and HB , respectively, a basis of the tensor product Hilbert space

HA ⊗HB can be built as E = EA ⊗ EB = {|eAj 〉 ⊗ |eBl 〉}j=1,2,...,dA
l=1,2,...,dB

(note that the notation after the first equality is

symbolic).
We may use a more economic notation for the tensor product, namely |a〉 ⊗ |b〉 = |a, b〉, except when the explicit

tensor product symbol is needed for some special reason. With this notation the basis of the tensor product Hilbert

space is written as E = {|eAj , eBl 〉}j=1,2,...,dA
l=1,2,...,dB

.
The tensor product also maps operators acting on HA and HB to operators acting on H. Given two operators

L̂A and L̂B acting on HA and HB , the tensor product operator L̂ = L̂A ⊗ L̂B is defined in H as that satisfying
L̂|a, b〉 = (L̂A|a〉)⊗ (L̂B |b〉) for any pair of vectors |a〉 ∈ HA and |b〉 ∈ HB . When explicit subindices making reference
to the Hilbert space on which operators act on are used, so that there is no room for confusion, we will use the shorter
notations L̂A ⊗ L̂B = L̂AL̂B , L̂A ⊗ Î = L̂A, and Î ⊗ L̂B = L̂B .

Note that the tensor product preserves the properties of the operators; for example, given two self-adjoint operators
ĤA and ĤB , unitary operators ÛA and ÛB , or density operators ρ̂A and ρ̂B , the operators ĤA ⊗ ĤB , ÛA ⊗ ÛB , and
ρ̂A ⊗ ρ̂B are self-adjoint, unitary, and a density operator acting on H, respectively. But keep in mind that this does
not mean that all self-adjoint, unitary, or density operators acting on H can be written in a simple tensor product
form L̂A ⊗ L̂B .

3. The quantum-mechanical framework

In this section we review the basic postulates that describe how quantum mechanics treats physical systems. As the
building blocks of the theory, these principles cannot be proved. They can only be formulated following plausibility
arguments based on the observation of physical phenomena and the connection of the theory with previous theories
which are known to work in some limit. We will try to motivate (and justify to a point) these principles as much as
possible, starting with a brief historical introduction to the context in which they were created69.

a. A brief historical introduction

By the end of the XIX century there was a great feeling of safety and confidence among the physics community:
analytical mechanics (together with statistical mechanics) and Maxwell’s electromagnetism (in the following classical
physics altogether) seem to explain the whole range of physical phenomena that one could observe, and hence, in a
sense, the foundations of physics were complete. There were, however, a couple of experimental observations which
lacked explanation within this ‘definitive’ framework, which actually led to the construction of a whole new way of
understanding physical phenomena: quantum mechanics.

Among these experimental evidences, the shape of the high-energy spectrum of the radiation emitted by a black
body, the photoelectric effect which showed that only light exceeding some frequency can release electrons from a
metal irrespective of its intensity, and the discrete set of spectral lines of hydrogen, were the principal triggers of
the revolution to come in the first quarter of the XX century. The first two led Planck and Einstein, respectively,
to suggest that electromagnetic energy is not continuous but divided in small packets of energy ~ω (ω being the
angular frequency of the radiation), while Bohr succeeded in explaining the Hydrogen spectrum by assuming that the

69 For a thorough historical overview of the birth of quantum physics see [30].
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electron orbiting the nucleus can occupy only a discrete set of orbits with angular momenta proportional to ~. The
constant ~ = h/2π ∼ 10−34J · s, where h is now known as the Planck constant, appeared in both cases as somehow
the ‘quantization unit’, the value separating the quantized values that energy or angular momentum are able to take.

Even though the physicists of the time tried to understand this quantization of the physical magnitudes within the
framework of classical physics, it was soon realized that a completely new theory was required. The first attempts to
build such a theory (which actually worked for some particular scenarios) were based on applying ad-hoc quantization
rules to various mechanical variables of systems, but with a complete lack of physical interpretation for such rules [31].
However, between 1925 and 1927 the first real formulations of the needed theory were developed: the wave mechanics
of Schrödinger [32] and the matrix mechanics of Heisenberg, Born and Jordan [33–35] (see [31] for English translations),
which received also independent contributions by Dirac [36]. Even though in both theories the quantization of various
observable quantities appeared naturally and in correspondence with experiments, they seemed completely different,
at least until Schrödinger showed the equivalence between them both.

The new theory was later formalized mathematically using vector spaces by Dirac [26] (though not entirely rigor-
ously), and a little later by von Neumann with more mathematical rigor using Hilbert spaces [37] ([38] for an English
version). They developed the laws of quantum mechanics basically as we know them today [39–44]. In the next
sections we will introduce these rules in the form of six principles that will set the structure of the theory of quantum
mechanics as we will use it along the lectures.

b. Principle I: Observables and measurement outcomes

The experimental evidence for the quantization of some observable physical quantities motivates the first principle:

Principle I. dAny physical observable quantity A corresponds to a self-adjoint operator Â acting on an abstract

Hilbert space. After a measurement of A, the only possible outcomes are the eigenvalues of Â.c

The quantization of physical observables is therefore directly introduced within the theory by this postulate. Note
that it does not say anything about the dimension d of the Hilbert space corresponding to a given observable, and it
even leaves open the possibility of observables having a continuous spectrum, rather than a discrete one. The problem
of how to make the proper correspondence between observables and self-adjoint operators will be addressed in an
principle to come.

In this lectures we use the name ‘observable’ both for the physical quantity A and its associated self-adjoint operator
Â indistinctly. Observables having purely-discrete or purely-continuous spectra will be referred to as countable and
continuous observables, respectively.

c. Principle II: State of the system and statistics of measurements

The next principle follows from the following question: according to the previous principle the eigenvalues of an
observable are the only values that can appear when measuring it, but what about the statistics of such a measurement?
We know a class of operators in Hilbert spaces which act as probability distributions for the eigenvalues of any self-
adjoint operator, density operators. This motivates the second principle:

Principle II. dThe state of the system is completely specified by a density operator ρ̂. When measuring a
countable observable A with eigenvectors {|aj〉}j=1,2,...,d (d might be infinite), it is associated to the possible outcomes
{aj}j=1,2,...,d a probability distribution {pj = ρjj}j=1,2,...,d which determines the statistics of the experiment (Born
rule). Similarly, when measuring a continuous observable X with eigenvectors {|x〉}x∈R, the probability density
function P (x) = ρ(x, x) is associated to the possible outcomes {x}x∈R in the experiment.c

This principle has deep consequences that we analyze now. Contrary to classical mechanics (and intuition), even if
the system is prepared in a given state, the value of an observable is in general not well defined. We can only specify
with what probability a given value of the observable will come out in a measurement. Hence, this principle proposes
a change of paradigm; determinism must be abandoned: the theory is no longer able to predict with certainty the
outcome of a single run of an experiment in which an observable is measured, but rather gives the statistics that will
be extracted after a large number of runs.

To be fair, there is a case in which the theory allows us to predict the outcome of the measurement of an observable
with certainty: When the system is prepared such that its state is an eigenvector of the observable. This seems
much like when in classical mechanics the system is prepared with a given value of its observables. However, we will
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show that it is impossible to find a common eigenvector to all the available observables of a system, and hence the
difference between classical and quantum mechanics is that in the later it is impossible to prepare the system in a
state which would allow us to predict with certainty the outcome of a measurement of each of its observables. Let us
try to elaborate on this in a more rigorous fashion.

Let us define the expectation value of a given operator B̂ as

〈B̂〉 = tr{ρ̂B̂}. (A23)

In the case of a countable observable Â or a continuous observable X̂, this expectation value can be written in their
own eigenbases as

〈Â〉 =

d∑

j=1

ρjjaj and 〈X̂〉 =

∫ +∞

−∞
dxρ(x, x)x, (A24)

which correspond to the mean value of the outcomes registered in large number of measurements of the observables.
We define also the variance V (A) of the observable as the expectation value of the square of its fluctuation operator

δÂ = Â− 〈Â〉, that is,

V (A) = tr{ρ̂(δÂ)2} = 〈Â2〉 − 〈Â〉2, (A25)

from which we obtain the standard deviation or uncertainty as ∆A =
√
V (A), which measures how much the outcomes

of the experiment deviate from the mean, and hence, somehow specifies how ‘well defined’ is the value of the observable
A.

Note that the probability of obtaining the outcome aj when measuring A can be written as the expectation value

of the projection operator P̂j = |aj〉〈aj |, that is pj = 〈P̂j〉. Similarly, the probability density function associated to

the possible outcomes {x}x∈R when measuring X can be written as P (x) = 〈P̂ (x)〉, where P̂ (x) = |x〉〈x|.
Having written all these objects (probabilities, expectation values, and variances) in terms of traces is really useful,

since the trace is invariant under basis changes, and hence can be evaluated in any basis we want to work with, see
Section A 2 b.

These principles have one further counterintuitive consequence. It is possible to prove that irrespectively of the state
of the system, the following relation between the variances of two non-commuting observables A and B is satisfied:

∆A∆B ≥ 1

2
|〈[Â, B̂]〉|. (A26)

According to this inequality, known as the uncertainty principle (which was first derived by Heisenberg), in general,
the only way in which the observable A can be perfectly defined (∆A → 0) is by making completely undefined
observable B (∆B →∞), or vice-versa. Hence, in the quantum formalism one cannot, in general, prepare the system
in a state in which all its observables are well defined, what is completely opposite to our everyday experience.

Before moving to the third principle, let us comment on a couple more things related to the state of the system.
It is possible to show that a density operator can always be expressed as a statistical or convex mixture of projection

operators, that is, ρ̂ =
∑M
m=1 wm|ϕm〉〈ϕm|, where {wm}m=1,2,...,M is a probability distribution and the vectors

{|ϕm〉}Mm=1 are normalized to one, but do not need to be orthogonal (note that in fact M does not need to be equal
to d). Hence, another way of specifying the state of the system is by a set of normalized vectors together with
some statistical rule for mixing them, that is, the set {wm, |ϕm〉}m=1,2,...,M , known as an ensemble decomposition of
the state ρ̂. Such decompositions are not unique, in the sense that different ensembles can lead to the same ρ̂. It
can be proved though [45] that two ensembles {wm, |ϕm〉}m=1,2,...,M and {vn, |ψn〉}n=1,2,...,N (we take M ≤ N for
definiteness) give rise to the same density operator ρ̂ if and only if there exists a left-unitary matrix70 U with elements
{Umn}m,n=1,2,...,N such that [45]

√
wm|ϕm〉 =

N∑

n=1

Umn
√
vn|ψn〉, m = 1, 2, ..., N, (A27)

where if M 6= N , N −M zeros must be included in the ensemble with less states, so that U is a square matrix.

70 U is left-unitary if U†U = I but UU† might not be I, where I is the identity matrix of the corresponding dimension. It is easy to prove
that finite-dimensional left-unitary matrices are unitary.
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When only one vector |a〉 contributes to the mixture, ρ̂ = |ϕ〉〈ϕ| is completely specified by just this single vector,
and we say that the density operator is pure; otherwise, we say that it is mixed. A necessary and sufficient condition
for ρ̂ to be pure is ρ̂2 = ρ̂. Along the lectures we will learn that the mixedness of a state always comes from the
fact that some of the information of the system has been lost to some other inaccessible system with which it has
interacted for a while before becoming isolated or is interacting continuously. In other words, the state of a system is
pure only when it has no correlations at all with other systems.

Note, finally, that when the state of the system is in a pure state |ψ〉, the expectation value of an operator B̂ takes

the simple form 〈ψ|B̂|ψ〉. Moreover, the pure state can be expanded in the countable and continuous bases of two

observables Â and X̂ as

|ψ〉 =

d∑

j=1

ψj |aj〉 and |ψ〉 =

∫ +∞

−∞
dxψ(x)|x〉, (A28)

respectively, being ψj = 〈aj |ψ〉 and ψ(x) = 〈x|ψ〉. In this case, the probability distribution for the discrete outcomes
{aj}j=1,2,...,d is given by {pj = |ψj |2}j=1,2,...,d, while the probability density function for the continuous outcomes
{x}x∈R is given by P (x) = |ψ(x)|2.

d. Principle III: Composite systems

The next principle specifies how the theory accommodates dealing with composite systems within its mathematical
framework. Of course, a composition of two systems is itself another system subject to the laws of quantum mechanics;
the question is how can we construct it.

Principle III. dConsider two systems A and B with associated Hilbert spaces HA and HB . Then, the state of the
composite system ρ̂AB as well as its observables act onto the tensor product Hilbert space HAB = HA ⊗HB .c

This principle has the following consequence. Imagine that the systems A and B interact during some time in such
a way that they cannot be described anymore by independent states ρ̂A and ρ̂B acting on HA and HB , respectively,
but by a state ρ̂AB acting on the joint space HAB . After the interaction, system B is kept isolated from any other
system, but system A is given to an observer, who is therefore able to measure observables defined in HA only, and
might not even know that system A is part of a larger system. The question is, is it possible to reproduce the statistics
of the measurements performed on system A with some state ρ̂A acting on HA only? This question has a positive and
unique answer: this state is given by the reduced density operator ρ̂A = trB{ρ̂AB}, that is, by performing the partial
trace71 with respect system’s B subspace onto the joint state.

e. Principle IV: Quantization rules

The introduction of the fourth principle is motivated by the following fact. The class of self-adjoint operators forms
a real vector space with respect to the addition of operators and the multiplication of an operator by a real number.
Using the commutator we can also build an operation that takes two self-adjoint operators Â and B̂ to generate
another self-adjoint operator Ĉ = i[Â, B̂], which, in addition, satisfies all the properties required by a Lie product.
Hence, even if classical and quantum theories seem fundamentally different, it seems that observables are treated
similarly within their corresponding mathematical frameworks: they are elements of a Lie algebra.

On the other hand, we saw that the generalized coordinates and momenta have a particular mathematical structure
in the Hamiltonian formalism, they are the generators of the Heisenberg group. It seems then quite reasonable to ask
for the same in the quantum theory, so that at least in what concerns to observables both theories are equivalent.
This motivates the fourth principle:

71 Given an orthonormal basis {|bj〉}j of HB , this is defined by

trB{ρ̂AB} =
∑
j

〈bj |ρ̂AB |bj〉, (A29)

which is indeed an operator acting on HA.
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Principle IV. dConsider a physical system which is described classically within a Hamiltonian formalism by a set
of generalized coordinates q = {qj}nj=1 and momenta p = {pj}nj=1 at a given time. Within the quantum formalism,
the corresponding observables q̂ = {q̂j}nj=1 and p̂ = {p̂j}nj=1 satisfy the canonical commutation relations

[q̂j , p̂l] = i~δjl and [q̂j , q̂l] = [p̂j , p̂l] = 0. c (A30)

The constant ~ is included because, while the Poisson bracket {qj , pl} has no units, the commutator [q̂j , p̂l] has units
of action. That it is exactly ~ the proper constant can be seen only once the theory is compared with experiments.

We can now discuss how to build the self-adjoint operator corresponding to a given observable. In general, mean-
ingful observables are built from symmetry principles [44], e.g., the kinetic and angular momenta as the generators
of space translations and rotations, respectively. An alternative route might be taken when the observable is well-
defined classically. Suppose that in the Hamiltonian formalism the observable A is represented by the real phase-space
function A(q,p). It seems quite natural to use then A(q̂, p̂) as the corresponding quantum operator. However, this
correspondence faces a lot of troubles resulting from the fact that, while coordinates and momenta commute in clas-
sical mechanics, they do not in quantum mechanics. For example, given the classical observable A = qp = pq, we
could be tempted to assign to it any of the quantum operators Â1 = q̂p̂ or Â2 = p̂q̂. These two operators are not
equivalent (they do not commute) and they are not even self-adjoint, and hence cannot represent observables. One
possible solution to this problem, at least for observables with a series expansion, is to always symmetrize the classical
expressions with respect to coordinates and momenta, so that the resulting operator is self-adjoint. Applied to our
previous example, we should take Â = (p̂q̂ + q̂p̂)/2 according to this rule. This simple procedure leads to the correct
results most of the times, and when it fails (for example, if the classical observable does not have a series expansion)
it was proved by Groenewold [46] that it is possible to make a faithful systematic correspondence between classical
observables and self-adjoint operators by using more sophisticated correspondence rules.

Of course, when the observable corresponds to a degree of freedom which is not defined in a classical context (like
spin), it must be built from scratch based on experimental observations and/or first principles.

Note that the commutation relations between coordinates and momenta makes them satisfy the uncertainty relation
∆q∆p ≥ ~/2, and hence, if one of them is well defined in the system, the other must have statistics very spread around
the mean.

f. Principle V: Free evolution of the system

The previous principles have served to define the mathematical structure of the theory and its relation to physical
systems. We have not said anything yet about how quantum mechanics treats the evolution of the system. As we
are about to see, the formalism treats very differently the evolution due to a measurement performed by an observer,
and the free evolution of the system when it is not subject to observation. The following principle specifies how to
deal with the latter case. Just as with the previous principle, it feels pretty reasonable to keep the analogy with
the Hamiltonian formalism, a motivation which comes also from the fact that, as stated, quantum mechanics must
converge to classical mechanics in some limit. In the Hamiltonian formalism, observables evolve according to (A7),
so that making the correspondence between the classical and quantum Lie products as in the previous principle, we
enunciate the fifth principle:

Principle V. dThe evolution of an observable Â(q̂, p̂, ...; t) is given by

i~
dÂ

dt
= [Â, Ĥ] +

∂Â

∂t
, (A31)

which is known as the Heisenberg equation, and where Ĥ(q̂, p̂, ...; t) is the self-adjoint operator corresponding to the
Hamiltonian of the system. Note that the notation “q̂, p̂, ...” emphasizes the fact that the observable may depend on
fundamental operators other than the generalized coordinates, e.g., purely-quantum degrees of freedom such as spin.c

For the case of an observable and a Hamiltonian with no explicit time-dependence (as will be assumed from now
on), this evolution equation admits the explicit solution

Â(t) = Û†(t)Â(0)Û(t), being Û(t) = exp[Ĥt/i~], (A32)

a unitary operator called the evolution operator. For explicitly time-dependent Hamiltonians it is still possible to
solve formally the Heisenberg equation as a Dyson series, but we will not worry about this case, as it does not appear
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throughout the lectures. Let us remark that this type of evolution ensures that if the canonical commutation relations
(A30) are satisfied at some time, they will be satisfied at all times.

Note that within this formalism the state ρ̂ of the system is fixed in time, the observables are the ones which evolve.
On the other hand, we have seen that, on what concerns to observations (experiments), only expectation values of

operators are relevant; and for an observable Â at time t, these can be written as

〈Â(t)〉 = tr{ρ̂Â(t)} = tr{Û(t)ρ̂Û†(t)Â(0)}, (A33)

where in the last equality we have used the cyclic property of the trace. This expression shows that, instead of treating
the observable as the evolving operator, we can define a new state at time t given by

ρ(t) = Û(t)ρ̂(0)Û†(t), (A34)

while keeping fixed the operator. In differential form, this expression reads

i~
dρ̂

dt
= [Ĥ, ρ̂], (A35)

which is known as the von Neumann equation. When the system is in a pure state |ψ〉, the following evolution equation
is derived for the state vector itself

i~
d

dt
|ψ〉 = Ĥ|ψ〉, (A36)

which is known as the Schrödinger equation, from which the state at time t is found as |ψ(t)〉 = Û(t)|ψ(0)〉.
Therefore, we have two different but equivalent evolution formalisms or pictures. In one, which we shall call

Heisenberg picture, the state of the system is fixed, while observables evolve according to the Heisenberg equation.
In the other, which we will denote by Schrödinger picture, observables are fixed, while states evolve according to the
von Neumann equation.

We can even define intermediate pictures in which both the state and the observables evolve, the so-called interaction
pictures. To show how this is done, let us denote by Â and ρ̂ (t) an observable and the state of the system in the
Schrödinger picture (the same kind of transformation can be performed from the Heisenberg picture). The expectation

value of an observable A is written as tr{ρ̂(t)Â}. We can define a unitary operator Ûc = exp[Ĥct/i~], with Ĥc some

self-adjoint operator, and then a transformed state ρ̃ = Û†c ρ̂Ûc and a transformed observable Ã = Û†c ÂÛc. This

transformation leaves invariant the expectation value, which can be evaluated as tr{ρ̃ (t) Ã (t)}, but now the evolution
equations of the state and the observable read

i~
dρ̃

dt
= [ĤI, ρ̃] and i~

dÃ

dt
= [Ã, Ĥc], (A37)

so that within this new picture states evolve according to the interaction-picture Hamiltonian ĤI = Û†c ĤÛc − Ĥc,

while observables evolve according to the transformation Hamiltonian Ĥc.
The same kind of game can be played from the Heisenberg picture. Let us denote in this case by Â(t) and ρ̂ an

observable and the state in the Heisenberg picture. The transformed state ρ̃ = Û†c ρ̂Ûc and observable Ã = Û†c ÂÛc

satisfy then the evolution equations

i~
dρ̃

dt
= [Ĥc, ρ̃] and i~

dÃ

dt
= [Ã, ĤI]. (A38)

g. Principle VI: Post-measurement state

The previous postulate specifies how the free evolution of the system is taken into account in the quantum mechanical
formalism. It is then left to specify how the state of the system evolves after a measurement is performed on it. For
reasons that we will briefly review after enunciating the principle, this is probably the most controversial point in the
quantum formalism. Indeed, while in classical physics we assume that it is possible to perform measurements onto
the system without disturbing its state, this final quantum-mechanical principle states:

Principle VI. dIf upon a measurement of a countable observable A the outcome am is obtained, then immediately
after the measurement the state of the system collapses to |am〉.c
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The principle assumes that, after the measurement, the observer gains knowledge about the measurement outcome,
what we will denote as a selective measurement. However, suppose that for some reason the user interface of the
measurement device does not allow us to distinguish between a set of outcomes {amk}k=1,2,...,K , what we will denote by
a partially-selective measurement. Then, after the corresponding experimental outcome is obtained, the best estimate
that the observer can assign to the post-measurement state is the ensemble decomposition {p̄mk , |amk〉}k=1,2,...,K with

relative probabilities p̄mk = pmk/
∑K
k=1 pmk , since the real outcome is unknown, but the a priori probabilities pm of

the possible outcomes are known. Hence, in such case we would assign the post-measurement state ρ̂{m1,m2,...,mK} =∑K
k=1 p̄mk |amk〉〈amk | to the system. The extreme case in which the outcome of the measurement is simply not

recorded, so that we cannot know which outcome occurred and the best estimate for the post-measurement state is

ρ̂′ =
∑d
m=1 pm|am〉〈am|, is known as a non-selective measurement.

So far we have considered the post-measurement state in the case of measuring a countable observable. The
continuous case is tricky, since, as mentioned in Sec. A 2 c, the eigenvectors of a continuous observable cannot
correspond to physical states (they cannot be normalized). On the other hand, one can always argue that the

detection of a single definite value out of the spectrum {x}x∈R of a continuous observable X̂ would require an infinite
precision, whereas detectors always have some finite precision. Consequently, there are two natural ways of dealing
with such problem:

• Accepting that measuring continuous observables is simply not possible, and what is measured in real exper-
iments is always some countable version of them, which only in some unphysical limit reproduce the contin-
uous measurement precisely. An example of this consists in the process of bining the continuous observable,
which assumes that the detector can only distinguish between pixels with width ∆x centered at certain points
{xk = k∆x}k∈Z in the spectrum of the continuous observable, so what is measured is instead the countable
observable

X̂count =

∞∑

k=−∞
xk|xk〉〈xk|, with |xk〉 =

1√
∆x

∫ xk+∆x/2

xk−∆x/2

dx|x〉. (A39)

• Allowing for the possible outcomes of the measurement to still be continuous, but with an uncertainty given by
the precision of the measurement device. In the case of starting with a pure state, this would simply mean that
the post-measurement state is not an eigenvector of the continuous operator, but a normalizable superposition
of several of them, spanning around the measured value with a width given by the measurement’s precision.
This intuitive approach can be formalized with the theory of generalized quantum measurements [47, 48].

In any case, it is sometimes useful for theoretical calculations to proceed as if perfectly precise measurements were
possible, with the system collapsing to one eigenvector of the continuous observable. However, it is important to keep
in mind that this is just an unphysical idealization, whose corrections have to be taken into account when applying
it to a real situation.

We can pass now to discuss the controversial aspects of this principle, of which a pedagogical introduction can be
found in [43] (see also [49] and Appendix E of [28]). In short, the problem is that, even though it leads to predictions
which fully agree with the observations, the principle somehow creates an inconsistency in the theory because of
the following argument. According to Principle V, the unitary evolution of a system not subject to observation is
reversible, that is, one can always change the sign of the relevant terms of the Hamiltonian which contributed to
the evolution (at least conceptually), and come back to the original state. On the other hand, the collapse principle
claims that when the system is put in contact with a measurement device and an observable is measured, the state
of the system collapses to some other state in an irreversible way72. However, coming back to Principle V, the whole
measurement process could be described reversibly by considering, in addition to the system’s particles, the evolution
of all the particles forming the measurement device (or even the human who is observing the measurement outcome
if needed!), that is, the Hamiltonian for the whole ‘observed system + measurement device’ scenario. Hence, it seems
that, when including the collapse principle, quantum mechanics allows for two completely different descriptions of the
measurement process, one reversible and one irreversible, without giving a clear rule for when to apply each. It is in
this sense that the theory contains an inconsistency.

There are three73 main positions that physicists have taken regarding how this inconsistency might be solved, which
we will refer too as objective, subjective, and apparent collapse interpretations, and whose (highly simplified) main

72 Note that in the literature the terms reversible and irreversible are sometimes replaced by linear and nonlinear, referring to the fact
that unitary evolution comes from a linear equation (Schrödinger or von Neumann equations), while measurement-induced dynamics
becomes nonlinear through its dependence on the probability of the possible outcomes, which in turn depend on the state.

73 But each with many sub-interpretations differing in subtle, or even not so subtle points. In essence, one can find a lot of truth to the
say “Give me a room with N physicists and I’ll find you N + 1 different interpretations of quantum mechanics”.
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ideas we hereby discuss74:

• Objective collapse. There is a clear boundary (yet to be found) between the quantum and the classical
worlds. In the classical world, to which measurement devices and observers belong, there exists some decoherence
mechanism that prevents systems from being in a superposition of states corresponding to mutually exclusive
values of their observables. When the measurement device enters in contact with the quantum system, the latter
becomes a part of the classical world, and the aforementioned decoherence mechanism forces its collapse. Hence,
within this interpretation the collapse is pretty much a real physical process that we still need to understand
along with the quantum/classical boundary. There are several collapse theories available at the moment [49],
part of which we expect to be able to falsify or confirm in the near future with modern quantum technologies
based on, for example, opto-, electro-, or magneto-mechanics [52].

• Subjective collapse. The state is simply a mathematical object which conveniently describes the statistics of
experiments, but that otherwise has no physical significance. As such, what the quantum formalism provides is
simply a set of rules for how to update our best estimate to the state according to the information that we have
about the system. In this sense, the collapse is just the way that an observer subjectively updates the state of
the system after gathering the information concerning the outcome. Quantum Bayesianism or QBism [53, 54]
is possibly the most refined of such interpretations, which has gathered a lot of momentum in the last years.

• Apparent collapse. The measurement can be described without the need of abandoning the framework of
Principle V as a joint unitary transformation onto the system and the measurement device (even including the
observer), leading to a final entangled state75 between these in which the eigenstates of the system’s observable
are in one-to-one correspondence with a set of macroscopically distinct pointer states of the measurement
device [43]. Hence, after a measurement, reality splits into many branches where observers experience different
outcomes and which stay in a quantum superposition, and collapse appears just an illusion coming from the fact
that we only see the effective dynamics projected into the corresponding branch that we are experiencing. This
approach finds its best-developed expression in the so-called many-worlds interpretation [55], which describes
the quantum-mechanical framework as unitary evolution of a pure state (wave function) of the whole universe,
which includes all the branches or worlds76.

In any case whether of objective, subjective, or apparent value, it is clear that the collapse principle is of great
operational value, that is, it is currently the easiest successful way of analyzing schemes involving measurements, and
hence we will apply it when needed.

h. Classical versus quantum correlations: entanglement

Consider two systems A and B (named after Alice and Bob, two observers which are able to interact locally with
their respective system) with associated Hilbert spaces HA and HB of dimension dA and dB , respectively. The systems
are prepared in some state ρ̂AB acting on the joint space HA⊗HB . Recall from the discussion after Principle III that
Alice and Bob can reproduce the statistics of measurements performed on their subsystems via the reduced states
ρ̂A = trB{ρ̂AB} and ρ̂B = trA{ρ̂AB}, respectively.

When the state of the joint system is of the type ρ̂
(prod)
AB = ρ̂A ⊗ ρ̂B , that is, a tensor product of two arbitrary

density operators, the actions performed by Alice on system A won’t affect Bob’s system, the statistics of which are
given by ρ̂B , no matter the actual state ρ̂A. In this case A and B are completely uncorrelated. For any other type of
joint state, A and B will share some kind of correlation.

Correlations are not strange in classical mechanics. Hence, a problem of paramount relevance in quantum mechanics
is understanding which type of correlations can appear at a classical level, and which are purely quantum. This is
because only if the latter are present, one can expect the correlated systems to be useful for quantum-mechanical
applications which go beyond what is classically possible, the paradigmatic example being the exponential speed up
of computational algorithms.

74 One interpretation of quantum mechanics that is formulated with a completely different set of principles, and hence does not fit this
list is Bohmian mechanics [50, 51], in which particles follow deterministic trajectories, but determined from a guiding wave that obeys
the Schrödinger equation.

75 We will discuss in detail about the concept of entanglement towards the end of this chapter.
76 Believers of the many-worlds interpretation, or even people who are not sure of their quantum-mechanical beliefs (better safe than

sorry), are strongly encouraged to use the quantum world splitter when in need of choosing between equally reasonable options in life:
www.qol.tau.ac.il.
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Intuitively, the state of the system will induce only classical correlations between A and B when it can be written
in the form

ρ̂
(sep)
AB =

M∑

k=1

wkρ̂
(k)
A ⊗ ρ̂

(k)
B , (A40)

where the ρ̂(k)’s are density operators, {wk}k=1,2,...,M is a probability distribution, M can be infinite, and the index k
can even be continuous in some range, in which case the sum turns into an integral in that range and the probability
distribution into a probability density function. Indeed, a state of the type (A40) can be prepared by a protocol
involving only local actions and classical correlations: Alice and Bob can share a classical machine which randomly

picks a value of k according to the distribution {wk}k=1,2...,M to trigger the preparation of the states ρ̂
(k)
A and ρ̂

(k)
B ,

what can be done locally, and hence cannot induce further correlations. If the process is automatized so that Alice and
Bob do not learn the outcome k of the random number generator, the best estimate that they can assign to the state

in order to reproduce the statistics of any forthcoming experiments is the mixture ρ̂
(sep)
AB . In other words, the state

does not contain quantum correlations if it can be prepared using only local operations and classical communication.
There is yet another intuitive way of justifying that states which cannot be written in the separable form (A40) will

make A and B share quantum correlations. The idea is that arguably the most striking difference between classical
and quantum mechanics is the superposition principle, that is, the possibility of states corresponding to mutually
exclusive properties of the system to interfere (e.g., two different colors, |blue〉 + |red〉). Hence, it is intuitive that
correlations should have a quantum nature only when they come from some kind of superposition of joint states
corresponding to mutually exclusive properties of the correlated systems (e.g., color in one system and flavor in the
other, |blue〉⊗|sweet〉+|red〉⊗|sour〉), in which case the state cannot be written as a tensor product of two independent
states (|blue〉 ⊗ |sour〉) or as a purely classical statistical mixture of these (|blue〉〈blue| ⊗ |sweet〉〈sweet|+ |red〉〈red| ⊗
|sour〉〈sour|).

States of the type ρ̂
(sep)
AB are called separable. Any state which cannot be written in this form will induce quantum

correlations between A and B. These correlations which cannot be generated by classical means are known as
entanglement, and states which are not separable are called entangled states.
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[17] C. Weedbrook, S. Pirandola, R. Garćıa-Patrón, N. J. Cerf, T. C. Ralph, J. H. Shapiro, and S. Lloyd, Gaussian quantum

information, Rev. Mod. Phys. 84, 621 (2012).
[18] A. Ferraro S. Olivares, and M. G A Paris, Gaussian States in Quantum Information (Napoli Series on Physics and

Astrophysics, 2005).
[19] N. J. Cerf, G. Leuchs, and E. S. Polzik (Eds.), Quantum Information with Continuous Variables of Atoms and Light

(Imperial College Press, 2007).
[20] J. H. Shapiro, Quantum optical communication Lecture notes, https://ocw.mit.edu/courses/electrical-engineering-and-

computer-science/6-453-quantum-optical-communication-fall-2016/readings-and-lecture-slides/index.htm.
[21] P. Kok and B. W. Lovett, Introduction to Optical Quantum Information Processing (Cambridge University Press, 2010).
[22] H. Goldstein, C. Poole, and J. Safko, Classical mechanics (Addison Wesley, 2001).
[23] W. Greiner, Classical mechanics: Point particles and relativity (Springer Verlag, 1989).
[24] W. Greiner and J. Reinhardt, Classical mechanics: Systems of particles and Hamiltonian dynamics (Springer Verlag,

1989).
[25] L. N. Hand and J. D. Finch, Analytical Mechanics (Cambridge University Press, 1998).
[26] P. A. M. Dirac, The principles of quantum mechanics (Oxford university press, 1930).
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