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The transition from quantum to classical physics remains an intensely debated question even though it
has been investigated for more than a century. Further clarifications could be obtained by preparing
macroscopic objects in spatial quantum superpositions and proposals for generating such states for
nanomechanical devices either in a transient or a probabilistic fashion have been put forward. Here, we
introduce a method to deterministically obtain spatial superpositions of arbitrary lifetime via dissipative
state preparation. In our approach, we engineer a double-well potential for the motion of the mechanical
element and drive it towards the ground state, which shows the desired spatial superposition, via
optomechanical sideband cooling. We propose a specific implementation based on a superconducting
circuit coupled to the mechanical motion of a lithium-decorated monolayer graphene sheet, introduce a
method to verify the mechanical state by coupling it to a superconducting qubit, and discuss its prospects
for testing collapse models for the quantum to classical transition.
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A fundamental open question in modern quantum
mechanics is how classical physics arises from it as one
moves from the microscopic to the macroscopic world.
Decoherence is arguably the strongest candidate for the
process inducing such a transition [1]. There are, however,
theories which explain this transition via so-called collapse
or spontaneous reduction models and attribute it to other
sources, e.g., spontaneous localization [2], quantum [3] or
classical [4] gravity, or uncertainty relations on the space-
time continuum [5]. Proposals for testing such models exist
[6], and most of them require the preparation of massive
objects either in superposition [7-9] or entangled states
[10,11] (the latter also have applications for quantum
information processing [12—-14]). Several works have
emerged proposing protocols for the preparation of such
states, especially in the context of optomechanics, either
probabilistically [11,15,16] or in the transient regime
[17-22]. Mechanical elements, however, are exposed to
high decoherence rates induced by their finite temperature
environments, which demand fast, yet accurate, state
preparation and certification methods [23]. With direct
full-state tomography being quite challenging, some indi-
rect reconstruction methods have been proposed [24-26].

Another way to meet the challenge of large mechanical
decoherence is to generate the desired states dissipatively,
that is, as robust and long-lived steady states. Here we
propose a method for the dissipative preparation of a
mechanical element in a superposition of two spatially
separated states, together with an efficient way to verify
such preparation. Our proposal, therefore, paves the way
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towards experimental tests of collapse models for the
quantum to classical transition.

We here consider state-of-the-art superconducting cir-
cuits and electromechanical devices to show that a highly
controllable and tunable double-well potential can be
engineered electrostatically, while the mechanical motion
of the trapped element can be cooled to its ground state with
high fidelity. Because of the shape of the potential, this
ground state is a spatial-superposition state. We show how
to verify its preparation via population measurements on a
single qubit and discuss the avenues this opens for testing
collapse models for the quantum to classical transition.

Model.—We consider the motion of a mechanical
element with effective mass m moving in a symmetric
double-well (DW) potential as described in terms of its
position ¥ and momentum p by the Hamiltonian

Here, the double-well potential results from a combination
of an inverted parabola generating a potential barrier at the
origin and an attractive quartic potential that dominates at
large deflections. We describe the physical origin of the
parameters v and f for our proposed implementation below
and denote the eigenstates and eigenvalues of Hpy by
Hpw|n) = E,n) (n=0,1,2,...).

The potential of Eq. (1) together with its eigenvalues is
sketched in Fig. 1. For states with energies below the peak
of the central barrier, tunneling between the wells breaks
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FIG. 1. Conceptual scheme of our proposal. A mechanical
element moving in a shallow double-well potential with only two
possible states below the central barrier is coupled to several
electromagnetic modes capable of cooling its different transi-
tions. Whereas the ground state of this potential is a spatial
superposition of left and right deflections, [0) = (|L) + |R))/v/2,
without sideband cooling on several transitions only the classical
mixture (|L)(L| + |R)(R|)/2 would be accessible.

the left or right degeneracy, and the eigenstates of the
system are formed by symmetric and antisymmetric super-
positions of states localized in the two individual wells.
These localized states are well approximated by eigenstates

of harmonic potentials with frequency w, = 1/2v/m and

minima at the well positions +x, = £+/v/f. The two
lowest energy eigenstates of the double-well potential are
thus even and odd cat states, respectively. Preparing the
system in either of them results in a quantum superposition
of two macroscopically distinguishable states of a massive
object, provided that x; exceeds the zero-point motion
Xpm = \/ 1/2wym associated to the ground state of each
well [27].

We now show how optomechanical sideband cooling
can be used for ground state preparation in such a highly
nonlinear potential. Since the coupling to a thermal
environment ensures that the populations of the double-
well eigenstates decay exponentially with the energy, it
would in principle be sufficient to transfer all population of
the first excited state to the ground state. In practice,
however, it is challenging to generate a sufficient cooling
rate for the lowest transition. The (linearized) coupling
between the mechanical oscillator and a cavity electro-
magnetic mode with annihilation operator & and frequency
w, takes the form hgx(a + a'), where g = go\/7., with
go = (Ow../0x),_, the bare optomechanical coupling and
7. the photon number induced in the cavity by an external
field driving it at a frequency w,|,_, + A that allows us to
control g [28,29]. Efficient ground state cooling requires
essentially three conditions: (i) the detuning A of the
external driving field with respect to the cavity mode
has to be chosen as A~ =8,y = (E| — E)/h, with (ii) a
photon relaxation rate x satisfying &9 > k > ¢;o, while
(iii) keeping the cooperativity g3,/ky1oN(810) large enough
(here g;9 = g(1]%|0) is the optomechanical coupling rate
for the lowest mechanical transition, yq is the relaxation

rate of the transition, and N(Q) are the thermal environ-
mental excitations at the corresponding frequency, see
below). Yet, as 8;, decreases exponentially with the
separation between the wells, the cooperativities and cool-
ing rates generated in this way would be rather limited.

To obtain more efficient cooling, the mechanical system
can be coupled to a set of cavity modes with relaxation
rates k;, each performing sideband cooling in one or more
transitions as illustrated in Fig. 1. As we show numerically,
this arrangement cools down the mechanical mode close to
its ground state even for moderate relaxation rates k; < 6,5
where 6,,, = (E,, — E,)/h > 0 refers to the transition we
intend to cool with mode j. For realizations where all
employed cavity modes have comparable linewidths «;, as
is the case in most settings, the performance of this cooling
concept improves with the number of modes. This may,
however, face practical limitations (see below). We remark
that our approach does not only apply to model (1) but to
any nonlinear potential with a nondegenerate ground state.

In the following, we will describe the system via a master
equation for its state p. Whereas the dissipation of photons
can be treated in the common way, the nonlinearity of the
mechanical motion requires special attention. As a master
equation is based on a perturbative expansion in system-
environment couplings, it here leads to nonunitary terms of
Lindblad form for each transition between eigenstates of
the mechanical mode [30-34], since each transition couples
with a different strength to the environment and experi-
ences a different density of states. Using an adequate
“microscopic” model for the system-environment interac-
tion, we thus derive the master equation [34],

LI il 1
Op = —[H.p] + 2;%,@] +3LalP ()

where H = Hpw + Y ;[~hA;d; a; + hg;(a; + d;")3] is
the full Hamiltonian and D[] = 20(-)0" — OTO(-) —
()O'O a standard Lindblad superoperator. L[] =
[, (-)AT — A(-)] is the mechanical dissipator [34] with

A= Yok [N Gyn) m) (] + [N (5n) + 1| (],

m>n

where y,,, = 6,,,/Q 1is the |m) — |n) decay rate and
N(Q) = [exp(hQ/kgT) — 1]7' the reservoir occupation
at temperature 7 and frequency Q. Q is the quality
factor of harmonic mechanical oscillations and k,,, =
Xun(2me/h) are the position matrix elements normalized
to the zero-point position variance associated to the original
harmonic oscillations, see below. We now turn to propose a
specific implementation of these ideas, for which a realistic
choice of parameters allows us to cool the mechanical mode
to the ground state showing the desired superposition.
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FIG. 2. Scheme for the circuit quantum electromechanical
implementation of our proposal. The mechanical membrane
(green) alongside a disk electrode of a microwave cavity (red)
produces a position-dependent capacitance, and hence an opto-
mechanical coupling to the cavity modes. A superconducting
qubit (blue) is capacitively coupled to the cavity, and we employ
it for reading out the mechanical state. The double-well potential
is engineered on the membrane through an electrostatically fed
electrode tip placed above its center, which produces a softening
potential.

Implementation.—To implement our ideas, we here
propose an architecture based on state-of-the-art super-
conducting circuits and electromechanical technology, see
Fig. 2 and Ref. [42] for a similar device. In this proposal,
the mechanical degree of freedom is realized by the
drum mode of a thin circularly clamped mechanical layer
(membrane) of radius a, which is confined in a double-well
potential generated via the electrostatic field of a tip
electrode located above its center. The cavity modes, in
turn, are the resonance modes of a superconducting
resonator with a disk-shaped end placed below the mem-
brane such that plate and membrane form a capacitance.
The dependence of its capacitance on the plate-to-
membrane separation then provides the desired optome-
chanical interaction. An additional superconducting qubit
coupled to the microwave resonator will allow us to read
out the mechanical motion.

Let us now elaborate on the physics behind this
scenario. In [34] we provide a detailed derivation of the
Hamiltonian describing the membrane. The fundamental
flexural mode with position X and momentum p is found
to be well isolated from the rest of the mechanical modes
and, besides a harmonic restoring potential with frequency
w, it is subject to a nonlinear potential of geometric origin
that is, to leading order, well described by a Duffing
nonlinearity of the form $*/4. The total elastic potential
V., = mw*%*/2 + pi*/4 can be transformed into a double
well of the form (1) by adding a “softening” force which
generates an additional potential with the shape of an
inverted parabola that exceeds the harmonic confinement
in V,,. A feasible way to controllably generate such a force
on the membrane consists of applying an inhomogeneous
electrostatic field generated via a tip electrode situated
close to its center, see Fig. 2. The electrostatic energy

of the membrane’s fundamental mode can be expanded
in its deflection, V,, = Zj’;l ajfcj , with coefficients a;=
rhey [$rdrdlEX(r,z=2z0)y(r) [34]. Here, y is the pro-
file of the fundamental mode, E, is the static electric-field
component perpendicular to the mechanical layer,
and £ is the membrane’s thickness at rest in the z = z,
plane (z = 0 is taken at the superconducting disk below
the membrane). ; shifts the equilibrium position of the
mechanical mode and can be used as an additional control
knob for the coupling to the electromagnetic modes [43].
a, can be made negative, therefore generating the soft-
ening force that leads to the double-well potential. Higher
orders are shown to be negligible [34]. Hence, we see
that the combination of the geometrical and electrostatic
potentials, V., + Ve, gives rise to the desired double-well
potential for the membrane’s motion, with a parameter
v = 2|a,| — mw? that can be tuned via the applied electro-
static fields.

As ideally suited candidates for the mechanical elements
we here consider monolayer graphene sheets, since
they have mechanical properties adapted to our needs. In
particular, their ultralow mass provides them with large
zero-point motion x,,,, while their large Young modulus
confers them large Duffing nonlinearity . Such sheets have
already been studied as mechanical resonators [43-45].
Importantly, we note that the low conductivity of graphene
that has limited optomechanical cooling in these experi-
ments can be overcome by doping the membrane surface
with alkaline-metal atoms, as has been recently shown with
lithium-decorated graphene sheets [46], which possess
almost the same mechanical properties as standard mono-
layer graphene [47] but are superconducting [48].

We now turn to discuss the achievable fidelity for
preparing stationary spatial-superposition states with our
approach for parameters corresponding to this specific
implementation. The superconducting gap imposes a limit
to the number of high quality resonance modes in the
cavity. We thus consider three cavity modes coupled to
three proper mechanical transitions. Assuming the same
decay rate k = K; (j =1, 2, 3) for all these modes, we tune
the optomechanical couplings g; such that the probability
of being in the ground state of the double well is
maximized.

Results.—We consider a monolayer lithium-decorated
graphene sheet with radius a =1 pum, and thus
m~5.7x107"%g, w/2x~26MHz, and f~5.7x10]/m*
[34,44]. The distance between the membrane and the disk-
shaped end of the cavity is taken to be z, = 100 nm. For a
cavity with fundamental resonance at 5 GHz we get the

“bare” optomechanical coupling rate G, = go+/f/2mw ~
27 x 10 Hz. As G scales linearly with the diameter of the
membrane [43], its small radius should be compensated by
an increased intracavity photon number 7. The electro-
static field is adjusted such that @, = —1.000 134(maw?/2),
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which requires the application of a few hundred volts to an
antenna of a few hundred nanometers in size (similar to
the tip of a scanning tunneling microscope) located about
1 ym above the center of the membrane, and creates a
shallow double well with only two levels below the barrier,
cf. Fig. 1(a). This situation assures a reasonably large value
of 019 (~27 x 50 kHz) that allows us to access the required
resolved sideband regime.

We numerically [49] obtain the steady-state solution p
of the master equation (2), and analyze the ground state
population Py, = (0|p,,|0) present in the reduced mechani-
cal state p,, = Tre,iy {p}. We consider three cavity modes
with decay rates x = 0.39;y, detunings matching the
mechanical transitions |1)<>|0), |3)<>|0), and [2)<«>|1)
(i.e., Ay = =019, Ay = =039, and A3 = —&,;), and opti-
mized intracavity photon numbers 7. = 1200,
i, = 1100, and 71,3 = 4000 [34]. Note that only transi-
tions with x,,,, # 0 can be cooled, which requires m and n
to have different parity [34]. Assuming an environment
temperature of 7 = 15 mK and a quality factor Q = 10° of
the membrane in the original approximately harmonic
potential V., we obtain Py, = 0.79, meaning that the
mechanical resonator can be found in the desired spatial-
superposition state with ~79% probability [Fig. 3(a)]. This
nonequilibrium steady state of the mechanical mode has a
spatial extent equal to the separation of the wells, whose
ratio to the zero-point motion amplitude in each well is
2X0/X,pm = 6. It is reached in about 30 us, which is orders
of magnitude shorter than the time scales of fluctuations in
the electrostatic control fields or microwave tones, see
Ref. [50]. Larger probabilities can be obtained by working
deeper in the resolved sideband regime and/or by employ-
ing more cavity modes.

To show how our proposal could be exploited for the
examination of unconventional sources of decoherence,
let us consider the bounds it imposes on the continuous
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FIG. 3. (a) Absolute value of the lowest elements of the
mechanical steady-state density matrix when cooled by three
electromagnetic modes with optimal detunings and optomechan-
ical couplings as explained in the text. (b) Distance between the
population distributions of steady states p), and ji,, in the absence
or presence of CSL versus localization rate Acg; for measurement
precision 6 = 1076 (circles), 108 (crosses), and 10710 (squares).
The shaded area is the predicted range for Acg [2,51,52].

spontaneous localization (CSL) model [2,51,52] as the
most prominent collapse model. The CSL model is char-
acterized by a localization length usually taken to be
rest, = 100 nm, and a localization rate which is predicted
to be in the Acg;, = 1078+2 Hz range [2]. In the limit where
the delocalization amplitude x, is much smaller than rcg; ,
the effect of the CSL model can be approximated by a
momentum diffusion term (CSL diffusion) of the form
—(AcsLn/ré )&, [2,0]] (n~12x 10" is a mass and
geometry dependent factor [53]) to be added to Eq. (2).

Our setup can be used to distinguish CSL diffusion from
conventional sources of noise by revealing the differences
between the steady states in the presence and absence of
CSL. To this end, one would proceed as follows. After a
sufficient experimental characterization of the setup, i.e., its
mechanical spectrum, optomechanical couplings, etc., one
can infer the mechanical damping in a sideband cooling
experiment, see, e.g., [54,55]. Whether only the assumed
mechanical damping or possibly also CSL is present in the
experiment can then be determined by measuring several
matrix elements of the mechanical steady state, see below
for a measurement method. To quantitatively analyze this
procedure we calculated the steady state ji,, for a mechani-
cal quality factor Q in the presence of CSL and the steady
state p,, in the absence of CSL but with a mechanical
quality factor Q' < Q, chosen such that the ground state
occupations are equal (0|p},|0) = (0]i,,|0). To mimic a
finite measurement precision o, we only require that
1(0|7,,10) — (0|fz,,|0)| S . Crucially, the CSL diffusion
rate Acsp 77/ e is independent of the mechanical spectrum,
whereas the thermal damping rates y,,,, strongly depend on
the anharmonicity of the potential [34]. As a consequence,
the occupation probabilities of excited mechanical states
differ, i.e., |(j|p},|J) = (Jl#m|j)| > o for j > 1 and suffi-
ciently large Acg , indicating that the modified steady state
cannot be accounted for by a reduced quality and other
sources of decoherence need to be invoked. To quantify
these differences we use the distance between the distri-
butions of the mechanical occupations, D[, 7)) =
VD% o (1| (i, — Pl )|1)?, which is plotted as a function
of Acg, for three different measurement precisions
o =107% 1078, and 107'° in Fig. 3(b).

Of course, the above discussion assumes that the
mechanical damping is of a specific form. Yet due to the
ample tunability of our setup, other forms of mechanical
damping may also be identified and distinguished from
CSL as long as they are not exactly in the form of a
momentum diffusion with a rate that is independent of the
potential.

State verification.—As the verification of the prepared
states will be of crucial importance in experiments, we now
introduce a strategy that allows us to determine all elements
P,, of steady-state mechanical density matrix p,, =
> mnPumnlm)(n|, for which x,, #0, and the diagonal
elements P,,, see [34] for the details. We exploit the fact
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that our proposed architecture is naturally suited to strongly
couple the electromagnetic cavity to a superconducting
qubit with ground and excited states |g) and |e), and a
transition frequency that can be tuned in sifu and in real
time (e.g., via a time dependent external magnetic flux for
transmon and phase qubits [56,57]). Measurements of the
qubit’s population will allow us to read out the mechanical
density matrix as follows.

Using an electromagnetic mode that is far detuned from
the qubit and mechanical transitions (dispersive regime),
one obtains an effective qubit-mechanical interaction of
the form %6, where 6, = |g)(e| + |e)(g|. We show in [34]
that by initializing the qubit in the ground state, and tuning
its frequency to the |m)<>|n) transition (m > n), the
probability of finding it in the excited state oscillates in
time with an amplitude proportional to the diagonal
element P,, of the mechanical density matrix. On the
other hand, by initializing the qubit in the superposition
lg) + e'?|e), the excitation probability becomes sensitive to
i(Py,e®m=9) —cc.), where ¢, is the phase of x,,,,
hence allowing for the determination of the real and
imaginary parts of the off-diagonal elements P,,, via a
proper choice of ¢.

Conclusion.—We have introduced a method for the
steady-state preparation of spatial quantum superposition
of a macroscopic object. Our proposal is based on cooling a
mechanical mode to the ground state of an engineered
double-well potential. We have put forward a specific
implementation based on current superconducting circuits
and electromechanical technology together with a method
for verifying the prepared mechanical state and discussed a
strategy for testing the validity of the CSL model. The
methods and specific proposal introduced in this Letter
pave the way towards the generation of macroscopic spatial
superpositions with available modern technologies, that
allow us to put bounds on collapse models and shed light on
the quantum-to-classical transition.
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In this supplemental material we explain details of the concepts discussed in the main text.

I. DISSIPATOR

Due to the high degree of anharmonicity present in the double-well potential, a standard term Dj in the master
equation cannot accurately describe the mechanical dissipation in our system. Here we sketch a derivation of the
correct terms, in particular obtaining the ones introduced in Eq. (2) of the main text. First, we identify the nonlinear
mechanical resonator as the system of interest with its local unperturbed dynamics generated by the Hamiltonian
Hayw in Eq. (1) of the main text. We model its environment by a set of harmonic oscillators with frequencies wy, and
annihilation operators ¢, with the corresponding free Hamiltonian Hp = Yok hwkéliék. The state of the environment

shall be a thermal state at temperature T, that is, pg e He/ksT Further, the system-environment interaction is
taken as

Hi/h=" (gués, + gie}) = 28, (S1)
k

where we have introduced the abbreviation X = Zk(gkék + g,ﬁéz) Note that both wy and g are left unspecified
at this stage, since only some special combination of them plays a relevant role, and will be chosen later. The full
quantum state of the system-reservoir setup shall be represented by R(¢). In order to eliminate the environmental
modes and find an effective master equation for the mechanical state pn, () we proceed as follows. We first define
the Mori projector P[] = pg ® Trg{-} whose action on the full state R(t) gives P[R(t)] = pr @ pm(t). Applying
this projector and its complement 1 — P onto the Liouville equation describing the full dynamics of both system and
reservoir, and formally integrating the 1 — P projection, we obtain an exact equation of motion for p,(¢), the so-called
Nakajima-Zwanzig equation [S1]. The Nakajima-Zwanzig equation features a Dyson series which can be expanded in
powers of the system-reservoir interaction Hy, and following the standard procedure we apply a Born approximation
which takes into account terms up to second order in the interaction. The resulting equation reads
. Hay . Y LU P
Dy (t) = [m,pm(t)l - [x /0 dr (I(T)pm(t, 7) Trp{ XpXe(1)pE) Hc)} , (S2)

where we have defined the interaction-picture operators (1) = eflawv™/ihge—Hawt/ih = (1) = HeT/ih Xpe=HeT/ih

and ppy(t,7) = eHdWT/mﬁm(t - T)e_HdWT/ih. Note that the first-order term vanished since it is proportional to
Trp{Xgpr} = 0. We proceed by evaluating the environmental correlation function which results in

Trp{XpXe(r)pe} =Y [e " |gel*(N(wi) + 1) + e**7 |gi|* N (wi)] - (S3)

k
with N(Q) = [exp(hQ/kgT) —1]~!. Next we examine #(7), for which we introduce the eigenstates |n) and eigenvalues
E,, of the double-well potential defined by Hgaw|n) = En|n) for n € {0,1,2,...}. In practice, we obtain these states

numerically, truncating at a certain number of states which are required in order for our simulations to converge. We
then obtain

#(1) =Y (@mne 7 |m)(n| + He.), (S4)

where x,,, = (m|Z|n) and we have ordered the sum over the indices n and m such that the level spacings 6,,, =

(E,, — E,,)/h are positive. The terms with n = m vanish as (n|&|n) = 0 V¥n due to the non-degeneracy of Hyy, and
its symmetry under the parity transformation & — —z.



The final steps towards obtaining the correct form of the mechanical dissipator are as follows. We insert Egs. (S3)
and (S4) into Eq. (S2), and neglect all terms rotating with e (omntwr)T (rotating-wave approximation) under the
assumption that the system-environment interaction is small, |€ngk| < Omn +wg. All the remaining terms in Eq. (S2)
show a dependence on the environmental memory function of the type fon(7) = 3., |gr|?eT Cmn=wr)™ (N (wy) + 1).
The memory function f,,(7) is assumed to decay at a much faster rate than the rate of perturbation due to the
system-reservoir interaction for every transition |m) <> |n). Apart from validating the Born approximation (which
neglects any back-action onto the environment that relaxes back to its unperturbed state pg on a much shorter time
scale than the one it needs to react to the perturbation Hj), it allows us to introduce the Markov approximation
[S1] and approximate pum(t,7) & pm(t) within the environmental memory time. In addition, we perform the time
integral in Eq. (S2) by bringing its upper limit to infinity, since we are interested in the long time term dynamics,
and neglecting any imaginary contributions (Lamb shifts) coming from its principal value.

The validity of the Born-Markov approximation relies on the properties of the microscopic theory at hand, in
particular on the interplay between the frequency differences d,,, — wy and the spectral density J(2), defined by the
continuum limit >, gx|*> = [ dQJ(2). In the framework of this paper, we focus on microscopic physical scenarios
with an Ohmic spectral density J(2) « € and where the Born-Markov approximation is very well justified for
oscillation frequencies on the order of the harmonic motion around each well at frequency wp. In the parameter
regimes of interest the level spacings d,,, of the nonlinear oscillator are comparable to this frequency wq for quantum
numbers n and m close to each other. In any other case the resulting terms can be neglected because the overlap
(m|Z|n) rapidly tends to zero as |m — n| increases. Overall, we expect the Born-Markov approximation to be well
justified for our setup.

Following the steps explained above, we turn the integro-differential master equation (S2) into the following Marko-
vian master equation with a dissipator for every transition |m) — |n), reading

0pm = [thg] +§[@, fun (Z G [N(émmm><n|+<N<6mn>+1>n><mu> ~ondl|,(89)

m>n

=A
where we have introduced dissipation rates Y, = 27J(dmn) = (2mw/h)Ymn for the ‘independent’ transitions of
frequency d,,,, which contain all the physical constants of the microscopic theory. By adding the terms corresponding
to the electromagnetic modes optomechanically coupled to the mechanical system, we finally arrive to Eq. (2) of the
main text.
The dissipator introduced in Eq. (S5) predicts reasonable results as compared to the case of the standard dissi-
pator. In particular the steady-state of Eq. (S5) will be a thermal state with respect to Hyy, ie. limy_ oo Pm(t) =

e~ Haw/ksT / Tr{e’Hdw/ kBT}, as we have checked numerically. For 7" = 0 it is straightforward to verify that the ground
state |0)(0] of the nonlinear resonator is indeed the steady-state of the dynamics generated by Eq. (S5). Thus, subject
to a zero-temperature bath the nonlinear resonator indeed relaxes to its quantum ground state. Such a result would
not have been predicted by the standard dissipator D;,.

II. COOLING

In the main text we commented on the fact that while in principle it should be possible to cool down the mechanical
motion to the ground state of the double-well simply by performing sideband cooling on the lowest mechanical
transition (the thermal environment would take care of the rest of the transitions in order for the system not to
experience effective negative temperatures), this would in practice require exceedingly efficient sideband cooling. In
particular, we pointed out that due to the small energy difference between the ground and first-excited states, it is
hard to get sufficiently deep into the resolved sideband regime. In this section we elaborate on this point.

Let us consider one electromagnetic mode of a cavity driven off-resonance with a detuning A, coupled to the
mechanical element through a Hamiltonian of the type hgi(a -+ a'), where a is the annihilation operator of the cavity
mode. Sideband cooling is readily understood within the master equation formalism by adiabatically eliminating the
optical mode, under the assumption that its decay rate x is the dominant incoherent rate of the problem. Such an
approach would lead to an effective mechanical master equation with both incoherent cooling and heating processes
contributing to the different transitions |m) — |n) with rates [S2]

F o_ GP|xmn|*K
T A(A A G )2 + K2




FIG. S1. Absolute value of the lowest elements of the mechanical steady-state density matrix when cooled by (a) a single
electromagnetic mode cooling the lowest transition with optimal coupling rate, or (b) three electromagnetic modes with optimal
detunings and optomechanical couplings. See the text for the parameters.

respectively. The ratio between the cooling and heating rates is then

I, 4A - Smn)? + K2 _
Dhn  4(A+6mn)2+k2 "

(S7)

which is the quantity determining how good the cooling process is, that is, how much population is left in the |m)
state (smaller the larger this ratio is). We see that optimal cooling is obtained by choosing a detuning A = —§,,,,
but even under such conditions it will be effective only provided that 49,,, > k.

As a specific example, let us consider the parameters introduced in the main text for the double-well potential
(m=~57x10"1 gr, v ~ 1.3 x 107° J/m?, and  ~ 3.7 x 10'® J/m*), and a cavity linewidth x = 0.36;9. We obtain
the ratios 719 =~ 179, ro1 =~ 3092, r32 =~ 3012, and r39 ~ 15329. One can appreciate that the ratio for the lowest
transition is sensibly smaller than the others. However, one may think that it could still be large enough. Whereas
for the equidistant spectrum of a harmonic potential or a spectrum formed by only two levels, this would indeed be
the case, the ratio r1¢ is unfortunately insufficient for performing efficient cooling to the ground state of the nonlinear
multilevel spectrum of our device as we have tested by numerically finding the steady-state of the optomechanical
master equation with a single cavity mode,

11~ 1
Oup = — | Haw — ha'a + hg(a + @), p| + SDalf) + 5Lml5) (S8)

K
2
where L, is the mechanical dissipator derived above. In Fig. S1(a) we show the absolute value of the elements of
the steady-state density matrix using the parameters specified above, addressing the lowest transition (A = —d19),
and optimizing the coupling g. Clearly, the ground and first-excited state populations are very similar, showing that
cooling is very inefficient in spite of the apparently large rqy ratio.

This result can be compared with the one obtained when using three cavity modes with the same linewidth x =
0.3010, shown in Fig. S1(b). In particular, we have found that cooling to the ground state is optimized when the
cavity modes address the [1) — |0), |2) — |1), and |3) — |0) transitions, with the couplings specified in the main text,
where cooling to the ground state is much more efficient than in the previous case.

III. ELASTICITY

Let us now present the mechanical model describing the motion of a thin layer of the type we use in the main text.
Denoting by ((x,y) the field describing the vertical displacement of point (z,y) of the layer with respect to its resting
plane, its deflection obeys the equation of motion [S3],

Hepd¢ = ~DVAV3C + TV, (S9)

where V2 is the two-dimensional (2D) Laplacian, usp is the membrane’s 2D mass density, and D = Yh3/[12(1 — o2)]
with Y being the Young modulus, h the thickness of the membrane, and o its Poisson ratio. Here, T' = Ty + AT is
the total tensile force experienced by the membrane, with T the force applied by the support and AT the bending



tension as a result of extension. The latter is proportional to the relative change in the surface area of the membrane,

AA  Yh [F [ 9
AT =Yh=——"=_—— d@/rdr \/4E S10
A 24, ), | V(| (S10)

A. Dominant built-in tensile force

As it is the practical case, we first assume that the bending energy is much smaller than the contribution coming
from the tensile force on the edges of the membrane (DV?V2( < TyV2(). Thus the equation (S9) is simplified to

Yh 2m a

pop02¢ = ToV3¢ + (—/ do [ rdr |v¢|2> V3¢, (S11)
240 Jo 0

and leads to nonlinearities in the equation of motion, which can be treated perturbatively in our regime of interest.

In particular, we proceed by finding the normal modes associated to the linear problem puspd?¢ = TyV?(, expand

equation (S11) in these, and keep leading nonlinear terms only.

The membrane geometry is taken to be a disc with radius a, which possess radially-symmetric (axisymmetric)
modes as well as excited modes with trigonometric polar-angle dependence. The fundamental mode is axisymmetric.
We focus on this mode for simplicity, and for practical reasons: (i) its small oscillation frequency leads to large zero-
point fluctuations as required in our proposal; (ii) the frequency differences between this mode and the higher modes
are large, leading to negligible inter-mode couplings, as discussed in the next section (this feature is also relevant
for measurement purposes); (iii) finally, because of its symmetry, it is easier to manipulate this mode in the setup
considered here.

We apply the separation of variables ((r,0,t) = > X, (¢)y(r,0) to obtain the following normal-mode equations
for the linear part of Eq. (S11),

V24, (r, ) + (%”)2 Y (r,0) =0, (S12)

where we choose to write the separation constant as A\2 = popa?Q2 /Ty (to be found numerically as explained below),
with a frequency 2, € R that will be shown to be the oscillation frequency of mode n. The nonsingular solutions
of this equation can be written as ¥, (r) = A,Ji, (Anr/a) cos k,0, where Jj, are Bessel functions of the first kind,
kn € Z. We order the solutions with increasing values of their separation constant, so that \g < A\; < Ao < -+, i.e.
the normal modes {t,, }n=0,1,2,... are ordered from lower to higher frequency. For our clamped circular membrane, the
boundary conditions imply

Jr,, (M) = 0. (S13)

n

We choose A, such that max{,} = 1 so that X,, provides the maximal vertical deflection of the membrane when
the corresponding mode is excited. The four lowest normal modes are shown in Fig. S2.

The dynamics of each mode is obtained by inserting ((r, 6,t) into Eq. (S11), multiplying both sides of the resulting
equation by ¥, (r,0), and integrating over the surface of the membrane. This leads to

. Yh
X, =—-Kn Xy — —— mmMan X2 X,,. S14

FIG. S2. Four lowest normal modes of a clamped circular membrane.
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Here m} = peop fo%d@ foardrw% is the effective mass and K,, = To M,,,, the mode’s spring constant, where we have

introduced M,,,, = O%dQ foardrwmv2wn = 027Td0 foardr(vwm) - (V1,). We note that the integral M,,,, vanishes for
m # n as a result of the orthogonality of the modes, which simplifies the nonlinear cross-coupling between the modes
to only two modes (instead of four-wave mixing that would appear for the Ty = 0 case). Therefore, the dynamics of
the membrane can be described by the Hamiltonian

o= 5 (25 4 Lz 2a,x0) 4 0SS M Mo 22, (S15)
= \2my 2 nomITR g " 27ra2nm:0 noom

where the terms with n = m are excluded from the second sum as they are already included in the first sum. Moreover,
we have defined Q,, = \/K,,/m? and 3, = (Yh/2ma?) M2, . For the fundamental mode n = 0, which we have taken as
our mechanical mode in the main text, we obtain the following expressions for the Hamiltonian parameters in terms
of physical parameters:

mg = 0.27 x (1a®) piap, (S16a)
T
Qom0 24 % [ —, (S16b)
H2D @
Yh
Bo ~ 3.8 x = (S16¢)

Note that these three parameters have been denoted by m, w, and 8 in the main text. As we discuss below, the
interaction between this mode and the remaining ones is negligible for the relevant system parameters, which is why
we can treat it as an isolated mechanical mode in the main text.

One could instead strictly work with the elastic equations governing the motion of the membranes displacement
and find the Duffing equation for the deflections [S4]. However, the results obtained by our simple model here are very
similar to the numerical results obtained in Ref. [S4]. In particular, the prefactor in the cubic nonlinear coefficient of
the ground state is By ~ 3.9 x Yh/a?, which is very similar to what we have computed here. Therefore, we rely on
the simple model given in this section for further analysis of the system.

B. Negligible built-in tension

For the sake of completeness, here we also consider the situation where the circular LDG sheets are fabricated with
negligible tensile force Ty = 0. This leads to different mode profiles and different resonance frequencies. We follow
an analogous procedure to the one of the preceding section and first find the normal modes of the linear problem
papd?¢ = —DV?V?( to then expand the equation of motion (S9) in these. We again apply the separation of variables
C(r,0,t) = 320°  Xu(t)thn(r, 0) to obtain the normal-mode equations,

4
V224, (r,0) — (2") U (r,0) =0, (S17)

where now the separation constant is X} = pypa®Q?/D. Here Q, is the oscillation frequency of mode n. The
nonsingular solutions of this equation can be written as

Y (r) = [/Iann(S\nr/a) + énlk,,L(S\nr/a)} cos knb,

where J;, are Bessel functions of the first kind, I}, (y) = i~*Jy(iy) are modified Bessel functions, and k, € Z. For a
clamped circular membrane, the boundary conditions imply

I (5‘71) I (5‘71) An 0
n\" n o\ - — 1
ERis n.owfle )=o) (519
with the prime denoting derivative with respect to the argument. These equations have nontrivial solution only when

the matrix has a null determinant. Using the recursion relations for Bessel functions this condition can be written as

T )Tk, +1(An) + T, (M) Ty 41 (An) = 0, (S19)
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which can be numerically solved to obtain the roots An, and from them the normal mode frequencies Q,,. The normal
modes, on the other hand, are

ﬁn(r) =A, Ik, (S\nz> Jkn(xn)lkn <;\n£) cos k0, (S20)

o), (An)

where we choose A,, such that max{qﬂn} = 1 so that X,, provides the maximal vertical deflection of the membrane
when the corresponding mode is excited.

The dynamics of each mode is obtained by inserting ((r, 8,t) into Eq. (S9), multiplying both sides of the resulting
equation by 1/~Jm(7“, 0), and integrating over the surface of the membrane. This leads to

= - - Yh
Xn = _ICan -
2ma?

ZMmankaXley (821)
Lk

where m} = pap fozwdﬁ foardmﬁfl is the effective mass, K, = D fo%dﬁ foardr(v21;n)2 is the mode spring con-
stant, and My, = O%dﬁ foardri)mVZz/;n provides the nonlinear inter-mode coupling. We note that the integral

02 "do foardr(v21/~)n)(V21/~)m) vanishes for m # n as a result of the orthogonality of the modes. Therefore, the dynamics
of the membrane can be described by the Hamiltonian

Yh
2ma?

> MM X X Xi X, (S22)

n,m,k,l=0

o =
Hm:Z(Pf —&—1771*925(2—&—15”5(4)—}—
‘ 2my 2 T4 "

n=

where the terms with n = m = k = [ are excluded from the second sum as they are already included in the first sum.

Moreover, we have defined Q,, = /K, /m% and B, = (Y h/27a%) Mpn M.

IV. ELECTROSTATIC SOFTENING

As explained in the main text, we induce a double-well potential on the fundamental mode of the membrane by
adding a softening force which changes the sign of the corresponding quadratic term in the Hamiltonian (S22). Here
we show that a practical way of producing such a softening force is by applying an electrostatic field via a tip electrode
located above the center of the membrane. Because of its electrical properties, the membrane will then experience an
electrostatic potential with the required negative quadratic term. Such an electrostatic field can be created by two
electrodes around the membrane, although in practice it is enough to use a single antenna similar to what has been
used in [S5], whose image in the disk electrode beneath the membrane provides the second electrode (see Fig. 2). In
the following we present our simple model for this situation.

The antenna can be treated as a very small conducting sphere. The existence of the disk electrode at z = 0 allows
us to find the electric potential for z > 0 by the method of images. The disk electrode acts like a mirror and one
must consider an imaginary sphere with opposite potential sign on the other side of the disk. The resulting potential
is symmetric with respect to rotations around the axis of the tip electrode and only depends on the radial coordinate
r and the coordinate perpendicular to the rest plane of the membrane z. If d is the distance between the antenna and
the disk electrode, the total potential reads

1 _ 1 )
VrZ+(—d)?  r2+ (z+d)2/]

(S23)

V(r,z) = bVl(

where b is the radius of curvature of the antenna tip and V; is the electric potential applied to the electrode. We
assume a distance zp between the disk and the membrane. Therefore, the membrane roughly experiences a symmetric
field about its equilibrium position zp. The electric field can be calculated from the potential as E = —VV(r, z), and
then the electrostatic energy felt by the membrane is given by [S6]

2m a
Vig = — /V dp(r,z) - E(r,z) ~ —hA d*r olr, zo + ¢(r)]E.[r, 20 + ((r)] = *GOhA do /OTdTE,S[ﬁ zo +((r, 0)], (S24)

s s

where we have exploited the radial symmetry of the problem, Vy, A, and h denote the volume, area, and thickness of
the sheet, and we have neglected the variation of the charge density within the thickness of the sheet, so that we can



approximate its dipole moment at any point of the surface by dp = e, ho(r, z)d?r, where e, is the unit vector in the
z direction and o(r,z) = €y E,(r, z) is the surface charge density, which has the dependence on the applied electric
field characteristic for a conductor (or superconductor). Applying a Taylor expansion of the integrand around the
membrane’s equilibrium position z = z, using the expansion ((r,0,t) = > >° ) X, ()Y, (r,0) of the mechanical field,
and keeping terms up to the fourth order in X,,, we can rewrite this electrostatic energy as

Ves Za(l X, +Za(2 XX+ Y0 X, XX+ 3l X X Xo X+ (S25)

nml
nml nmlk

where an irrelevant constant term is ignored and the coefficients take the form

Q%IY) _ hEo / / 7’ «]ZV* ZO)] 77[171,1 (7’, 9) - ¢nN (7"7 9). (826)

The first term in (S25) shows a displacement in the equilibrium position of the mode, while the higher order terms
present weak interactions between the bare modes. By diagonalizing the quadratic part of the Hamiltonian of the sheet
in the presence of electrostatic fields one can find the new normal mechanical modes. However, for the parameters
considered in this work, the induced corrections to the mode shapes are found to be negligible (see below), and the same
applies to the nonlinear couplings present in Eq. (S25). We thus focus on the contribution to the fundamental mode,
simplifying the notation of the electrostatic coefficients to aé]‘\_f_)o = ay for N = 1,2,... obtaining the electrostatic
potential provided in the main text, Vs = > = aj#7, where the notation & = X, is adopted here and all over the
work. A proper choice of the applied voltage V; is able to provide the required (negative) value of as, yet negligible
ay for N > 2 (see below), to get the desired double-well potential in Eq. (1).

Note that the above analysis of the electrostatic forces is independent of the normal modes. That is, in expanding
the out of plane deflection in different normal modes ¥y, as ((r,0,t) = 37§ X, (t)¢n(r,0), different electrostatic

coeflicients dgfy,)__m, should be computed from Eq. (S26) by substituting the mode profiles ,,, with the new mode

profiles 1/;,1].. This allows us to compute the electrostatic coefficients via Eq. (S26) for both cases we consider,
non-vanishing and vanishing built-in membrane tension.

V. APPLICATION TO STATE-OF-THE-ART SETUPS
A. Dominant built-in tension

We apply the expressions in Eqgs. (S16) and (S26) to a a = 1 pum sheet of monolayer lithium decorated graphene
(LDG), which has h &~ 0.34 nm, Y =~ 0.9 TPa, usp ~ psph ~ 7.63 x 10~7 kg/m?, and o ~ 0.24 [S7, S8]. From
these physical parameters, we obtain the Hamiltonian parameters m =~ 5.7 x 10716 gr, w/27 ~ 26 MHz, and 3 ~
5.7 x 10'% J/m* when the membrane is under a tensile force with Ty ~ Y'h x 107> [S9]. For the electrode we assume
d =1 pm, so that choosing bV; ~ 4 x 10~* V-m will provide the required values for the electrostatic coefficients o
(assuming b = 100 nm, this would require the application of V; ~ 4 kV to the antenna, which is reasonable). In
particular, we obtain the electrostatic parameters ap &~ —1.000134(mw?/2), ag ~ —57 J/m?, and ay ~ —2x101° J/m*.
We observe that |ay| < 3, so its effect is negligible on the full mechanical potential. In order to see that as is also
negligible, just note that its zero-point contribution |as|@pm ~ 4 x 10710 J/m? is indeed much smaller than the
contributions coming from the second and fourth orders, v/2 ~ 7 x 10~ J/m? and (3/4)x2_,, ~ 4 x 1078 J/m?, where
Zapm = \/ B/ 2muwy.

To verify the isolation of the fundamental mode from the rest of the modes, let us consider the coupling of the
three lowest frequency excited modes X7, X5, and X3 to the fundamental mode X. There are basically two sources
for the inter-mode couplings: the nonlinearity intrinsic to the mechanical problem, see Eq. (S22), and those induced
by the electrostatic fields, see Eq. (525). Here, we show that for the parameters considered in this work, such
interactions are all negligible. As we have already seen in the previous paragraph for the fundamental mode, the
dominant electrostatic contribution is that of > afn)anXm and the higher order coefficients are negligibly small
compared to their intrinsic counterparts. This is also true for other modes and their interactions as we have confirmed
numerically. Hence, it suffices to show that the quadratic electrostatic couplings and the quartic intrinsic nonlinear
interactions are also negligible. The first can be quantified through the ratio between the size of each Hamiltonian

zpm

term and the frequency dlfference between the modes that it connects, that is, Ag,, = 204(2)( XoXm)/R(Y, — wo),
where Q/ = (92 + 2a / m ) is the softened frequency of mode n > 1 and wy is the oscillation frequency of the



fundamental mode around the wells. Similarly, in the case of the quartic contribution, we can quantify it through

_Yh Moo Mppm (XEX2)
 2ma? (Y, — wo) '

Yom (S27)

In order to estimate these quantities, we here apply a mean-field approximation (XoX,,) ~ (Xo)(X,,) and (X3X2) ~
(X2)(X2). Since the fundamental mode is approximately in a mixture of the ground and excited states of the
double well, while the rest of the modes are in thermal equilibrium with the environment (the cavity modes only cool
transitions of the fundamental mode), we take (X}) ~ . and (X}) ~ (kpT/hQ,)*/2(h/2m;,,)¥/2. For the
parameters specified above, and an environment temperature of 15mK, we obtain {Ag; = 0, Ags = 0, Agz = 0.03} and
{To1 = 8 x 1072, Yoo =1 x 1074, To3 = 5 X 10_5}. It thus can be appreciated that the fundamental mode is very
well isolated. For the sake of comparison, we here note that the only coupling which would be harmful is the bilinear

coupling of the fundamental mode to the next axisymmetric mode 3. Since the two modes are strongly off resonance,
the associated effective coupling rate is (A03)2(2aé? (X0X3)/h). For the parameters considered here, this results in a
~ 40 Hz decay from the fundamental mode. Compared to the thermal decoherence rate Yy, N (Omn) ~ 10® Hz, this
additional decay rate is indeed negligible.

B. Negligible built-in tension

To show the versatility of our proposal, we also provide the parameters one would engineer for a membrane without
intrinsic tension. Let us assume a LDG sheet with the same radius as considered above. Assuming Ty = 0, we get
m =~ 3.9 x 10716 gr, &/27 ~ 3.8 MHz, and 3 ~ 3.7 x 10'> J/m*. To obtain a shallow double-well potential we then
engineer the electrostatic field such that s ~ —1.008(m@?/2). These values lead to d19 ~ 50 kHz and G/2m ~ 30 Hz.
Now, similarly to the case with built-in tension one employs three cavity modes to cool down the three transitions
[1) < |0}, |3) <> |0), and |2) <> |1). Optimized intra-cavity photon numbers of 7i.; = 1300, 7i.2 = 1800, and 7i.3 = 6300
here lead to a ground state occupation of Pyy =~ 0.75, meaning that the mechanical resonator can be found in the
desired spatial-superposition state with ~ 75% probability.

The higher order electrostatic coefficients, i.e., &3 ~ —13 J/m?® and a4 ~ —6 x 107 J/m?* are negligible because
|&a| < B and the zero-point contribution of the third order term |Gs|#,pm ~ 8 x 10~ J/m? is much smaller than

the contributions coming from the second and fourth orders, 7 ~ 2 x 1076 J/m?2 and 822, ~ 1.7 x 107 J/m?.

zpm

Consider the coupling of the three lowest excited modes X1, X5, and X3 to the fundamental mode X, the electrically

- . N - ~ 1/2
induced quadratic coupling is quantified by Aq,, = 2&8331 (XoXm)/R(Q, — &), where Q, = (Q% + 254%2)/771;) is
the softened frequency of mode n > 1 and @y is the oscillation frequency of the fundamental mode around the wells.

Similarly, the quartic contribution can be quantified by

v [ (Moo M +2083,,) (X3 X2)
2mra? R — &)

m

AMooMom (X3 X )
h(€Y,, — 3@0)
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(528)

In analogy to the cases with built-in tension, we apply a mean-field approximation to the position expectation values.
For the parameters specified above and an environment temperature of 15 mK we obtain {Ag; = 0, Ag2 = 0, Ag3 =
0.036} and {Tm = 0.018, Yoz = 0.005, Yo3 = 0.01}. One thus observes that here the fundamental mode is also very
well isolated.

VI. STATE VERIFICATION OF THE MECHANICAL MODE VIA A SUPERCONDUCTING QUBIT

In the main text we have explained how our setup is very well suited for the verification of the mechanical state via
measurements of a single additional superconducting qubit. In this section we provide further details of this method.
We will denote the ground and excited qubit states by |g) and |e), respectively, defining the usual Pauli matrices as
5. = l9) (gl — le){el, 62 = lg) (el + led{gl, 6+ = |e)(gl, and &= = [g) {el.

The membrane and the superconducting qubit interact indirectly via their coupling to a cavity mode, a different
mode than the ones used for cooling purposes. The full Hamiltonian describing such a system is given by

L hA
H = Hy,, — hAaTa — 5 16, + hg(a+ a')a + hy(as™ +a'e™), (S29)



where A, and A, are the detunings of the cavity mode and the qubit with respect to the coherent field driving the
cavity. The cavity mode can be adiabatically eliminated when it is far detuned from the mechanical resonator and
the qubit, that is, when |A, — Ay > x and |A. — wo| > gZ,pm, Where we recall that wy = 1/v/2m is the oscilla-
tion frequency of the membrane around the minimum of each well, which is on the order of the lowest mechanical
transitions, and z,pm is the corresponding zero-point fluctuation amplitude. The effective qubit-membrane Hamil-
tonian can be found via a Schrieffer-Wolff transformation consisting in moving to a picture defined by the unitary

U = exp { Acini(d —af) + Acqu (a6t — dfﬁ_)}, together with a truncation up to second order in the small pa-

rameters g pm/(Ac — wo) and x/(A. — Ay), and a restriction of the dynamics to the subspace with zero photons in
the cavity (which is expected to stay unpopulated due to the off-resonant interaction). We obtain

N ~ KA
Heg ~ Hyy — 5 L5, + hJ264, (S30)

X2

1T 3D, A, and Hay is defined as Hay in Eq. (1), but with v

where we have defined effective detuning Aq =A

Amwog? (A, — 2wy)
(Ac - WO)Z
doesn’t affect the conclusions presented above concerning the system parameters. We thus continue our analysis with

Hgw. The strength of the effective interaction between qubit and membrane is

replaced by 7 = v —

. Since the shift in v is however negligible for the domain of interest and hence

gxX(Ac — Ay — wp)

T B A B —w0)

($31)

Based on this effective interaction, the mechanical state can be verified via the following strategy. Let us first write
the Hamiltonian Heg in the basis of eigenstates of the double-well Hamiltonian, Hyy |n) = E,|n),

Heg = Z E,,|m)}m]| — —oz — hJb, Z (@mn|m)n| + x5, |n)m])
m>n
Z E,|m)Xm| — —oz —hJ Z Tinn6 [m)n| + 25,6 n)m]) (S32)
m>n

where, in the second line, we have applied a rotating wave approximation. In the interaction picture, this Hamiltonian
reads

=— Z hJa:mnei(Aq_‘Sm”)t&_\m)(n| +H.c. (S33)

m>n

By tuning the qubit frequency into resonance with a specific mechanical transition, its coupling to the rest of transitions
can be neglected, which is a valid approximation if the qubit dephasing rate v, resolves the double-well transition

frequencies, v4 < |0mn — djx|. Let us assume Aq = 0;k, then we can approximate the effective Hamiltonian by
He ~ hJxjp6~|j)k| + Hec.. (S34)

We use this Hamiltonian for the determination of the elements of the mechanical density matrix. The diagonal
elements - except for the ground state - can be found as follows. We prepare the qubit in the ground state, so that the
full initial state is |g) (9| ® pm, where pm = >, Ppyn|m)n| is the mechanical steady-state that we want to determine.
The element P;; can be determined by looking at the swap dynamics induced by the effective Hamiltonian (S34). In
particular, the probability of finding the qubit in the excited state evolves in time as

Po(t) = Pyjsin®(Qpt), (S35)

where Q;, = J |xj;| is the Rabi frequency and |k) is a reference state chosen for this measurement via the choice of
the detuning Aq = d;,. The most convenient choice here would be k = j — 1 (j > 1) as it has the maximal matrix
element x5 which leads to the largest frequency and hence best resolution in the qubit ring-down curves, see Fig. S3.
For measuring Py, the occupation number of the mechanical ground state, one instead prepares the qubit in its
excited state and observes the swap dynamics. In this case the probability of finding the qubit in its ground state is
P,(t) = Pyosin®(Qoxt), where again |k) is a reference state and the most convenient choice is |1).
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FIG. S3. The occupation probability of (a) the qubit’s ground state (P,), (b) and (c) the qubit’s excited state (P.) versus
normalized interaction time. In (a) and (b) the mechanical transition |0) <+ |1} is interacting with the qubit, while in (c) the
mechanical transition |1) <> |2) is interacting with the qubit. The time traces show sinusoidal oscillations with a period that
is proportional to the respective matrix elements of . The amplitude envelope of the qubit’s excited state probability decays
like Pj; exp{—qt}-

To find the off-diagonal elements of the density matrix one needs to prepare the qubit in the superposition state
(lg) + €*°|e))/v/2. In this case, the probability of finding the qubit in the excited state evolves as

1 ) .
Pe(t) = 2{ Z Pmm + Pkk COS2 (ijt) + ij sin2(ijt) —1 |:ij€7'(¢+¢"’“) — Pfke_z(tp-"_%k)} sin(ijt) COS(ijt)}, (336)
m#k

where ¢;, is the phase associated to the matrix elements of the position operator, z;i = |z;i| exp{i¢;r}. After having
found all diagonal elements P;;, one can thus determine the imaginary part of Pj; by choosing ¢ = 0 and its real
part by choosing ¢ = 7/2. Therefore, two sets of measurements for every off-diagonal element are needed. Note that
since Ty, m+y2k = 0 for k € Z, not all elements of the density matrix can be measured by this method, preventing it to
be a full state tomography.

Let us point out that, in order to observe the Rabi oscillations, one needs a sufficiently large decoherence time of
the qubit, as measured by the so-called 75 (including both phase and amplitude damping). In particular, Q5 2 1/T5
is the required condition. Here, we assume x/2m = 50 MHz. Since the qubit should be tuned to the mechanical
frequencies one has Aq ~ wg K x. Therefore, to operate the qubit-cavity interaction in the dispersive regime the
cavity must be off-resonance. This will guarantee the dispersivity of the mechanics-cavity interaction provided the
electromechanical coupling is small enough g|zm,| < A., which is typically true. For the parameters in our setup,
Jx1g = 2w x 350 kHz thanks to the large qubit-cavity coupling x we have chosen. This means the dephasing time of
the qubit must be T3 > 1076 s, which is available in the state-of-the-art transmon qubits [S10].

The feasibility of the state verification scheme can be shown more rigorously by simulating the qubit-mechanical
dynamics. The master equation we use for this analysis is

s L 1 Yap. Yap.
0= ih[Hcﬁ"vQ] + 2£m[9] + 9 Da‘[g] + D) DUz [Q]v (837)

where p is the bipartite density matrix including the qubit and the mechanical mode and 7, is the pure dephasing
rate of the superconducting qubit. Here, we take 4, ~ 27, = 27 x 10 kHz [S10]. In Fig. S3 the measurement outcomes
for the first three diagonal elements of the the mechanical density matrix are shown. One observes that the state-
of-the-art superconducting qubits would allow for resolving the swap oscillations of the mechanical transitions, hence
measuring their occupation number.

-P. Breuer and F. Petruccione, The Theory of Open Quantum Systems (Oxford University Press, 2007).
Rips, I. Wilson-Rae, and M. J. Hartmann, Phys. Rev. A 89, 013854 (2014).

D. Landau and E. M. Lifshitz, Theory of Elasticity (Pergamon Press, 1975).

A. M. Eriksson, D. Midtvedt, A. Croy, and A. Isacsson, Nanotechnology 24, 395702 (2013).

G. A. Steele, A. K. Hiittel, B. Witkamp, M. Poot, H. B. Meerwaldt, L. P. Kouwenhoven, and H. S. J. van der Zant,
Science 325, 1103 (2009).

J. D. Jackson, Classical Electrodynamics, 3rd ed. (Wiley, 1998).

H.
S.
L.


http://dx.doi.org/10.1103/PhysRevA.89.013854

11

[S7] K. R. Kganyago and P. E. Ngoepe, Phys. Rev. B 68, 205111 (2003).
[S8] Y. Qi, H. Guo, L. G. Hector, Jr., and A. Timmons, J. Electrochem. Soc. 157, A558 (2010).
[S9] R. A. Barton, B. Ilic, A. M. van der Zande, W. S. Whitney, P. L. McEuen, J. M. Parpia, and H. G. Craighead, Nano
Lett. 11, 1232 (2011).
[S10] R. Barends, J. Kelly, A. Megrant, D. Sank, E. Jeffrey, Y. Chen, Y. Yin, B. Chiaro, J. Mutus, C. Neill, P. O’Malley,
P. Roushan, J. Wenner, T. C. White, A. N. Cleland, and J. M. Martinis, Phys. Rev. Lett. 111, 080502 (2013).


http://dx.doi.org/10.1103/PhysRevB.68.205111
http://dx.doi.org/10.1149/1.3327913
http://dx.doi.org/10.1103/PhysRevLett.111.080502

